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1. Introduction and Preliminaries

Let the function ¢ : N* — N*, ¢(n) = [{k e N*|k <mn, (k,n) =1}, (V) n € N*. ¢
is called Euler’s function or Euler’s totient function. We remark that ¢(n) is the number of
invertible elements in the unitary ring Z/nZ. If n € N,n > 2, the following formula to
calculate ¢(n) is known: if [ € N*, n = p{' - p32 - ... p)!, where p1,p> ... p; € N are unique
distinct prime numbers and a; € N*,i = 1,1 then ¢(n) = n - (1 — %) : (1 - pi) S
(1 - %) A known property is that ¢ is a multiplicative function, but it is immediately
noticed that ¢ is not a completely multiplicative function. An important number of
monographs in number theory studied these types of functions [1-5].

Let the function 7 : N* — N*, 7(n) = |[{k e N*|k|n}|, (V) n € N*. t(1) = 1. If
neNn>2,n=p p32-...p, where p;,p,...p; € N are unique distinct prime
numbers and «; € N*, then t7(n) = (a3 +1) - (a2 +1) -...- (&; +1). T is a multiplicative
function, but 7 is not a completely multiplicative function.

Many analytics properties of these functions can be found in [6-8]. In [9] Rassias
introduced the function

$(n,A,B) = Y 1,

A<k<B,(nk)=1
as a generalized totient function. He proved that:

oo =g (] [2)

dln

where y is Mobius’ function (see Lemma 5.22 from [9]) and

91, 4,8) = 22 p(n) + 8,0+ O L@)? ),
dln

for each n, A, BEN, n > 1, where 6, 4 = 1if (n, A) =1, and 0 otherwise (see Proposition
5.23 from [9]).

Let 1 be a positive integer, n > 2, and let K be an algebraic number field, with degree
[K : Q] = n. Let Ok be the ring of integers of the field K, and let Spec (Ok) be the set of the
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prime ideals of the ring Ok. It is known that the ring of integers of an arbitrary algebraic
number field K is a Dedekind domain. Let J be the set of ideals of the ring O.

It is known that Euler’s function was extended to the set J like this: let I be an ideal
from the set J. Taking into account that Ok is a Dedekind domain and the fact that in any
Dedekind domain, there is a factorization theorem for ideals similar to the fundamental
theorem of arithmetics in the set of integer numbers, [ = Pf‘ T. Pg LI Pl“ !, where Py, P,

..., Py are unique different prime ideals in the ring Ox and a; € N* i = 1,1, and then

Pext - J—= N*/

where N(I) is the norm of the ideal I. We recall the norm of an ideal I is defined as follows
N(I) = [Ok : I]. The following properties of the norm function are known:

Proposition 1.
N(L-L)=N(L) -N(I),

for (V) nonzero ideals Iy, I, from the set J.

Proposition 2. If I is an ideal from [ with the property N(I) as a prime number, then I €
Spec(Ok).

Proposition 3. If P € Spec(Ox) and p is a prime positive integer such that the ideal P divides the
ideal pOy, then N(P) = pf, where f € N* is the residual degree of the ideal P.

Proposition 4. The norm function N : J — N* is not injective.
We recall that:
Proposition 5. If Iy and I, are nonzero ideals from J such that I + I = Ok, then

(Pext(ll : 12) = ?ext(h) : §Dext(12)‘

These results can be found in [6,10-17].

In the paper [18], the authors extended the function T to the set J of the ideals of the
ring Ok. We denote this function with Ty to distinguish it from the function 7 : N* — N*.
Thus, Text : J = N*, Tox¢(I) = the number of ideals from J, which divide the ideal I. Using
the above notations, we have:

Toxt(I) = (@ +1) - (@ +1)-...- (ay+1).
Quickly, we obtain that:

Proposition 6.
Text(ll : 12) = Text(ll) 'Text(lz)/

for any I and I, which are nonzero ideals from J, such that I + I = Ok.

In this article, we obtain certain inequalities involving the functions T, Text, @, @ext-

2. Results
Popovici (in [19]) obtained the following inequality:

goz(a -b) < (p(az) -q)(bz) (V) a,beN*,
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where ¢ is Euler’s function. In [20] (Proposition 3.4), Minculete and Savin proved a similar
inequality, for extended Euler’s function:

Proposition 7. Let n be a positive integer, n > 2, and let K be an algebraic number field of degree
[K : Q] = n. Then:

@ (1-]) < q)m(lz) * Qext (]2), (V) ideals I and J of Ok.

We ask ourselves if the functions T and 7.y satisfy a similar inequality. We obtain that
these functions satisfy the opposite inequality.

Proposition 8. Let K be an algebraic number field. Then:
2 2 2 .
Text(l ' ]) 2 Text <I ) © Text (] ), (V) ideals I and ] Of OK'

Proof. Let I and ] be two nonzero ideals in the ring Ok. Applying the fundamental theorem
of Dedekind rings, (3!)],r € N*, the different prime ideals Py, P,, ..., P, P{', P, ..., P/ of

the ring Ox and a1, a2, ... 4, 71,72, .-, 7r € N* such that [ = P} - P32 - ... P} - (P)™ .
...+ (P")" and (3')m € N*, the different prime ideals P], P}, ..., P}, of the ring Ok and
B1, B2 Bis Yr+1, Yr42, - -+, Y2r € N* such that | = (Pl’)ﬁ1 (PP (Py)Tt L

(P")7? Tt results that
(1)) = (a1 +1)% (a2 +1)% .- (a +1)%

(D B2+ D (B A DT (v A D7 (2 Y2+ D (2 £1)°
and

rext(ﬂ) ot (]2) = (20 41) Qap+1) o Qi +1)- (2B1+1) - (2B2+1) .. (2Bm + 1)

Cr+1)-Cr+l)- 2y +1) - 2y +1) - 22 +1) - (292, +1).

It immediately follows that

(i +1)%*>20;+1, (V)i=1,1,

(,Bi‘f‘l)z >28;+1, (V)i=1m

and

(it 1 +1)2 > 27 +1) - 2y +1) & (ri— 1) =0 (V) i =T, 7.
Thus, we obtain that
24 (I-]) > Text(IZ) - Text (]2>, (V) ideals I and ] of Ok.
0

Sivaramakrishnan (in [21]) obtained the following inequality involving Euler’s func-
tion and the function 7:

Proposition 9. For any positive integer n, the following inequality is true
p(n) - T(n) > n.

Now, we generalize Proposition 9, for an extended Euler’s function and the function
Text-
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Proposition 10. Let K be an algebraic number field and let Oy be the ring integers of the field K.
Then, the following inequality is true:

@ext(I) - Text(I) > N(I), (V) a nonzero ideal I of Ok.

Proof. Let I be a nonzero ideal of the ring Ok. According to the fundamental theorem of
Dedekind rings, (3!)! € N*, the different ideals Py, P,,..., P;€Spec(Ok) and a1, ap,...a; €
N* such that I = Pf‘ T. Pg 2 Pl'x !. Using the properties of the functions @.xt, N and Tex
which we specified in the introduction and preliminaries section, we have:

!
gea(1) T (1) = [T (P) e (P7) =
i=1

1

LTV (1= 5 ) - (5 1)

i=1

It results that

!
@ext (1) - Text (I) :N(I)~HN7-(041-+1). 1)

It is easy to see that

N(P) —1 N(P;) -1 ¥
— (i +1) > ————-2>1, (V) a; € N*, (V) P; € Spec(Ok). 2
From (1) and (2), it results that

@ext(I) - Text(I) > N(I), (V) a nonzero ideal I of Ok.

O

We are giving another result involving Euler’s function and the function .

Proposition 11. For any positive integer n, the following inequality

VI i) = wln) - Vi @

holds. The equality is obtained only for n = 60.

Proof. For n = 1, we have @(p(l) = @ > 1= 1(1)v/1. We take n > 2. By mathemati-
cal induction, we proved the inequality

1
d 1—>2d+1,
V(-

for every d > 1, where p > 7 is a prime number. This inequality is in fact the following:

o(p") = T(p)\/p". @
We consider the decomposition in prime factors of 1 given by n = 273°5°[T¢_, P, pi #

2,3,5. We know that if the functions ¢ and T are multiplicative arithmetic functions, then
the inequality of the statement becomes

wzﬁq)(z“)(p(#’)cp(?)lj?(r’?i) > )V EE) VI EVE T b
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= (a+1)(b+1)(c+1)@]11(0#1)\/@-

i=1
It is easy to see, by mathematical induction, that for every a,b,c > 1, we have the
following inequalities:

2°

o\»
Hk\w
i-lk\U‘l

(a+1)% (b+1)2, 5 (c+1)?,

which are equivalent to

3\/27 >a41, f\ﬁ2>b+1 if >ct1,

which means that
30(2%) > T(Z)WE, Vap(E") = T3V, L g(5) > 7(5)VE

Using the above inequalities and (4) we deduce the inequality of the statement. In the
case when ¢ = 0, we have n = 273" TTS_, pi, so the inequality of the statement becomes

3\F f V5

9(3") l_[fp(zﬂl)— 3¢(2")V3¢(3") qu >fT( Wi > T(n)y/n.

Analogously, the cases are treated when at least one of the numbers 4, b, c is equal to 0.
Therefore, the inequality of the statement is true.
Now, we prove that the equality in (3) is obtained only for n = 60. For this, we study

the equality
VI i) = t(n) - Vi 6

If n # 0 (mod 15), then n = 15k + r, where k €N, r €{1,...,14}, which means that

15 2t(15k+ 1)
15k +r  3¢(15k +7)

€Q

which is false, because ﬁir ZQ. To prove this, we assume by absurdity that 4/ 15k = €Q,
so there are a,beN*, (a,b) = 1 such that 4/ 15k = ThlS implies the equality

b? - (15k +r) = 154°.

Since (15k +r,15) € {1,3,5}, we obtain that b = 0 (mod 15) when (15k +r,15) =1,
b = 0 (mod 5) when (15k +r,15) = 3, respectively, b = 0 (mod 3) when (15k 4 r,15) = 5.
In the first case, when (15k + 7, 15) = 1, we find b = 150, where b’ €N. Therefore, the above
equality becomes
15(0')? - (15k +r) = a2

It results that @ = 0 (mod 15), which is false because (a,b) = 1.
In the second case, when (15k +7,15) = 3, we find r = 3 and b = 50/, where
r € {3,6,9,12}, b'eN. We obtain that
5(0')- (5k+r') = a2

It results that @ = 0 (mod 5), which is false because (a,b) = 1.
Analogously, we obtain a contradiction in the third case, when (15k +r,15) = 5.
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If n = 0 (mod 15), then we have n = 15k, with k €N*. Replacing it in equality (5),
we obtain
2vVk - T(15k) = 3¢(15k),

which can be written as

_ 3¢(15k)
V= 2 <@

thus, there exists ¢ € N* such that k = ¢°. Replacing it in the above equality, we deduce the
following relation

39(150%) = 297 (15¢%). ©)
If (15,9) = 1, then relation (6) becomes
39(7%) = a7 (a?)- @)

We study equality (7) in two cases:
Case I: when g is a prime number, we obtain

3q9(q—1) =3q,

it follows that g = 2, so k = 4. Therefore, we have n = 60.

Case II: when g is a compose number,

@(g?) is an even number and 7 (4?) is an odd number. It follows from relation (7) that g
is an even number, so g = 2° - v, where s, v € N*, v is an odd number. Relation (7) becomes

3go(225 . 02) =2°.0- 7(225 . 2)2),
which implies, taking into account that (2,v) = 1, the following inequality holds:

3. 25_1q)(02) =0v(2s+1) -T(U2). 8)

For s > 2, the term from the left part of the equality (8) is an even number and the term
(25 +1) - T(v?) is an odd number, so v is an even number, which is false, because (2,v) = 1.
The case g = 2v then remains, where v > 3 is an odd number. Relation (7) becomes

p(o?) = ot (?),

but ¢ (v?) is an even number and 7 (v?) is an odd number; thus, we deduce that the number
v is an even number, which is false.

If (15,9) # 1, then g = 375" or g = 375" Iy primep=7 P°, wherea,b € N, witha+b > 1
and ¢ € N*. We note P = [T, prime, p>7 P For g = 375%, relation (6) becomes

3(P (32ﬂ+152b+1) — 2 . 3a5bT(32a+152b+1) ,
which is equivalent to 315" = (a + 1)(b + 1), which is false, because 3*"15" > (a +
1)(b+ 1), and it is easy to see by mathematical induction for a,b € N, witha + b > 1. For
q= 375 P, relation (6) becomes
3q) (320+152b+1 PZ) =2. 3ﬂ5bp,.r <32ﬂ+1525+1 P2>
which is equivalent to 3150 ¢ (P2) = (a + 1) (b + 1)Pt(P?), so we obtain

35t T (-1 =(a+1)b+1)]]2c+1).
p prime, p>7
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However, by mathematical induction, we have p° —1 > 2c+ 1, where p > 7and ¢ > 1.
Combining the above inequalities, we prove that 3%+15 Ty primep=7(p¢ —1) > (a+1)(b+
1)T1(2c + 1). Consequently, the statement is true. [J

Now, we generalize Proposition 11, for extended Euler’s function and the function T,y

Proposition 12. Let K be an algebraic number field of degree [K : Q] = n, where n is a positive
integer, n > 2. Then:

r 2 4\" \/5 " .
3137 3) % “@ext(I) > Text(I) - \/N(I), (V) a nonzero ideal I of Ok,

where 11 is the number of prime ideals of norm 2, which divides I; ry is the number of prime ideals
of norm 3, which divides I; r3 is the number of prime ideals of norm 4, which divides I; and r4 is the
number of prime ideals of norm 5, which divides 1.

Proof. Let I be a nonzero ideal of the ring Ok. Applying the fundamental theorem of
Dedekind rings, Propositions 3 and 4, it results that (3!)r1,ry,73,74,1 € N, 1 > 5, the
different prime ideals Py1,...,P1y,, Po1,..,P2ry, P31,-,P3r5, Pa1,e-./Pary, Ps, Pe,..., P of the ring
Ok and &11, ..., @1y, , K21, oo X2py, K31, -ey K3py, K41, -y Kar, € N, &s5,... a7 € N* such that

1 2 3
_ LSTAe LT 3 LT %5 . &)
I=TTPy" T1R TP HP B
i=1 i=1 i=1

with N(Py;) =2,i =111, N(Py) =3,i = 1,1
and N(P;) >7,(V)i=5,1.

Applying the inequality v/a? - (1 - %) >d+1,(Y)daeN*,a > 7 fora = N(P;)
we obtain:

,N(Pg,i) :4,1 = 1,73, N(P4l) = 5,12 1,1’4

(N(P))" - (1 _ N(lp,-)) >d41, (V) deN, (V) P el, N(P)>7

The last inequality is equivalent with

(N(P))% - (1— N(1P)> >a;+1, (V) B|I, (V)i=51

It results that

f[\/<N<Pi>>“f~(1 ) > [T (2) ©
5 1

i= i=5

Applying the inequality 3v/24 - (1 - %) >d+1, (V) deN*, for N(Py;) = 2 and for

d = ay;, (V) i =1,r1, we obtain:
. 1 —
3 NP"’”’-(l) ay;+1, (Vi=1,r.

From this last inequality, it results that

51
3. H Plz 0(1, (1 — 713 ) > HText (Pﬁ'li)- (10)
1i) i=1



Mathematics 2021, 9, 1710

8 of 10

Applying the inequality /3 - v/34 - (1 — %) >d—+1, (V) deN*, for N(Py;) = 3 and for

d = ay;, (V) i = 1,7, we obtain:

\@\/W (1_@) >y +1, (V) i=T1,m.

From this last inequality, it results that

V32 lj (N(Py))* - <1 — I\](;Zz)) > ﬁText(P;iZi)‘ (11)

i=1
Applying the inequality 3 - Vad . (1 — %) >d+1, (V) deN*, for N(P3;) = 4 and for
d = a3, (V) i = 1,73, we obtain:
4

a3 1
3 (N(P5;))™ - (1 T NPy

From this last inequality, it results that

Applying the inequality g V54 (1 - %) >d+1, (V) deN¥, for N(Py;) = 5 and for

d = ay;, (V) i = 1,r4, we obtain:

>20¢3i+1, () i=T7.

From this last inequality, it results that

\/g sy o 1 T4 .
<2> 111 (N(P4Z)) . <1— N(P4l)) > ngXt(Péli ) (13)

Multiplying member-by-member inequalities (9)-(13) and applying Propositions 5 and 6,
we obtain that

311./37. <§>r3 ' (?) “@ext (I) > Text (I) -/ N(I),

(V) a nonzero ideal I of the ring Ok.
O

3. Conclusions

Regarding the Number Theory, many papers studied the properties of the Euler totient
function and the function that characterizes the number of divisors of a natural number.
In this paper, we have presented some arithmetic inequalities that can be extended to
inequalities in the algebraic fields theory. If K is an algebraic number field, then we deduce:

Tezxt(l ) > Text(lz) - Toxt (]2>, (V) ideals I and J of Ok.

For any positive integer 7, the following inequality ¢(n) - T(n) > n holds. This
inequality has been extended to an algebraic number field K:

@ext(I) - Text(I) > N(I), (V) a nonzero ideal I of Ok,
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where Ok is the ring integers of the field K. Another interesting arithmetic inequality is

proven, namely:
3V15
=2 p(n) > T(n) -,

for any positive integer n. This generates the following inequality in an algebraic number
field K with the degree [K: Q] = n,n > 2:

3¢§<§><?> @ext(I) > Teat (1) - \/N(I),

for all nonzero ideal I of Ok, where r; is the number of prime ideals of norm 2, which
divides I, 7 is the number of prime ideals of norm 3, which divides I, r3 is the number of
prime ideals of norm 4, which divides I, and r4 is the number of prime ideals of norm 5,
which divides I.

In future research, we will search for other arithmetic inequalities that can extend to
an algebraic field. We can see how some calculations are transferred from the elementary
number theory to algebraic fields theory. It should be mentioned that these calculations
cannot always be done by analogy.
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