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Abstract: Based on the Szirtes’ modern dimensional analysis (MDA), the authors apply the theory to a
real structure in order to validate by experimental measurements its applicability. After a presentation
of the basic elements of the model law (ML), deduced for two relevant cases, the authors conceived the
set of prototypes and models, based on the case of an actual construction pillar, physically performed
at scales of 1:1, 1:2, and 1:4. The combination of these structural elements, made at different scales,
resulted in three sets of prototypes and models. In this paper, taking into consideration the ML for two
relevant cases, the following are presented: the original test stand of these structural elements; block
diagram of the original electronic heating and control system; the basic considerations regarding
the particularity of this heating system from the point of view of heat transfer; measurement data,
obtained for both nonthermally protected elements and for those protected with layers of intumescent
paints. In the last part of the paper, the values obtained by rigorous direct measurements with those
offered by the ML on the elements considered as prototypes and models are compared. Almost
identical values were obtained from the direct measurements with those provided by the ML, thus
resulting in the validation of these laws. The same thermal regimes were applied to all these structural
elements, with registration of every parameter related to these thermal regimes. Depending on the
role of a structural element within a certain set (prototype-model), some of the measurement data
were considered as data acquired directly through measurements, and others served as reference
elements for those for which we had to obtain through the model law. In the last part of the paper,
the sizes obtained by rigorous direct measurements are compared with those offered by the model
law on the elements considered as prototypes and models. Identical practical values of the quantities
were obtained from the direct measurements with those provided by the model law, thus resulting in
the validation of these laws.

Keywords: physics; geometric analogy; similitude; rectangular beam; modern dimensional analysis;
model law; straight rod

1. Introduction

A number of methods have been developed to protect metal structures from fire. In
general, protections fall into two broad groups: passive and active. Metal structures can be
protected with different passive methods:

• Protection with fire-resistant boards (e.g., gypsum board, calcium silicate boards);
• Cover with flexible blanket (from different materials);
• Shot blasting products:

# Dry mortar coating: cement-based or sulfide-based;
# Cementites/vermiculite spray
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# Mortar composed of vermiculite and plaster;
# Mortar based on mineral flax, addition of cement, bentonite, and other additives;

• Concrete coating of steel profiles;
• Protection with intumescent paint;
• Tile dressing.

Regardless of the material of the structure to be protected or the method of protection
used against fire, the purpose is to prevent the temperature of the covered structure from
rising in order to maintain its integrity and stability.

The issue of assessing the quality of the thermal insulation/thermal protection of the
various solutions as accurately as possible is a very topical and important issue, both in
terms of the protection of human lives and the material goods. In this regard, increasingly
more accurate calculations have been developed to predict the load-bearing capacity of
fire-resistant structures. The authors’ current concerns regarding dimensional analysis fall
in this direction, and we hope that the results presented below will be useful to engineers
and researchers in the field.

Dimensional analysis began to be perceived as a tool of analysis in physics in the late
eighteenth century. This method emerged as a result of the introduction of fundamental
units for characterizing the fundamental quantities with which science began to operate [1].

The method proved to be simple and, especially for this, it was accepted in section
XIX and XX for the investigation of complex structures. In essence, the method consists of
executing/manufacturing a model at a certain scale of the real structure and the experi-
mental investigation of this model. Based on the results obtained experimentally, on the
model, one can obtain by means of ML the expected results for the real structure. Thus,
the experimental results obtained on the model built in the laboratory can be extrapolated
to obtain the results sought for the real structure, applying the so-called law of the model,
constituted from a finite number of dimensionless variables starting from Buckingham’s
theorem [2].

The MDA method, which was applied here, offers us a model law, unique for the
phenomenon studied. The method is based on the exclusion of irrelevant physical variables.
In this way, a model law is obtained that describes the correlation between the model
and the prototype made on a certain scale. The applicability limits are presented in [3,4].
The method is relatively simple, which is why it has been intensely applied in recent
decades [5–7] and a number of applications to the study of physical phenomena in practice
are presented in [8–12]. The results prove the applicability of the method to a rather wide
class of phenomena.

The study of heat transfer using this method can offer considerable help in reducing the
complexity of calculus [13], and thus the experimental study model, made to an arbitrary
scale, can offer us information concerning the behavior of the studied systems [14–17].

A revolutionary approach to dimensional analysis, particularly simple and accessible
to both engineers and researchers, was developed by Thomas Szirtes in his papers [18,19],
an approach we call modern dimensional analysis (MDA). All the variables that can
influence the phenomenon to a certain extent are divided into independent variables
(which are chosen a priori and freely, both for prototype and model), respectively dependent
(whose size is chosen a priori and freely, only for the prototype, and for the model they result
rigorously only by applying the law of the model, which is to be deduced). At the same
time, MDA methods allow the choice of those variables as independent variables, which
can be easily modified during experiments, and thus can ensure easy, safe, and rigorously
repeatable experimental measurements. It should be noted that among the dependent
variables is a small number of one to three variables, which are unknown to the prototype
and which we actually intend to obtain using the model law based on experimental
measurements performed on the model. Consequently, based on the model law that is
deduced, not only the variables unknown in size of the model are obtained, but also
those variables related to the prototype, whose experimental determination would cause
special material and/or technical difficulties. This last aspect represents an indisputable
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advantage of MDA, which excludes a series of drawbacks of CDA, such as deep knowledge
of the phenomenon, respectively, the uncertain and usually semiarbitrary identification
of dimensionless variables, which intervene in the actual application of Buckingham’s
theorem in order to deduce the model law.

In their contribution, the authors of this paper briefly presented this, the method called
MDA, in order to study and to show its net advantages compared to other methods that
use the behavior of the model in viewing the predicted behavior of the prototype. Next,
reference is made only to the particularities of applying this MDA method to bars with
tubular–rectangular sections. New results concerning the MDA are presented in [20–28].
The results of the experiments obtained in this paper come to confirm the validity of the
applied method.

In [29], the authors presented their own research concerning the basic principles of
MDA, together with its applicability to heat transfer in bars and bar structures. They
deduced, with the help of the MDA briefly described above, the generalized law of the
model for a straight bar of tubular–rectangular section, related to the right three-orthogonal
reference system (Figure 1).

Figure 1. Beam with rectangular-hole section.

With these variables, the dimensional sets were established, for two cases considered
to be significant, based on the protocol presented in the works of Szirtes [18,19]. Each
variable considered to be relevant is defined by the dimensions involved (called the main
dimensions) at certain powers. The total number of main dimensions is k. Matrix A, which
contains the independent variables, has columns formed by the exponents of these main
dimensions related to those variables.

The other variables, i.e., the dependent ones, numbered as n, and which constitute
the matrix B, have in the columns afferent to these variables the exponents of the main
dimensions, which define the respective variables.

To achieve this, the following were analyzed in detail:

• The variables on which the heat transfer depends in the general case, i.e., the case of a
straight bar covered with a layer of intumescent paint;

• Their computational relationships;
• The dimensions of these variables;
• The constituent elements of the dimensional set (DS), specifying the independent

variables (those that are freely chosen at the beginning, both for the prototype and for
the model) and of the dependent ones (which are freely chosen only for the prototype
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and for the model results exclusively from the application of the model law, which
is deduced).

In [29], the authors presented the basic principles of MDA, together with its appli-
cability to heat transfer in bars and bar structures of circular section. In [30], the authors
applied MDA to straight bars of rectangular–tubular section in order to deduce the ML,
which governs heat transfer.

Research in the field [31–33] proves that in order to obtain similar results, the efforts
made with modeling, by application of the model or the experimental measurements to
obtain results, require a considerable effort. Other results are presented in [34,35].

This contribution is intended to validate this ML based on a significant number of
experimental measurements, performed on a series of prototypes and models, unprotected
and thermally protected using layers of intumescent paints. After summarizing the in-
volved variables (see Table 1) along with the basic elements of the ML, deduced in [30]
for two cases relevant from the point of view of experimental measurements, the authors
present the set of prototypes and models, based on the case of an actual construction pillar,
physically manufactured at scales of 1:1, 1:2, and 1:4. From the combination of these struc-
tural elements made at different scales, it resulted in three sets of prototypes and models.
New contributions in the domain can be found in [36–42]. In the next section, the following
are presented: the original testing bench of these structural elements; block diagram of
the original electronic heating and control system; the basic considerations regarding the
particularity of this heating system from the point of view of heat transfer; measurement
data, purchased both for nonthermally protected elements and for those protected with
layers of intumescent paints. The same thermal regimes were applied to all these structural
elements, with registration of all the parameters related to these thermal regimes. Depend-
ing on the role of a structural element within a certain set (prototype-model), some of the
measurement data were considered as data acquired directly through measurements, and
others served as reference elements for those, which we had to obtain through the ML. In
the last part of the paper are compared the main sizes of the required dependent variables,
obtained by rigorous direct measurements with those offered by the ML on the elements
considered as prototypes, respectively, models.

Table 1. Principal dimensions of the column segment presented in Figure 2.

Prototype, at Scale 1:1 Model I, at Scale 1:2 Model II, at Scale 1:4

Dimensions, in m

La 0.370 0.185 0.0925

Lb 0.370 0.185 0.0925

Lc 0.006 0.003 0.0015

Ld 0.350 0.175 0.0875

Le 0.350 0.175 0.0875

Lf 0.016 0.008 0.004

Lg 0.016 0.008 0.004

Lh 0.400 0.200 0.100

Lk 0.010 0.005 0.0025

Lm 0.450 0.450 0.450

Ln 0.450 0.450 0.450
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Figure 2. Dimensions of the column segment.

Consequently, these laws can be extended to structural elements, which are achieved
at scales of 1:5 and 1:10, respectively, which allow the realization of very convenient models
in terms of experimental simulations for complex structures (for example, industrial halls
with several compartments and floors having one or more firebreaks arranged as desired).
The data of the measurements obtained on these models, i.e., their response to fires, serve
by applying these ML to the optimization of actual structures subjected to similar fires.

2. Materials and Methods

Based on results obtained in the abovementioned papers [30,38], two cases were
analyzed regarding the choice of the set of independent variables, namely:

I. (Q, Lz, ∆t, τ, λx steel , ς);

II. (
.

Q, Lz, ∆t, τ, λx steel , ς),

where Q represents the invested heat;
.

Q—the heat rate; Lz—the beam dimension along
direction z; ∆t—the temperature variation; τ—the time; λx steel—the thermal conductivity;
and ς—the shape factor.

It can be noted that in both cases the set of independent variables is rigorously linked
to the actual measurements. Only one dependent variable is an exception, namely that
for which we would not have access (or it would be difficult) to obtain its value through
measurements. In the latter, the value for the model is chosen in advance (before the start of
the experiments) and based on the measurement results, the desired value for the prototype
results from the law of the model. In case I it is the heat flow

.
Q, while in case II it is the

amount of heat Q.
In order to validate this law, an experimental set consisting of a prototype and two

models was designed, starting from the dimensions of an existing structural element (the
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supporting column of an industrial hall). Thus, for the prototype, made at 1:1 scale, a
column segment with height h = 0.400 m was considered; for the two models, it was made
at 1:2 and 1:4 scales, having segments with heights h = 0.200 m and h = 0.100 m, respectively
(Figure 2 and Table 1).

Table 1 summarizes their dimensions, together with those relating to the seating area
on the electric heating stand, shown in Figure 3. As can be seen, the geometric similarity
was observed in all of them, accepting the same scales of all dimensions of 1:1, 1:2, and
1:4, respectively.

Figure 3. The stand assembled.

The upper closing plate, with the dimensions (La x Lb), wants to replace the rest of
the column, and the lower one, with the dimensions (Lm x Ln), serves to ensure a perfect
and unitary placement of all the elements tested on the test stand.

Monitoring of the thermal field propagation along these structural elements was
performed with the assistance of thermoresistors, type PT 100–402, with 0.150 m long
terminals and measuring range (−70 . . . + 500 ◦C). Their layout dimensions, starting from
the base of the plan (Figure 2), are shown in Table 2. At each level were fixed, by means of
M3 screws, four thermoresistors (one in the middle of each side), and the average arithmetic
of their indications was the temperature of the column segment at that level.

Table 2. Principal coordinates of the temperature measuring points.

Prototype, at Scale 1:1 Model I, at Scale 1:2 Model II, at Scale 1:4

Coordinates x(j)

0.020 0.020 0.020

0.110 0.060 0.055

0.200 0.105 0.090

0.290 0.150

0.380 0.190

Both the prototype and the two models were subjected to the same heating regimes, in
two versions: one that was uncovered and the other covered with a layer of intumescent
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paint (thermal protection) 0.0012 m thick, type Interchar 404, produced by International
Marine and Protective Coatings Co.

According to Figure 3, structural element (1), after a translation, was placed on the
upper area of the dome in the form of a pyramid trunk (2), which in turn rests on the rigid
frame (3) and on the supporting legs (4).

In section A–A are shown the heating elements (6), consisting of twelve bars/rods
of Silite (connected four in series for the three phases of the industrial power supply at
380 V). Silite bars/rods are placed on chamotte bricks (7), under which there is a thermal
insulation layer (8) of ceramic fiber 0.0254 m thick. A similar insulation (5) is provided for
the lateral side walls of the pyramid trunk (2). During experimental investigations the free
surface of the laying board, with dimensions (Lm x Ln), shown in Figure 2, is covered with
this thermal insulation blanket. As an illustration of the degree of thermal insulation, it can
be mentioned that at the nominal heating temperature of to,nom = 600 ◦C of the structural
elements tested, around the support frame (3) and the pyramid trunk (2), the temperature
did not exceed (45 . . . 50) ◦C.

Figure 4 shows the set of twelve Silite bars/rods during operation, together with their
wiring and thermal insulation. Figure 5, according to [43,44], shows the block diagram
of the electronic system for regulating and controlling the temperature at the level of the
lower plate of the tested structural element.

Figure 4. Silite bars/rods during operation, and their thermal insulation.

Figure 5. Block diagram of the thermal control system. (1) LED indicator; (2) +12 V power supply;
(3) synchronization input; (4) digital control circuit; (5) selector switch; (6) solid state Zero Point
Switch, SSR-4028ZD3, 40 A; (7) temperature controller; (8) heating element; (9) active energy meter;
T.C.—thermocouple; C.T.—thermal contact through heated parts.

Following the analysis of possible solutions, the authors opted for the only acceptable
option, namely, to supply heating with whole half-sinusoidal trains having programmable
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length series, a solution that fully meets the requirements of the experiment with good
accuracy [36].

This original electronic system consists in principle of the following basic elements: a
digital control circuit (4), which using the synchronization input determines the moment
when the main voltage passes through zero. A cycle of ten half-waves (half-sines) is defined,
from which, by programming, the required/desired number of half-waves is selected, and
by activating the static power relay at the output, this number of half-waves is allowed
to pass through the load. These causes the Silite bars/rods to heat while the rest of the
half-waves up to ten are blocked. The repetition of ten half-wave cycles is signaled by LED
(1). The number of active half-waves is selected using a ten-position selector switch (5); thus,
the power introduced in the system is adjusted in steps of 10% from 10% to 90%. For the full
power of 100%, switch K1 is actuated, by which the cycles of ten half-periods/half-waves
are abandoned, all remaining active. Between the control circuit and the static relay (6), the
temperature controller (7) (type ATR121B) is connected, which, through an internal relay
contact, validates or stops the heating at the preset power stage. This preset power step is
chosen so as to ensure that a temperature slightly higher than that required is reached, and
the desired nominal temperature is programmed from the ATR121B temperature controller.
The control of the heating elements is performed using static relays (6) of type SSR-4028ZD3
and SSR-4048ZD3, which allow a maximum current of up to 40 (A) and supply voltages
of 280 (V) and 480 (V). These static relays, with optical isolation between the control and
power terminals, are provided with circuits that ensure to switch on strictly only at the zero
crossings of the supply voltage (ZPS—zero point switch), and thus ensure:

• Keeping the sinusoidal shape unaltered, both the supply voltage and the supply current;
• The correct measurement of the electricity consumed/invested in the system, using meters

(9), without the appearance of any electromagnetic disturbance in the electrical network.

Measuring the nominal temperature at the base of the tested structural element is made
by using a thermocouple, fixed in a suitable bore, which is practiced in the immediate vicinity
of junction area. This thermocouple is connected to the ATR121B temperature controller.

The protocol of the experimental investigations was as follows:

• Placing the structural element (1) on the assembled stand by interposing between
them, on the effective placement area (effective contact area), a segment of thermal
insulating mattress, in order to ensure perfect contact and without thermal losses
(Figure 3);

• Mounting on the lower plate of the tested structural element, as close as possible to
their junction area, a type-K thermocouple, which is connected to the temperature
controller ATR121B, in order to monitor the desired nominal temperature at the base
of the structural element;

• Mounting all the type PT 100–402 thermoresistors at the level of the dimensions x(j)
on the tested structural element, according to Table 2;

• Connecting these thermoresistors to the data acquisition system;
• Checking the proper operation of all thermoresistors, and the type-K thermocouple;
• Selection of the nominal temperature t0, nom on the temperature controller (7) type

ATR121B (Figure 5);
• Selecting the desired percentage of supply voltage (Figure 5) on the ten-stage selector

switch (5).
• Connection of the heating installation to the 380 V power supply;
• Starting the installation with assistance of the main switch;
• Monitoring, with the help of the data acquisition system, the achievement of the

stabilized nominal temperature t0, nom;
• Additional recording, at the thermal level of the stabilized regime, of the consumed

electricity E0, total [kWh], together with the time necessary τ0, total(s) to reach this regime;
• Repeating the previous steps, in order to reach all the nominal temperatures t0, nom =

(100, 200, 300, 400, 450, 500) ◦C.
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Observations:

• The ATR121B temperature controller also has a self-learning function, practically,
after the first cycle of reaching the nominal temperature t0, nom, it will ensure the
temperature regulation within very limited range. Thus, for example, based on the
measurements performed at one t0, nom = 500 ◦C, the thermal oscillations related to
the adjustment were of maximum (4 . . . 5) ◦C;

• Attaining a stabilized temperature regime was considered to be achieved when the
level of the last thermoresistance PT 100–402 (near the upper part of the tested struc-
tural element) maximum temperature oscillations (0.2 . . . 0.3) ◦C were observed for a
minimum period of (120 . . . 180) s.

3. Results

After reaching this stabilized regime, the total amount of electricity invested in the sys-
tem from the beginning of the heating process E0, total [kWh] was read, which corresponded,
in the hypothesis of a transformation without energy losses, a total amount of heat invested
in the stand:

Q0, total [J] = E0, total [kWh] · 3.6 · 106, (1)

since 1 kWh = 3600 kWs = 3600 kJ = 3.6 · 106 J.
The total heat losses through the thermal insulation blankets are determined based on

the well-known relationship

Qwaste, total = Qw, total = ∑ [λ · ∆t · ∆τ · (∑
Ak
hk

)], (2)

where λ
[

W
m·K = W

m·◦C

]
is the coefficient of thermal conductivity of the thermal insulation

blanket, which, based on the recommendation of the manufacturing company for the
material used, depending on the temperature reached t[◦C] at the level of its heated side,
has the calculation relationship

λ

[
W

m · ◦C

]
= 0.0002 · t[◦C] + 0.03, (3)

∆t[◦C]—the temperature difference reached during heating;
∆τ[s]—the time required to reach it;
Ak
[
m2]—the developed/unfolded areas of the all k thermal insulation layers applied

around the stand, having the thicknesses hk[m].

However, we must also take into account the particularity of the heating system
through the thermoregulation presented above, because instead of a linear law of tem-
perature increasing from tB ≡ ti to tD ≡ tn (shown with the dashed line in Figure 6), the
actual data acquisition resulted in a polygon (B ≡ i − j − k − l − m − n ≡ D), to which
relations (2) and (3) must be adapted, as follows:

• In relation (2), for each interval (i− j); (j− k); (k− l); (l −m); (m− n) is considered
the corresponding temperature difference (∆tij =

(
tj − ti

)
; ∆tjk =

(
tk − tj

)
; ∆tkl =

(tl − tk); ∆tlm = (tm − tl); ∆tmn = (tn − tm)), applied to the corresponding time
intervals ∆τ: ∆τij =

(
τj − τi

)
; ∆τjk =

(
τk − τj

)
; ∆τkl = (τl − τk) ; ∆τlm = (τm − τl) ;

∆τmn = (τn − τm);
• λ is determined with the relation (3) separately/individually for each previous inter-

val, considering the average temperature afferent to each interval, respectively, the
previous temperature differences;

• The term ∑ Ak
hk

being constant, multiplies the sum of the partial products (λ · ∆t · ∆τ)

related to these intervals.
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Figure 6. Temperatures of the heating stand.

The total amount of heat invested for heating the structural element Qtotal [J] is obtained
as the difference of the previous ones, i.e.,

Qtotal [J] = Q0, total −Qw, total . (4)

The thermal radiation of the Silite bars/rods manifests itself only in an experimentally
determined proportion of 47.22% on the lower support plate of the structural element,
corresponding to the angle of 42.77

100 ∗ 360 = 169.992 ∼= 2 · 85
◦

from the total 360
◦

(Figure 7),
then the amount of actual heat invested in the system can be defined, i.e.,

Qe f f [J] = Q0,e f f −Qw, total = 0.4722 ·Q0, total −Qw, total . (5)

Figure 7. Position of the Silite bars/rods.

Obviously, there is a global approximation of the direct heating provided by the Silite
bars. It should be mentioned that the ML has been verified (and validated accordingly) for
this last customization as well.

The corresponding heat fluxes are determined on the basis of the definition relation:

.
Q
[

J
s
= W

]
=

dQ
dτ

=
∆Q
∆τ

, (6)

It is obvious that the quantities of heat, the heat flows, and the times necessary to
reach higher thermal regimes were determined by summing the last values with those
previously obtained.

Thus, for example, the parameters related to reaching the stabilized regime at
t0, nom = 200 ◦C resulted from the sum of the values obtained for the stabilized regime
from t0, nom = 100 ◦C with those obtained during the heating of the system in the tempera-
ture range (100 . . . 200) ◦C.
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Tables 3, 4 and A2–A5 summarize these preliminary calculations, based on data
acquired from all structural elements subjected to the tests (prototype and the two models)
uncovered and, respectively, covered with a layer of intumescent paint.

Table 3. Small model, unpainted—scale 1:4; values of the dependent variables by the ML.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
261,976 261,976 261,976 261,976 261,976 261,976

3 E0, total(kWh) 0.4 0.6 1.4 1.4 2.9 0.7

4 Q0, total(J) 1,440,000 2,160,000 5,040,000 5,040,000 10,440,000 2,520,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 20.07 20.07 20.07 20.07 20.07 20.07

7 Qw,total(J) 84,810.39 185,272.30 1,000,576 1,018,576 2,709,526 572,461.50

8 Qtotal(J) 1,355,190 1,974,728 4,039,424 4,021,424 7,730,474 1,947,539

9 Qo, e f f (J) 679,968 1,019,952 2,379,888 2,379,888 4,929,768 1,189,944

10 Qe f f (J) 595,158 834,680 1,379,312 1,361,312 2,220,242 617,483

11 ∆τtotal(s) 2280 1320 3000 1800 3600 660

12
.

Qw, total(J) 37.20 140.36 333.53 565.88 752.65 867.37

13
.

Qtotal(W) 594.38 1496.01 1346.48 2234.13 2147.35 2950.82

14
.

Qe f f (W) 261.03 632.33 459.77 756.28 616.73 935.58

Table 4. Small model, painted—scale 1:4; values of the dependent variables by the ML.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
261,976 261,976 261,976 261,976 261,976 261,976

3 E0, total(kWh) 0.4 1.0 1.6 1.0 0.9 2.3

4 Q0, total(J) 1,440,000 3,600,000 5,760,000 3,600,000 3,240,000 8,280,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 20.07 20.07 20.07 20.07 20.07 20.07

7 Qw,total(J) 73,312 411,563 1,016,682 685,260 706,478 2,287,113

8 Qtotal(J) 1,366,688 3,188,436 4,743,318 2,914,740 2,533,521 5,992,887

9 Qo, e f f (J) 679,968 1,699,920 2,719,872 1,699,920 1,529,928 3,909,816

10 Qe f f (J) 606,655 1,288,356 1,703,190 1,014,660 823,449 1,622,703

11 ∆τtotal(s) 2220 3720 3180 1320 1020 2700

12
.

Qw, total(J) 33.02 110.64 319.71 519.14 692.63 847.08

13
.

Qtotal(W) 615.63 857.11 1491.61 2208.14 2483.84 2219.59

14
.

Qe f f (W) 273.27 346.33 535.59 768.68 807.30 601.00

In order to validate the ML in the two versions (I and II), all the calculations related to
the significant variables involved were performed.

In the case of version I, where the set of independent variables was (Q, Lz, ∆t, τ, λx steel, ς),
the main dependent variable remained the heat flow

.
Q, which had to be determined with

the help of the ML for the prototype (based on the measurements performed on the model).
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Similarly, in the case of version II, where the set of independent variables was
(

.
Q, Lz, ∆t, τ, λx steel , ς), the dependent variable sought for the prototype became the

amount of heat Q.
Obviously, in these experimental investigations, all the variables mentioned above

were known (being determined by effective measurements), but the problem was to find the
values of the dependent variables by the ML, depending on the chosen version (versions I
and II), just to validate the model law (Tables 3 and 4). The other case is presented in the
Appendices A and B (Tables A1–A5).

In order to perform a very rigorous analysis, the following prototype-model sets were
considered, both for the unprotected versions and for those protected with intumescent
paint. The pairs of versions are:

• Prototype (structural element made at 1:1 scale) + Model (structural element made at
1:2 scale), symbolized by (1: 2/1:1) Model/Prototype;

• Prototype (structural element made at 1:2 scale) + Model (structural element made at
1:4 scale), symbolized by (1:4/1:2) Model/Prototype;

• Prototype (structural element made at 1:1 scale) + Model (structural element made at
1:4 scale), symbolized by (1:4/1:1) Model/Prototype.

Taking into account the simplifications analyzed in the previous observations, in
Tables 5 and 6 are summarized the results of these calculations for version I, and in
Tables 7 and 8 for those corresponding to version II.

Table 5. The 1:2/1:1 unpainted model/prototype; measured values.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 0.6774 0.8333 0.5769 1.05 0.7692 0.7777

4 S .
Qtotal

(−) SQtotal [−] 0.665 0.771 0.334 0.424 0.470 0.408

5 S .
Qe f f

(−) SQe f f [−] 0.664 0.751 0.317 0.374 0.429 0.360

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) S .
Qtotal

[−] 0.928 0.925 0.579 0.404 0.611 0.525

9 SQe f f (−) S .
Qe f f

[−] 0.980 0.901 0.550 0.356 0.558 0.463

10

Calculated with
the Model Law

SQtotal (−) S .
Qtotal

[−] 0.982 0.925 0.579 0.404 0.611 0.525

11 SQe f f (−) S .
Qe f f

[−] 0.980 0.901 0.550 0.356 0.558 0.463

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table 6. The 1:2/1:1 Painted model/prototype; measured values.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 0.750 0.636 0.615 1.733 1.125 0.786

4 S .
Qtotal

(−) SQtotal [−] 0.457 0.434 0.438 0.719 0.528 1.027

5 S .
Qe f f

(−) SQe f f [−] 0.452 0.418 0.419 0.618 0.457 0.437
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Table 6. Cont.

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) S .
Qtotal

[−] 0.609 0.683 0.713 0.415 0.469 0.657

9 SQe f f (−) S .
Qe f f

[−] 0.603 0.656 0.680 0.356 0.406 0.557

10

Calculated with
the Model Law

SQtotal (−) S .
Qtotal

[−] 0.609 0.683 0.713 0.415 0.469 0.657

11 SQe f f (−) S .
Qe f f

[−] 0.603 0.656 0.680 0.356 0.406 0.557

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table 7. The 1:2/1:1 unpainted model/prototype; measured values.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 0.677 0.833 0.577 1.05 0.769 0.778

4 S .
Qtotal

(−) S .
Qtotal

[−] 0.982 0.925 0.579 0.404 0.611 0.525

5 S .
Qe f f

(−) S .
Qe f f

[−] 0.980 0.901 0.549 0.356 0.558 0.463

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) SQtotal [−] 0.665 0.771 0.334 0.424 0.470 0.408

9 SQe f f (−) SQe f f [−] 0.664 0.751 0.317 0.374 0.429 0.359

10

Calculated with
the Model Law

SQtotal (−) SQtotal [−] 0.665 0.771 0.334 0.424 0.470 0.408

11 SQe f f (−) SQe f f [−] 0.664 0.751 0.317 0.374 0.429 0.359

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table 8. The 1:2/1:1 painted model/prototype; measured values.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 0.750 0.636 0.615 1.733 1.125 0.786

4 S .
Qtotal

(−) S .
Qtotal

[−] 0.610 0.683 0.713 0.415 0.469 0.657

5 S .
Qe f f

(−) S .
Qe f f

[−] 0.603 0.656 0.680 0.356 0.406 0.557

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) SQtotal [−] 0.457 0.434 0.438 0.718 0.528 1.027

9 SQe f f (−) SQe f f [−] 0.452 0.418 0.419 0.618 0.457 0.437

10

Calculated with
the Model Law

SQtotal (−) SQtotal [−] 0.457 0.434 0.438 0.718 0.528 1.027

11 SQe f f (−) SQe f f [−] 0.452 0.418 0.419 0.618 0.457 0.437

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5
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In the case of version I of the ML, we retain, for illustration, the following elements of
the model law:

π1 : S .
Q
=

SQ

Sτ
, (7)

π2 : SAtr =
SLz

Sς
, (8)

π6 : SLy =
1
Sς

, (9)

It should also be mentioned that the expressions π2 and π6 could be ignored/removed
from the validation analysis of the ML because the same scales of all lengths were accepted.

However, these elements were also preserved precisely to emphasize the validity of
the ML in general cases as well.

Table 5 considers “measured values”, those related to the set of independent variables
related to version I and those “calculated”, those resulting from the rigorous application of
the ML for the unpainted model/prototype and Table 6 for the painted model/prototype.
In Appendix B, Tables A6–A9 present the results for the other studied cases, and in
Appendix C, Tables A10–A13 the results for version II.

The values obtained by measurements, which were used to validate the ML, were
called “values for verification”.

For the amount of heat Q, the two cases presented above were considered, namely, Qtotal(J)
and Qe f f (J), and accordingly the heat fluxes were

.
Qtotal(W) and

.
Qe f f (W), respectively.

In the case of version II of the model law, the following elements were retained
for exemplification:

π1 : SQ = S .
Q
· Sτ , (10)

π2 : SAtr =
SLz

Sς
, (11)

π6 : SLy =
1
Sς

. (12)

In a similar way as in the case of version I, the expressions π2 and π6 could be
ignored/removed from the validation analysis of the ML because the same scales of all
lengths were accepted.

4. Discussion and Conclusions

• For the two significant versions I and II, we analyzed the complete sets of vari-
ables (for the totality of the elements/parameters) that can have any influence on
this heat transfer.

• Depending on the specific case approached, some of them may be neglected:

i. Either due to the existence of implicit correlations (for example: we have
the same type of material in the prototype and model, or we have identical
environmental and deployment conditions for experimental prototype and
model investigations),

ii. Either due to over-definitions of the parameters (for example: the acceptance
of the same scale of all lengths SLx = SLy = SLz = const., when the stairs and
the scale factors of the areas no longer make sense, so they can be neglected
from the analysis mentioned above);

• With the help of variables (δy steel , δz steel) it becomes possible to design models even
with different wall thicknesses along the two coordinates (y, z), respectively, to ensure
models with different areas (Atr, A′ lat, A′′ lat). Obviously, with strict observance of the
scales of these variables imposed by the related elements of the previous model law,
and thus the obligation of the existence of a geometric similarity of the cross-sections
(prototype-model) can be eliminated;
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• The case of the square section represents a particularly obvious case of the rectangu-
lar one;

• Similar approaches can be applied to the other dependent variables contained in the B
matrices related to the theoretical analysis, the criteria being the parameters of intu-
mescent paint (paint type, layer thickness in y or z direction, etc.) in order to simplify
or generalize the model in relation with the prototype (see previous article [28]);

• The advantage of the concomitant inclusion of both length Lz and shape factor (ς)
in the set A of independent variables ensures the definition of more general (gen-
eralizable) models, where the preservation of geometric similarity does not become
mandatory—the model may have another form of cross-section, only to provide a
certain scale factor for (ς);

• Inclusion of (λx steel) among the elements of the A matrix also provides us with the
opportunity (if necessary) to choose another material for the model, in order to reduce
the cost price of making and/or testing the model;

• Considering (Q) or
( .

Q
)

as an independent variable also ensures great freedom in
choosing the strategy of thermal loading the model compared to that of the prototype;

• The inclusion of (∆t) in the set of independent variables gives the researcher the
opportunity to choose a thermal regime as favorable as possible to load the model in
relation to the prototype;

• Consideration of the exposure time (τ) to a certain thermal regime in the matrix A
brings another benefit of the use/application of the MDA when following the thermal
transfer to structures subject to fires;

• The particular cases mentioned come to illustrate/emphasize the net advantages
of MDA.

MDA can become a useful tool for researchers in evaluating and simulating heat
transfer phenomena and last but not least in the analysis of the complex phenomenon of
fires in resistance metal structures.

The ML, deduced for straight bars, can also be applied to structural elements formed
by straight bars, having the same cross-sections, which is obviously found in all structures
in civil and industrial construction.

Depending on the role of a structural element within a certain set (prototype-model),
some of the measurement data were considered as data acquired directly through measure-
ments, and others served as reference elements for those that we had to obtain through
the ML.

Author Contributions: Conceptualization, I.R.S. and I.S.; methodology, I.R.S., D.S, ., D.P., P.É. and
I.S.; validation, I.R.S., D.S, ., D.P., P.É. and I.S.; formal analysis, D.S, ., P.É., I.S. and S.V.; investigation,
I.R.S., D.P. and I.S.; resources, I.S. and S.V.; data curation, I.R.S.; writing—original draft preparation,
I.S.; writing—review and editing, I.S. and S.V.; visualization, I.R.S., D.S, ., D.P., P.É., I.S. and S.V.;
supervision, P.É., I.S. and S.V.; project administration, I.R.S. and I.S.; funding acquisition, I.S. and S.V.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding. The APC was funded by Transilvania University
of Brasov.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2022, 10, 409 16 of 23

Abbreviations

Classical Dimensional Analysis CDA;
Modern Dimensional Analysis MDA;
Model Law ML;
Dimensional Set DS;
Dimensional Analysis DA.

Appendix A

Table A1. Nomenclature and symbols in DA.

Name of Variable Symbol/Formula

Area (m2) A

Constant-pressure specific heat (J/◦C) cp = 1
m ·

dQ
dt

Specific heat capacity (J/◦C) C = dQ
dT

Force (N) F

Gravitational acceleration (m/s2) g

Length (m) l, L

Cross-section perimeter (m) P

Heat (J) (∗) Q

Heat rate (W)
.

Q = dQ
dτ

Temperature (◦C) t, T

Velocity (m/s) (∗∗) wo

Developed areas (m2) Ak

Scale factor corresponding to the sizes
indicated in the index. S .

Q
, SLz , S∆t , Sτ , Sλx steel

, Sς

Coefficient of volume expansion ◦C β

Variation ∆

Thermal conductivity (W/(m ◦C)) λ

Time, shear stress (s, N/m2) τ

Density (steel, air, paint/insulating
material) (kg/m3) ρ

Thermal conductivity (steel, paint coat),
along directions λx; λy ; λz

Thermal diffusivity of air, along
directions (m2/s) ax = λx

ρ·cp
; ay =

λy
ρ·cp

; az = λz
ρ·cp

Dynamic viscosity of air, along
directions (kg/ms)

ηx = τ0,x
∇w0

= F0,x
Axy
· 1
∇w0

; ηy =
τ0,y
∇w0

=
F0,y
Azy
· 1
∇w0

;

ηz = τ0,z
∇w0

= F0,z
Ayz
· 1
∇w0

Kinematic viscosity of air, along
directions (m2/s) νx =

ηx
ρ = 1

ρ · ηx ; νy =
ηy
ρ = 1

ρ · ηy ; νz =
ηz
ρ = 1

ρ · ηz

Prandtl number of air, along directions Prx = νx · 1
ax

; Pry = νy · 1
ay

; Prz = νz · 1
az

Reynolds number, along directions Rex = w0, x ·lx
νx

; Rey =
w0, y ·ly

νy
; Rez = w0, z ·lz

νz

Convection heat transfer coefficient,
along directions (∗∗∗) (W/(m2 ◦C)); αnx; αny; αnz
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Table A1. Cont.

Name of Variable Symbol/Formula

Thickness of the paint coat, along
directions (m) dy = δy; dz = δz

Volume of bar or paint coat (m3) V

Area of the bar cross-section Atr

Lateral area (x-z) A′ lat

Lateral area (x-y) A′′ lat

Bar dimensions Lx; Ly; Lz

Shape factor (m−1) ς = Alat
V = P

Atr

Temperature variation ∆T/∆t

Nusselt number, along directions Nux = αx ·lx
λ f , x

; Nuy =
αy ·ly
λ f , y

; Nuz = αz ·lz
λ f , z

Grashof number, along directions Grx =
g·β·∆t·l3

ζ

ν2
ζ

Péclet number, along directions Pex = Rex · Prx; Pey = Rey · Pry; Pez = Rez · Prz

Biot number, along directions Bix = αx ·lx
λs, x

; Biy =
αy ·ly
λs, y

; Biz = αz ·lz
λs, z

Stanton number, along directions Stx = Nux
Pex

; Sty =
Nuy
Pey

; Sty =
Nuy
Pey

Fourier number, along directions Fox = ax ·∆τ
l2
x

; Foy =
ay ·∆τ

l2
y

; Foz = az ·∆τ
l2
z

(∗) It is considered to be numerically equal to the dimension of work; the work is conventionally considered as a
product between a force having the direction along the bar, Fx (Nx = kg.mx

s2 ) and the displacement along the same

direction x (mx). (∗∗) The velocity w0 is normal to the plane where the shear stress is developed; ∇w0 represents
its gradient. (∗∗∗) When the bar is protected (insulated) by a paint coat, then α′n f = αny and α′′ n f = αnz.

Appendix B. (for Version I)

Table A2. Middle model, unpainted—scale 1:2.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
130,988 130,988 130,988 130,988 130,988 130,988

3 E0, total(kWh) 0.6 1.1 0.8 1.3 0.8 1.2

4 Q0, total(J) 2,160,000 3,960,000 2,880,000 4,680,000 2,880,000 4,320,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 19.17 19.17 19.17 19.17 19.17 19.17

7 Qw, total(J) 32,233 324,889 244,466 619,849 389.373 667,908

8 Qtotal(J) 2,127,767 3,635,110 2,635,533 4,060,150 2,490,627 3,652,091

9 Qo, e f f (J) 1,019,952 1,869,912 1,359,936 2,209,896 1,359,936 2,039,904

10 Qe f f (J) 987,719 1,545,022 1,115,469 1,590,046 970,563 1,371,995

11 ∆τtotal(s) 1260 2400 900 1260 600 840

12
.

Qw, total(J) 25.58 135.37 271.62 491.94 648.96 795.13

13
.

Qtotal(W) 1688.70 1514.63 2928.37 3222.34 4151.05 4347.73

14
.

Qe f f (W) 783.90 643.76 1239.41 1261.94 1617.61 1633.33
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Table A3. Prototype, unpainted—scale 1:1.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
65.49 65.49 65.49 65.49 65.49 65.49

3 E0, total(kWh) 0.9 1.4 2.3 2.8 1.6 2.7

4 Q0, total(J) 3,240,000 5,040,000 8,280,000 10,080,000 5,760,000 9,720,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 15.55 15.55 15.55 15.55 15.55 15.55

7 Qw, total(J) 41,696 323,210 391,377 510,624 459,366 777,565

8 Qtotal(J) 3,198,303 4,716,790 7,888,623 9,569,375 5,300,633 8,942,435

9 Qo, e f f (J) 1,529,928 2,379,888 3,909,816 4,759,776 2,719,872 4,589,784

10 Qe f f (J) 1,488,231 2,056,678 3,518,439 4,249,151 2,260,505 3,812,219

11 ∆τtotal(s) 1860 2880 1560 1200 780 1080

12
.

Qw, total(J) 22.42 112.23 250.88 425.52 588.93 719.97

13
.

Qtotal(W) 1719.52 1637.77 5056.81 7974.48 6795.68 8280.03

14
.

Qe f f (W) 800.12 714.12 2255.41 3.540.96 2898.08 3529.83

Table A4. Middle model painted—scale 1:2.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
130,988 130,988 130,988 130,988 130,988 130,988

3 E0, total(kWh) 0.6 1.3 1.0 1.6 0.7 0.8

4 Q0, total(J) 2,160,000 4,680,000 3,600,000 5,760,000 2,520,000 2,880,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 19.17 19.17 19.17 19.17 19.17 19.17

7 Qw,total(J) 35,855 329,676 277,713 823,809 368,480 544,542

8 Qtotal(J) 2,124,145 4,350,324 3,322,287 4,936,191 2,151,519 2,335,458

9 Qo, e f f (J) 1,019,952 2,209,896 1,699,920 2,719,872 1,189,944 1,359,936

10 Qe f f (J) 984,097 1,880,220 1,422,207 1,896,063 821,463 815,394

11 ∆τtotal(s) 1260 2520 960 1560 540 660

12
.

Qw, total(J) 28.46 130.82 289.28 528.08 682.37 825.06

13
.

Qtotal(W) 1685.83 1726.32 3460.72 3164.23 3984.30 3538.57

14
.

Qe f f (W) 781.03 746.12 1481.47 1215.43 1521.23 1235.45

Table A5. Prototype painted—scale 1:1.

1 ∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 ς
(

1
my

)
65,494 65,494 65,494 65,494 65,494 65,494

3 E0, total(kWh) 1.3 2.9 2.2 2.0 1.2 1.4

4 Q0, total(J) 4,680,000 10,440,000 7,920,000 7,200,000 4,320,000 5,040,000

5 ∆ttotal(
◦C) 77 100 100 100 50 50

6 ∑ Ak
hk
(m) 15.55 15.55 15.55 15.55 15.55 15.55
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Table A5. Cont.

7 Qw,total(J) 34,080 426,291 343,503 330,213 242,363 515,675

8 Qtotal(J) 4,645,920 10,013,709 7,576,497 6,869,786 4,077,637 4,524,325

9 Qo, e f f (J) 2,209,896 4,929,768 3,739,824 3,399,840 2,039,904 2,379,888

10 Qe f f (J) 2,175,816 4,503,477 3,396,321 3,069,627 1,797,541 1,864,213

11 ∆τtotal(s) 1680 3960 1560 900 480 840

12
.

Qw, total(J) 20.29 107.65 220.19 366.90 504.92 613.90

13
.

Qtotal(W) 2765.43 2528.72 4856.73 7633.010 8495.08 5386.10

14
.

Qe f f (W) 1295.13 1137.24 2177.13 3410.70 3744.88 2219.30

Table A6. The 1:4/1:2 unpainted model/prototype.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 1.809 0.550 3.333 1.429 6 0.786

4 S .
Qtotal

(−) SQtotal [−] 0.637 0.543 1.533 0.990 3.104 0.533

5 S .
Qe f f

(−) SQe f f [−] 1.454 0.540 1.237 0.856 2.288 0.450

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) S .
Qtotal

[−] 0.352 0.988 0.460 0.693 0.517 0.679

9 SQe f f (−) S .
Qe f f

[−] 0.333 0.982 0.371 0.599 0.381 0.573

10

Calculated with the
Model Law

SQtotal (−) S .
Qtotal

[−] 0.352 0.988 0.460 0.693 0.517 0.679

11 SQe f f (−) S .
Qe f f

[−] 0.333 0.982 0.371 0.599 0.381 0.572

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table A7. The 1:4/1:1 Unpainted model/prototype.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 4 4 4 4 4 4

3 S∆τtotal (−) S∆τtotal [−] 1.226 0.458 1.923 1.500 4.615 0.611

4 S .
Qtotal

(−) SQtotal [−] 0.424 0.419 0.512 0.420 1.458 0.533

5 S .
Qe f f

(−) SQe f f [−] 0.400 0.406 0.392 0.320 0.928 0.162

6

Verification

SAtr (−) SAtr [−] 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

7 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25

8 SQtotal (−) S .
Qtotal

[−] 0.346 0.913 0.266 0.280 0.316 0.356

9 SQe f f (−) S .
Qe f f

[−] 0.326 0.885 0.203 0.214 0.213 0.265

10

Calculated with the
Model Law

SQtotal (−) S .
Qtotal

[−] 0.346 0.913 0.266 0.280 0.316 0.356

11 SQe f f (−) S .
Qe f f

[−] 0.326 0.885 0.203 0.214 0.213 0.265

12 SAtr (−) SAtr [−] 0.625 0.625 0.625 0.625 0.625 0.625

13 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25
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Table A8. The 1:4/1:2 painted model/prototype.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 1.761 1.476 3.313 0.846 1.889 4.091

4 S .
Qtotal

(−) SQtotal [−] 0.643 0.733 1.428 0.590 1.178 2.566

5 S .
Qe f f

(−) SQe f f [−] 0.616 0.685 1.198 0.535 1.002 1.990

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) S .
Qtotal

[−] 0.365 0.496 0.431 0.698 0.623 0.627

9 SQe f f (−) S .
Qe f f

[−] 0.350 0.464 0.362 0.632 0.531 0.486

10

Calculated with the
Model Law

SQtotal (−) S .
Qtotal

[−] 0.365 0.496 0.431 0.698 0.623 0.627

11 SQe f f (−) S .
Qe f f

[−] 0.350 0.464 0.362 0.632 0.531 0.486

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table A9. The 1:4/1:1 painted model/prototype.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 4 4 4 4 4 4

3 S∆τtotal (−) S∆τtotal [−] 1.321 0.939 2.038 1.467 2.125 3.214

4 S .
Qtotal

(−) SQtotal [−] 0.294 0.318 0.626 0.424 0.621 1.324

5 S .
Qe f f

(−) SQe f f [−] 0.279 0.286 0.501 0.331 0.458 0.870

6

Verification

SAtr (−) SAtr [−] 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

7 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25

8 SQtotal (−) S .
Qtotal

[−] 0.223 0.339 0.307 0.289 0.292 0.412

9 SQe f f (−) S .
Qe f f

[−] 0.211 0.305 0.246 0.225 0.216 0.271

10

Calculated with the
Model Law

SQtotal (−) S .
Qtotal

[−] 0.223 0.339 0.307 0.289 0.292 0.412

11 SQe f f (−) S .
Qe f f

[−] 0.211 0.305 0.246 0.225 0.216 0.271

12 SAtr (−) SAtr [−] 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

13 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25

Appendix C. (for Version II)

Table A10. The 1:4/1:2 unpainted model/prototype.

1

Measured

∆t (◦C) ∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 2 2 2 2 2 2

3 S∆τtotal (−) S∆τtotal [−] 1.809 0.550 3.333 1.429 6 0.786

4 S .
Qtotal

(−) S .
Qtotal

[−] 0.352 0.988 0.460 0.693 0.517 0.679

5 S .
Qe f f

(−) S .
Qe f f

[−] 0.333 0.982 0.371 0.599 0.381 0.573
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Table A10. Cont.

6

Verification

SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal (−) SQtotal [−] 0.637 0.543 1.533 0.990 3.104 0.533

9 SQe f f (−) SQe f f [−] 1.454 0.540 1.237 0.856 2.287 0.450

10

Calculated with the
Model Law

SQtotal (−) SQtotal [−] 0.637 0.543 1.533 0.990 3.104 0.533

11 SQe f f (−) SQe f f [−] 1.454 0.540 1.237 0.856 2.287 0.450

12 SAtr (−) SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy (−) SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

Table A11. The 1:4/1:1 unpainted model/prototype.

1

Measured

∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) Sς [−] 4 4 4 4 4 4

3 S∆τtotal (−) S∆τtotal [−] 1.226 0.458 1.923 1.500 4.615 0.611

4 S .
Qtotal

(−) S .
Qtotal

[−] 0.346 0.913 0.266 0.280 0.316 0.356

5 S .
Qe f f

(−) S .
Qe f f

[−] 0.326 0.885 0.204 0.214 0.213 0.265

6

Verification

SAtr (−) SAtr [−] 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

7 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25

8 SQtotal (−) S .
Qtotal

[−] 0.424 0.419 0.512 0.420 1.458 0.533

9 SQe f f (−) S .
Qe f f

[−] 0.400 0.405 0.392 0.320 0.982 0.162

10

Calculated with the
Model Law

SQtotal (−) S .
Qtotal

[−] 0.424 0.419 0.512 0.420 1.458 0.533

11 SQe f f (−) S .
Qe f f

[−] 0.400 0.405 0.392 0.320 0.982 0.162

12 SAtr (−) SAtr [−] 0.0625 0. 0625 0. 0625 0. 0625 0. 0625 0. 0625

13 SLy (−) SLy [−] 0.25 0.25 0.25 0.25 0.25 0.25

Table A12. The 1:4/1:2 painted model/prototype.

1

Measured

∆t [◦C] 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς [−] 2 2 2 2 2 2

3 S∆τtotal [−] 1.761 1.476 3.313 0.846 1.889 4.091

4 S .
Qtotal

[−] 0.365 0.496 0.431 0.698 0.623 0.627

5 S .
Qe f f

[−] 0.350 0.464 0.361 0.632 0.531 0.486

6

Verification

SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

7 SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5

8 SQtotal [−] 0.643 0.733 1.428 0.590 1.178 2.566

9 SQe f f [−] 0.616 0.685 1.198 0.535 1.002 1.990

10

Calculated with the Model Law

SQtotal [−] 0.643 0.733 1.428 0.590 1.178 2.566

11 SQe f f [−] 0.616 0.685 1.198 0.535 1.002 1.990

12 SAtr [−] 0.25 0.25 0.25 0.25 0.25 0.25

13 SLy [−] 0.5 0.5 0.5 0.5 0.5 0.5
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Table A13. The 1:4/1:1 painted model/prototype.

1

Measured

∆t (◦C) 23–100 100–200 200–300 300–400 400–450 450–500

2 Sς(−) 4 4 4 4 4 4

3 S∆τtotal (−) 1.321 0.939 2.038 1.467 2.125 3.214

4 S .
Qtotal

(−) 0.223 0.339 0.307 0.289 0.292 0.412

5 S .
Qe f f

(−) 0.211 0.305 0.246 0.225 0.216 0.271

6

Verification

SAtr (−) 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

7 SLy (−) 0.25 0.25 0.25 0.25 0.25 0.25

8 SQtotal (−) 0.294 0.318 0.626 0.424 0.621 1.325

9 SQe f f (−) 0.279 0.286 0.501 0.331 0.458 0.870

10

Calculated with the Model Law

SQtotal (−) 0.294 0.318 0.626 0.424 0.621 1.325

11 SQe f f (−) 0.279 0.286 0.501 0.331 0.458 0.870

12 SAtr (−) 0.0625 0.0625 0.0625 0.0625 0.0625 0.0625

13 SLy (−) 0.25 0.25 0.25 0.25 0.25 0.25
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