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Abstract In this study, the motion equations of a one-dimensional finite element having a general three-
dimensionalmotion together the body are established, using theLagrange’s equations. Theproblem is important
in technical applications of the last decades, characterized by high velocities and high applied loads. This leads
to qualitative different mechanical phenomena (high deformations, resonance, stability), mainly due to the
Coriolis effects and relative motions.

Keywords Multi-body system · Finite element method · Linear elastic elements · Lagrange’s equations ·
Three-dimensional motion · One-dimensional finite element

1 Introduction

In the case when the velocities or the load involved in a multibody system (MBS) become high, the hypothesis
of rigid elements may not correspond to the reality and the mathematical models must be improved considering
the elasticity of the elements. For example, the phenomena of resonance and loss of stability represent classic
forms of manifestation of the elasticity properties. These phenomena can influence, generally unfavorable,
the approach of such a system. The classic form to approach this type of problems is to apply continuous
mathematical models, but this type of analysis is not very useful for practical purposes. Themajor disadvantage
is the differential equations obtained, which cannot be solved easily even if numerical methods are used (see
[10–13]). A more convenient way is represented by numerical method. Among these methods, the most
powerful approach is the finite element method (FEM). The advantages of this approach result from [1,2,5,9,
19,22,23,25–28].

The papers approaching this field have performed an analysis of a single deformable element, having a
plane motion, and then the study was extended to the mechanisms with plane-parallel motion [3,14,17,20,28]
with deformable elements. In [4,7,8,21], the results obtained in this field are being synthesized. More complex
models studied some particular effects [6,18].
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Fig. 1 One-dimensional finite element

The objective of this paper is to provide a theoretical background for further development of FEM applied
to the study of MBS. A model for a one-dimensional finite element with a general three-dimensional motion
is developed. Furthermore, the shear effect on bending is taken into account.

2 Lagrangian of an element

Let us consider in the following a truss finite element participating with the body to the general rigid body
motion of a multibody system (Fig. 1). To obtain the governing motion equation for a single element, we
use the method of Lagrange’s equations. The first step in such an approach is to obtain the Lagrangian for a
truss element (which is able to have bending, traction–compression and torsion). For this, it shall be computed
the kinetic energy of the considered finite element, the internal energy and the work of the distributed and
concentrated loads (the constitutive parts of the Lagrangian).

For one single finite element, the generalized independent coordinates will be the nodal displacements of
the two ends (which may include the displacements of the bar ends in the three directions and the derivatives
of these values having the geometrical significance of rotations and curvatures). The number of independent
coordinates depends on the hypothesis used and will determine the expression of the shape functions.

Within the part of the multibody system containing the considered finite element, the latter has a general
rigid body motion. It is assumed that the rigid motion of the mechanical system was previously determined
using a dynamical analysis considering all the elements of the multibody system being rigid. We make the
assumption that the elastic deformations of the elements are small and would not influence the general motion
of the multibody system. Thus, it is assumed that the field of velocities and accelerations for each constitutive
part of the mechanical system is known.

Consider now a truss finite element, having at its ends the nodes numbered i and j . The finite element
refers to a local reference system Oxyz, participating to the general three-dimensional rigid motion of the truss
(Fig. 1). We consider that the velocity and the acceleration of the origin of the local coordinate reference are
known. The angular velocity and the angular acceleration of the local coordinate system are also considered as
being known. IndexG applied to a physical size (a scalar, vector or matrix) indicates that the value is expressed
in a global reference system. The index L indicates that the value is related to the local reference system.

The displacement δ(u, v, w) of an arbitrary point M chosen at a distance x from the left-hand end of the bar
can be written, using the shape functions Ni j and the vector of the nodal displacements, in the local coordinate
system:

u = δ1 = N1 jδe, j , v = δ2 = N2 jδe, j , w = δ3 = N3 jδe, j , j = 1, 12, (1)

or, in a compact form:
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δi = Ni jδe, j , i = 1, 2, 3, j = 1, 12. (2)

The nodal displacement vector of the finite element numbered e, δe, is:

δTe =
[
δ
(1)
1 δ

(1)
2 δ

(1)
3 Lα(1) Lβ(1) Lγ (1) ... δ

(2)
1 δ

(2)
2 δ

(2)
3 Lα(2) Lβ(2) Lγ (2)

]
. (3)

Here, we used the notations:

– δ
(1)
1 = u1, δ

(1)
2 = v1, δ

(1)
3 = w1, i.e., the displacement of the left-hand end of the bar along the three

directions;
– δ

(2)
1 = u2, δ

(2)
2 = v2, δ

(2)
3 = w2, i.e., the displacement of the right-hand end of the bar along the three

directions;
– α(1) = α1, β(1) = β1, γ (1) = γ1 are the rotations of the left-hand end section around the three axes;
– α(2) = α2, β(2) = β2, γ (2) = γ2 are the rotations of the right-hand end section around the three axes.

In the following, the three rows of the shape functions matrix N correspond to the displacements u, v and w
and are named N(u) = N(1), N(v) = N(2) and N(w) = N(3), so that we have

N =
⎡
⎣ N(u)

N(v)

N(w)

⎤
⎦ =

⎡
⎣ N(1)
N(2)
N(3)

⎤
⎦ = [

Ni j
]
, i = 1, 2, 3, j = 1, 12. (4)

Usually, for α is adopted the same shape function as for the axial deformation:

α = δ4 = N4iδe,i , i = 1, 12. (5)

We shall have the well-known equations from continuous mechanics Vlase [25]:

β = δ5 = −dv

dx
,

γ = δ6 = dw

dx
. (6)

The rotation of the bar section at the distance x from the left-hand end can be expressed as follows:

β = d

dx

(
N3iδe,i

) = −N ′
3iδe,i = N5iδe,i ,

γ = d

dx

(
N2iδe,i

) = N ′
2iδe,i = N6iδe,i , (7)

δi = Ni jδe, j , i = 4, 5, 6. (8)

After deformation, the point M(x1, x2, x3) is moved to the point M ′(x ′
1, x

′
2, x

′
3), where we used the notations:

x ′
1 = x1 + u = x1 + δ1, x ′

2 = v = δ2, x ′
3 = w = δ3, (9)

or, with respect to the global reference system:

X ′
1 = X1 + r1iδi = X10 + r11x1 + r1iδi = X10 + r11x1 + r1i Ni jδe, j ,

X ′
2 = X2 + r2iδi = X20 + r21x1 + r2iδi = X20 + r21x1 + r2i Ni jδe, j ,

X ′
3 = X3 + r3iδi = X30 + r31x1 + r3iδi = X30 + r31x1 + r3i Ni jδe, j , (10)

where i = 1, 2, 3 and j = 1, 12.
Obviously, the system (10) can be rewritten in the following compact form:

X ′
k = αk1x1 + αki Ni jδe1, j , k = 1, 3. (11)

The velocity can be obtained after a differentiation with respect to the time variable:

Ẋ ′
k = Ẋk0 + ṙk1x1 + ṙki Ni jδe1, j + rki Ni j δ̇e1, j , k = 1, 3. (12)
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For the entire bar, the kinetic energy due to the translation is:

Ekt = 1

2

∫ L

0
�AẊ ′

k Ẋ
′
kdx1

= 1

2

∫ L

0
�A

(
Ẋk0 + ṙk1x1 + ṙki Ni jδe1, j + rki Ni j δ̇e1, j

) (
Ẋk0 + ṙk1x1 + ṙki Ni jδe1, j + rki Ni j δ̇e1, j

)
dx1.

(13)

The kinetic energy of the infinitesimal element dm, due to the rotation is:

Ekr = 1

2

∫ L

0
� Ii j ω′

i ω′
j dx, (14)

where:

– (i) The infinitesimal element dm has the angular velocity {ω′
L} with the components:

ω′
1 = ω1 + α̇, ω′

2 = ω2 + β̇, ω′
3 = ω3 + γ̇ , (15)

or, taking into account Eqs. (5) and (7)

ω′
i = ωi + Ni+3, j δ̇e, j . (16)

From Eq. (8), we also deduce:

α̇ = N4i δ̇e,i , β̇ = N5i δ̇e,i , γ̇ = N6i δ̇e,i . (17)

In (15) and (16), we denoted by ω1, ω2, ω3 the components of the angular velocity vector related to the local
(mobile) reference system.

– (ii) The matrix I = Ii j has the components:

I =
⎡
⎣ Ixx 0 0
0 Iyy − Iyz
0 − Iyz Izz

⎤
⎦ , (18)

where Iyy and Izz represent the moments of inertia of the bar cross section about the axes Oy and Oz,
respectively. The reference system has its origin in the mass center of the element dm = �Adx (� - density),
Iyz is the centrifugal moment of inertia, and Ixx is the inertia moment about the axis Ox . Since we have chosen
y and z as principal directions of inertia Iyz = 0, the matrix of moments of inertia becomes:

I =
⎡
⎣ Ix 0 0
0 Iy 0
0 0 Iz

⎤
⎦ , (19)

where, for the sake of simplicity, we used the convention: Ixx = Ix , Iyy = Iy , Izz = Iz .
The coefficient ri j defines the position of the unit vector of the local coordinate system Oxyz. The derivatives
represent the angular velocities and accelerations. For a better understanding, we shall express these derivatives
according to rule of Simeon in [22]. The orthogonality condition of the unit vectors leads to:

rikrk j = r jkrki = δi j , (20)

where δi j is the Kronecker’s symbol. If we differentiate this equation, one obtains:

ṙikrk j + rikṙk j = 0, i, j = 1, 2, 3. (21)

If we use the notation �i j = ṙikrk j , then the relation (21) receives the form:

�i j + � j i = 0. (22)
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Here, �i j is the operator of the angular velocity and, according to Eq. (22), �i j is a skew-symmetric tensor.
We must outline that the components of the tensor �i j are expressed in the global reference system. To this
tensor, we can associate an angular velocity vector whose components are defined by means of the following
equations:

�1 = �32 = −�23, �2 = �13 = −�31, �3 = �21 = −�12. (23)

We shall also have the angular acceleration skew-symmetric operator, having the components:

Ei j = �̇i j = r̈ikrk j + ṙik ṙk j . (24)

To this operator, we associate the angular acceleration vector, having the components:

E1 = E32 = −E23, E2 = E13 = −E31, E3 = E21 = −E12. (25)

Thus, after performing some elementary calculations, we shall obtain:

Ei j = �̇i j = r̈ikrk j + ṙik ṙk j = r̈ikrk j + ṙikrklrlmṙmj = r̈ikrk j − �ik�k j , (26)

from where we deduce that

r̈ikrk j = Ei j + �ik�k j . (27)

This last result will be used in the following calculus.
The components of the angular velocity and of the acceleration vectors can be expressed in the local reference
system by using the relations:

ωi = ri jω j , εi = ri jε j , i = 1, 2, 3. (28)

Also, for the components of the angular velocity and of the acceleration we will use the expressions:

ωi j = rkiωkmrmj , εi j = rkiεkmrmj , i = 1, 2, 3. (29)

Next shall be calculated the internal energy stored in the bar. The energy of the bar due to bending is:

Epb = 1

2

∫ L

0

[
E Iy

(
d2w

dx2

)2

+ E Iz

(
d2v

dx2

)2
]
dx

= 1

2

∫ L

0

[
E Iyβ

′2 + E Izγ
′2] dx . (30)

We introduce the expression of w and v of the form:

w = δ3 = N3iδe,i , v = δL ,2 = N2iδeL ,i , (31)

in the relation of the internal energy (30) so that it receives the form:

Epb = 1

2
δe,i

[∫ L

0

[
E IyN

′′
3i N

′′
3 j + E IzN

′′
2i N

′′
2 j

]
dx

]
δe, j = 1

2
δe,i kb,i jδe, j , (32)

where

kb,i j =
∫ L

0

[
E IyN

′′
3i N

′′
3 j + E IzN

′′
2i N

′′
2 j

]
dx . (33)

Consider now the energy caused by the axial deformation:

Epa = 1

2

∫ L

0
E A

(
du

dx

)2

dx = 1

2
δeL ,i

(∫ L

0
E AN ′

1i N
′
1 j dx

)
δeL , j = 1

2
δe,i ka,i jδe, j , (34)

where

ka,i j =
∫ L

0
E AN ′

1i N
′
1 j dx . (35)
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Fig. 2 Determination of the axial inertia force

In a similar way, we obtain the deformation energy due to torsion:

Ept = 1

2

∫ L

0
GIx

(
dα

dx

)2

dx = 1

2
δeL ,i

(∫ L

0
GIx N

′
4i N

′
4 j dx

)
δeL , j = 1

2
δe,i kt,i jδe, j , (36)

where

kt,i j =
∫ L

0
GIx N

′
4i N

′
4 j dx . (37)

An axial load Ptot existing in an axial section of the bar gives the following energy if, in a first approximation,
the axial deformations are neglected:

Ea = 1

2

∫ L

0
Ptot

[(
d2v

dx2

)2

+
(
d2w

dx2

)2
]
dx, (38)

where Ptot represents the axial force in the bar cross section at the distance x . We are interested to determine the
effect of the inertia forces acting along the bar. We consider that the force components acting at the right-hand
bar end are, in the local coordinate system, Px , Py = 0, Pz = 0. Beside these components, we will determine
the components of the inertia forces acting upon the portion of the bar between x and L . The acceleration of
a current point of the bar with the abscissa x is (Fig. 2):

aG,1 = a01,G + (r12ε3 − r13ε2) x − [
r11

(
ω2
2 + ω2

3

) − r12ω1ω2 − r13ω1ω3
]
x . (39)

The inertia force is given by:

Fi,1 = −
∫ L

x
aG,1dm = −

∫ L

x
a0x,G�Ads −

∫ L

x
�A (r12ε3 − r13ε2) sds

+
∫ L

x
�A

[
r11

(
ω2
2 + ω2

3

) − r12ω1ω2 − r13ω1ω3
]
sds

= −Ẍ0�A(L − x) − 1

2
�A (r12ε3 − r13ε2)

(
L2 − x2

)

+1

2
�A

[
r11

(
ω2
2 + ω2

3

) − r12ω1ω2 − r13ω1ω3
] (

L2 − x2
)
. (40)

By using the notations:

μ=−Ẍ0�AL− 1

2
�AL2(r12ε3−r13ε2)+ 1

2
�AL2[r11(ω2

2 + ω2
3

)−r12ω1ω2−r13ω1ω3
]
,

λ = �AẌ0, ν = 1

2
�A (r12ε3 − r13ε2)− 1

2
�A

[
r11

(
ω2
2 + ω2

3

)−r12ω1ω2 − r13ω1ω3
]
, (41)
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the internal energy due to the inertia of the bar mass receives the form:

Ea = 1

2
δeL ,i

[∫ L

0

(
Px + μx + λx x + νx x

2) (
N∗
3i N

∗
3 j + N∗

2i N
∗
2 j

)
dx1

]
δeL , j

= 1

2
δeL ,i

[∫ L

0

(
Px + μx + λx x + νx x

2) (
N2i N2 j + N3i N

∗
3 j

)
dx1

]
δeL , j

= 1

2
δe,i k

G
i j δe, j , (42)

where

kGi j =
∫ L

0

(
Px + μx + λx x + νx x

2) (
N2i N2 j + N3i N

∗
3 j

)
dx1. (43)

By using the notation

ke,i j = kb,i j + ka,i j + kt,i j + kGi j , (44)

we can write the total internal energy in the form:

Ep = 1

2
δe,i

(
kb,i j + ka,i j + kt,i j + kGi j

)
δe, j = 1

2
δe,i ke,i jδe, j . (45)

The external mechanical work of the concentrated loads with the local components qe,i , applied in the nodes,
is:

Wc = qe,iδe,i . (46)

Also, the external mechanical work of the distributed loads is:

W =
∫ L

0

(
p1δL ,1 + p2δL ,2 + p3δL ,3 + m1α + m2β + m3γ

)
dx

=
(∫ L

0
pi Ni jdx

)
δe, j +

(∫ L

0
mi N(i+3) jdx

)
δe, j =q∗

e, jδe,i , i=1, 2, 3, j =1, 12, (47)

where we used the notation

q∗
e, j =

(∫ L

0
pi Ni jdx

)
δe, j +

(∫ L

0
mi N(i+3) jdx

)
δe, j , i=1, 2, 3, j =1, 12. (48)

The Lagrangian of the element becomes:

L = Ec − Ep + Wd + Wc. (49)

Thus, by taking into account Eqs. (32), (34), (36), (42), (44)–(48), we obtain:

L = 1

2

∫ L

0
�A

(
Ẋk0 + ṙk1x1 + ṙki Ni jδeL , j + rki Ni j δ̇eL , j

)
× (

Ẋk0 + ṙk1x1 + ṙki Ni jδeL , j + rki Ni j δ̇eL , j
)
dx1

− 1

2
δeL ,i ke,i jδeL , j + q∗

eL , jδeL , j + qeL ,iδeL ,i . (50)

For details, see [16,27,30,31].
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3 Motion equations

We begin this section with a result regarding the equations of motion.

Theorem 1 The motion equations written in the local coordinate system for one-dimensional finite element
take the form

me,i j δ̈eL , j + 2cω
e,i j δ̇eL , j +

(
ke,i j + kε

e,i j + kω2

e,i j

)
δeL , j

= qe,i + q∗
e,i − qε

e,i − qω2

e,i − mε
e,ik Ik jεL , j − m0

e,i j ẍ j0, (51)

where

me,i j = mt,i j + mr,i j , mt,i j =
∫ L

0
�ANki Nkjdx1, i, j = 1, 12, k = 1, 2, 3,

mr,i j =
∫ L

0
�Ikl N(l+3) j Nk jdx1, i, j = 1, 12, k, l = 1, 2, 3,

ce,i j (ω) =
∫ L

0
�AωL ,kmNmjdx1, kε

e,i j =
∫ L

0
�AεL ,kmNmjdx1,

kω2

e,i j =
∫ L

0
�AωL ,kmωL ,ml Nki Nl jdx1, m0

e,i j =
∫ L

0
�AN jidx1, i=1, 12, j =1, 2, 3,

mε
e,i j =

∫ L

0
N j (i+3)dx1, ẍ j0 = RT Ẍ j0, mx

e,i j =
∫ L

0
�AN ji xdx, i, j = 1, 2, 3.

Proof We follow [14] so that we can apply the Lagrange’s equations written in the following form:

d

dt

(
∂L

∂δ̇eL ,i

)
− ∂L

∂δeL ,i
= 0. (52)

Thus, using the expression (31), themotion equations are obtained (an extended presentation, see the appendix):
[∫ L

0
�ANik N jkdx1 +

∫ L

0
�Ikl N

∗
ki Nl jdx

]
δ̈eL , j + 2

[∫ L

0
�AωL ,kmNki Nmjdx1

]
δ̇eL , j

+
[
ke,i j +

∫ L

0
�ANki NmjεL ,kmdx1 +

∫ L

0
�AωL ,kmωL ,ml Nki Nl jdx1

]
δeL , j (53)

= qe,i + q∗
e,i − qε

e,i − qω2

e,i −
(∫ L

0
�AN j (i+3)dx1

)
Ik jεL , j −

(∫ L

0
�AN jidx

)
ẍ j0.

Taking into account the above-mentioned notations, from (53) we obtain the desired form (51) of the motion
equations. ��
If the element is considered to have a constant cross section, it is possible to easily obtain the results and the
coefficient after polynomial integrations.

4 Conclusions

Using the FEM to obtain the motion equations for a one-dimensional element with a general three-dimensional
motion as a part of a whole multi-body system consisting of elastic elements leads us finally to obtain a system
of differential equations of the form (51). Apparently, this system does not raise resolving difficulties from a
theoretical point of view. But for an engineering application, where a numerical calculus is involved, some
aspects of the equations can cause some difficulties.
We present some important properties of these motion equations:

• The inertia tensormi j is a symmetrical one as it happens in the case of all finite element problems in which
the inertia of elements is being considered;
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• The damping tensor ci j is a skew-symmetric tensor and represents accelerations due to relative motions of
nodal displacements with respect to the mobile reference coordinate system (Coriolis-type acceleration),
linked to the moving parts of the system studied;

• The rigidity tensor ki j contains both symmetric and skew-symmetric terms. Moreover, this tensor will have
singularities due to the rigid motion of the system that have to be eliminated before conducting the study
of the system (51);

• The vector of the generalized loads contains, beside external (concentrated and distributed) loads, terms
due to inertia of finite elements being in rigid motion.

The system of differential equations obtained is nonlinear; the tensor coefficients of the system are depending
on time. The method mostly used to solve such a system is that of linearizing these equations considering the
tensor coefficients as being constant for very short time intervals ( rigid motion freezing). In this case, a system
of differential equations with constant coefficients is obtained, the resolving procedures for these equations
being very well studied. Problems arise from the conservative damping caused by the skew-symmetric tensor
ci j and by the modification of the rigidity matrix due to relative motions.

Appendix

The derivatives of the Lagrangian:

Term in the kinetic energy − ∂L
∂δe,i

∂L
∂δ̇e,i

d
dt

(
∂L

∂δ̇e,i

)

1
2

∫ L
0 ρAẊko Ẋkodxl 0 0 0

∫ L
0 ρAẊkoṙkl xldxl 0 0 0

∫ L
0 ρAẊkoṙki Ni j δeL , jdxl − ∫ L

0 ρAẊkoṙki Ni jdxl 0 0

∫ L
0 ρAẊkorki Ni j δ̇eL , jdxl 0

∫ L
0 ρAẊkorki Ni jdxl

∫ L
0 ρAẌkorki Ni jdxl

+ ∫ L
0 ρAẊkoṙki Ni jdxl

1
2

∫ L
0 ρAṙkl xl ṙkl xldxl 0 0 0

∫ L
0 ρAṙkl xl ṙki Ni j δeL , jdxl − ∫ L

0 ρAṙkl xl ṙki Ni jdxl 0 0

∫ L
0 ρAṙkl xlrkl Nlm δ̇eL ,mdxl 0

∫ L
0 ρAṙkl xlrkl NlmeL ,mdxl

∫ L
0 ρAr̈kl xlrkl NlmeL ,mdxl

+ ∫ L
0 ρAṙkl xl ṙkl NlmeL ,mdxl

1
2

∫ L
0 ρAṙki Ni j δeL , j ṙkl NimδeL ,mdxl − 1

2

∫ L
0 ρAṙki Ni j δeL , j ṙkl Nlmdxl 0 0

∫ L
0 ρAṙki Ni j δeL , j rkl Nlm δ̇eL ,mdxl − ∫ L

0 ρAṙki Ni j rkl Nlm δ̇eL ,mdxl
∫ L
0 ρAṙki Ni j δeL , j rkl Nlmdxl

∫ L
0 ρAr̈ki Ni j δeL , j rkl Nlmdxl

+ ∫ L
0 ρAṙki Ni j δ̇eL , j rkl Nlmdxl

+ ∫ L
0 ρAṙki Ni j δeL , j ṙkl Nlmdxl

1
2

∫ L
0 ρArki Ni j δ̇eL , j rkl Nlm δ̇eL ,mdxl 0 1

2

∫ L
0 ρArki Ni j δ̇eL , j rkl Nlmdxl 1

2

∫ L
0 ρAṙki Ni j δ̇eL , j rkl Nlmdxl

+ 1
2

∫ L
0 ρArki Ni j δ̈eL , j rkl Nlmdxl

+ 1
2

∫ L
0 ρArki Ni j δ̇eL , j ṙkl × Nlmdxl
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