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Abstract: In this paper, we obtain a generalization of the
Gronwall’s inequality to cover the study of porous elastic
media considering their internal state variables. Based on
some estimations obtained in three auxiliary results, we
use this form of the Gronwall’s inequality to prove the
uniqueness of solution for the mixed initial-boundary
value problem considered in this context. Thus, we can
conclude that even if we take into account the internal
variables, this fact does not affect the uniqueness result
regarding the solution of the mixed initial-boundary
value problem in this context.
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1 Introduction

Researchers considered that the presence of internal state
variables is necessary in a media to have a means to
estimate mechanical properties of the respective bodies.
As such, interest in these variables has grown rapidly in
recent times. In addition, many authors consider that the
theory of this kind of variables in different materials is
represented by a material length scale and it is enough
for a large number of applications in different theories of
solid mechanics. It is considered that the order of the
system’s defining differential equation can suggest the
minimum number of the internal state variables required
to represent a given system. In the case of a system that is
represented in transfer function form, it was established
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that the correct number of the internal state variables is
like the order of the transfer function’s denominator.
However, we must not neglect that in the case that a
reference state is transformed in a transfer form, it is
possible to obtain a description specific to a stable system,
and yet the original state can be unstable in some points.
We can suggest, as important example, some electric cir-
cuits, in which the number of state variables can be the
same as the number of energy storage elements in the
circuit, such as capacitors and inductors.

It is known that the first results regarding the internal
state variables appeared in the context of the theory
of thermo-viscoelastic materials. We can suggest as an
example the paper of Chirita [1]. Subsequently, these
internal variables have been studied in the context of
many other types of materials.

Therefore, Nachlinger and Nunziato approached in
ref. [2] the internal state variables in the one-dimensional
case of finite deformations without heat conduction.

The so-called Bammann internal state variable,
approached in paper [3], has been highly successful in
modeling some deformation processes in metals, which
can be used with significant benefit to rocks, silicate, and
other geological materials for modeling their dynamics
of deformation. It can be said with certainty that the
internal variables approach can offer some constitutive
relations to take into account the change of history states
because of the inelastic behavior of a poly-crystalline
media. In the paper [4], the authors proposed a thermo-
dynamically constituted framework to model a hysteresis
of the capillarity in a saturated porous body, which is
a dissipation mechanism, represented by a number of
internal variables.

A constitutive model for amorphous thermoplastics
using a thermodynamic approach with physically moti-
vated internal state variables is formulated in the paper
[5] and is inspired by current internal variable procedures
that are specific for metals and are very different from
those used to characterize the mechanical behavior of
polymers.

In the paper [6], Anand and Gurtin formulated a theory
for the elastic—viscoplastic deformation of amorphous
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bodies such as metallic and polymeric glasses. With the
help of an internal-state variable that represents the local
free-volume associated with certain metastable states,
they can describe the highly nonlinear stress—strain
behavior and give rise to post-yield strain softening. To
model damage behavior, the authors of the study [7] pro-
posed a representation of an internal variable based on
the gradient theory. Their theory is based on some basic
balance laws and suitable internal variables within a
thermodynamic context.

We approached this topic in our study because it can
be considered that the theory of media with internal state
variables is part of the non-classical theories of contin-
uous solids. Regarding the presence of the microstruc-
ture, which is specific to the works dedicated to genera-
lized media, we must note that we followed the effect of
voids and the fact that our bodies have a dipolar struc-
ture. Other aspects of the microstructure were addressed
in studies [8-20].

Our study was developed according to the following
plan. First we systematized the basic equations specific to
the theory of porous media with internal state variables,
such as the equations of motion, the equation of the
equilibrated forces, the kinematic relations, and the con-
stitutive equations. Then we set the boundary and initial
conditions and we specified the necessary restrictions to
obtain our results. In the first two theorems, we proved
two auxiliary results, namely two conservation laws neces-
sary for the main result. In the third theorem, we obtained
a generalization of Gronwall inequality, adapted to our
context. The main result is dedicated to the uniqueness
of the solution of the mixed problem, this not being influ-
enced by the presence of voids, of the dipolar structure of
the internal state variables.

2 Basic equations

In our study, we will consider a domain D from R3, the
usual Euclidean space. At initial time ¢t = 0, this domain
is occupied by a porous elastic material with internal
state variables.

The border of the region D will be denoted by oD, and
we assume that the surface oD is smooth, closed, and
bounded. Therefore, this enables application of the diver-
gence theorem. The Cartesian vector and tensor notations
are adopted. We will use the rule of summation regarding
the repeated subscripts. A dot over a function f, for
instance, is used to designate the partial derivative of
the function f with regard to the time variable ¢, and a
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comma followed by a subscript will designate the partial
differentiation of a function with respect to respective
spatial argument.

The components of the normal to the boundary oD
will be denoted by n;. D represents the closure of D and
we have D = D U aD.

The behavior of a porous elastic dipolar body is
described by the following specific variables:

¢kj = ¢kj(ts Xx),
(t’ X) € [O’ tO) X D’

Vi = Vi (e, x),
@ = (t, x),

where v — (vy) is the displacement vector field, ¢ — (qbkj)
is the dipolar displacement tensor field, and the scalar
function ¢ is for characterizing material voids. It desig-
nates the change in volume fraction.

The internal state variables that can appear in the
intimate structure of the body will be denoted by
wg, B=1,2,..,n.

To characterize the strain measures, we use the ten-
sors denoted by eyn, Vimn, and ki, defined by the fol-
lowing relations:

1
€mn = E(Vm,n + Vim)s Vinn = Vam = @y Kimn = ¢mn,i’(1)

which are called the strain—displacement relations (see,
for instance, Eringen [21]).

In the theory of porous dipolar bodies, three tensors
are defined, such as t,, Omn, and 7,,,;, which are intrin-
sically linked to the above strain tensors by means of the
following constitutive relations:

trn = Amnij€j + GijmnVmn + Fjmnr Kijr + Qun @
+ Amnkq-?k + PmnﬁW[},

Omn = Gijmneij + anijVij + Dmnierijr + bmn(p 2
+ ank(Rk + anﬁwﬁy ( )

Nionn = Fijkmn€j + DiannijVij + Cromnijk Kiji
+ Cknn @ + Ckmm'(l?i + kanﬁwﬁ-

The components of the equilibrated stress vector g, and
the intrinsic equilibrated force h will be determined by
means of the following two constitutive relations:

8k = Amnkemn + ankan + Cmm'kani + dk(p + gmk(emye)
§p - dr .-

h = —Amn€mn — bmann = CmniKmni —

According to Eringen [21], the basic system of differential
equations, in the context of theory of porous elastic
bodies having internal variables, is made of:

— the motion equations:

(tmn + Umn),n + QF = va,

rlmnk,m + Unk + QGnk = Inr¢k,§

(4)
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— the equation of the equilibrated forces:
Sx th+el=pd. 5)

Using a suggestion given by Chirita in ref. [1], it can be
shown that within a linear approximation, the internal
variables satisfy the equations:

Wﬁ=Lﬁ, B=1,2,..,n, (6)

where the Lg functions are determined with the help of
the following constitutive equations:

LB = Pmng€mn + gmngVmn + TmnkpKmnk + dﬂ(P + haﬁWa- (7)

We have the following meanings for the notations used in
the above equations:

o — the constant mass density;

tmns Omn, and 1, — the stress tensors;

IL.n — the tensor of inertia;

E, — the body force;

Gy — the dipolar body force;

€mns Vmn, and Kpyni — the tensors of strain.

In addition, coefficients Amnij, Bunijs---» Qijis---» Raps
used in the above relations, are functions depending on
points x = (x,;) of the body and characterize the elastic
characteristics of a body having some internal state vari-
ables (called, also, the constitutive coefficients). In the
case that the porous elastic body is a homogeneous
one, then the above-defined characteristics are constants.
It is assumed the above constitutive characteristics satisfy
some symmetry relations of the form:

Anij = Aijmn = Amnji>  Bmnij = Bijmn,

Gmnij = Gnmjia F, mnkij = E mnkjis Amnrijk = Aijkmnr,

(8)

Ann = Anms Amnk = Anmkc Pmnﬁ = anﬁ’

DPmng = Pnmp -

To constitute the mixed problem in this context, we must
indicate the initial conditions:

Vm(o’ X) = r(r)l(x)5
a0, X) = P2 (x),
®(0, x) = °(x),

Vn(0, X) = V%),
B0, %) = PL (), 9)

wg(0, x) = wf(x), (x) €D,

and the following boundary relations:
Vin = Vm, oD [0, to] x 0D, (ty + O)m = b,
on [O, to] X aDz,

¢kl = d;kl’ on [0, to] x aTB’ Migm Mk = ﬁlm’
on [O, to] X 6D4,

(10)

@ =@, on [0, ) x oDs5, g.ng =&,
on [0, tg] x 0D,
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where 0B;, 0B,, 0B3, 0B, 0Bs, and 0B are subsets of the
surface 0B, defined such that:

0B; U 0B, = 0B; U 0B, = 0B; U 0B¢ = 0B,
aBlﬂaBZ:aB3ﬂaB4:aB5ﬂaB6=@.

s 0 1 0 1 0 ~ 7 T = ~
The functions v, Vi, B> Do 9% Whs Vims s Pras Tl @

and g, which appear in the relations (9) and (10),
are known functions, at all points where they are
defined.

We will denote by # the boundary-initial value
problem from the theory of porous dipolar bodies
having internal state variables. It includes the basic
equations (4)-(6), the boundary relations from (10),
and the initial data from (9).

We will call the solution to the problem # a state of
deformation (Vin, ¢,,,,» @, W), which satisfies equations
(4)-(6) and the conditions (9) and (10).

3 Basic results

At the beginning of this section, we will systematize
the assumptions that must be satisfied to obtain our
results. Then we will prove a functional equality and
two integral inequalities, which will be essential
for proving the main result of our study, namely the
theorem on the uniqueness of the solution of the pro-
blem P.
Therefore, we will use the next hypotheses:
(i) the density p is considered strictly positive, i.e.,

p(x) 2 g, >0, on D;
(ii) there is the constant ¢ > 0, so that:
Linwnwy 2 Alwmwm9 VWm;

(iii) the constitutive tensors Amnki, Bmnki, and Copprjir are
positive definite:

I Amnklwklwmndv 20 J- wmnwmndva va)mru

D D

_[ Bonki W Wmn AV 2 63 j W WnndV,  Y@pp,

D D

I Cmnrjkleklwmnrdv 2 Cy J- Wmnr wmnrdvs VWmnrs
D D

where ¢, ¢, and ¢, are positive constants.

The procedure used for the uniqueness of the solu-
tion is a common one.

We assume that the problem # has two solutions,
and we prove that their difference is zero.
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The mathematical apparatus used for the demonstra-
tion is different, namely Gronwall’s inequality, adapted
to the mentioned context.

Let us consider two different solutions of the mixed
problem P:

(V,E,?), ,(:,2’ ‘P(a), Wl(;a)), a= 1’ 2.

If we take into account that the mixed problem # is
linear, we deduce that the difference of its two solutions
is also a solution.

Let us denote by (up, P,,,, X, wp) the differences, i.e.,

mn?

2 1
lpmn = ¢r(nr)1 - ¢r§13p

wp = wg - wi.

Un = v - v,
K = @? — o),
Clearly, the state of deformation (up, P,,,, k, wp) is a solu-

tion of the problem P, that is, it satisfies the equations
(4)-(6), in the particular case:

Fm = Umn = l= o,
and the conditions (9) and (10), in which

o_.,1_ 40 _ 41 _ ,0_,0
Vm_vm_('bmn_(pmn_q) = Wg,

and

%:@@m:ﬁm:¢:gza
We will show that, based on hypotheses (i)-(iii), the
above considerations lead to the conclusion that:

Up = P, = K=wg =0,

in [0, to] x D.

To simplify the writing, instead of the problem #
we will consider a simpler problem, which we denote
by P().

For the problem #,, the loads are missing in the basic
equations, so they have the form:

(tmn + Umn),n = QVm;
nkmn,k + Omn = Im’ ¢nr’
Sk +h=0.

Together with equation (11), we must consider the differ-
ential equations of the internal state variables:

(11)

W = Lg. (12)

Moreover, in problem #,, both the initial conditions and
the boundary conditions appear in their homogeneous
form, i.e.,

Ui(xs, 0) =0, ui(xs, 0) =0, (pii(XSs 0)=0,
(Pij(Xs, 0) = O, G(XS) 0) = O, WB(X57 O) = Os (13)
(xs) €D

and
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u; =0, on 0B; x [0, ty],
ti = (TU + au)n] = 0, on aBz X [0, to],
(Pi]' =0, on EE X [0, tO]’

. (14)
rljk = rli].kni =0, on aB4 X [0, tO]’
6 =0, on 0Bs x [0, to],

on 0Bg x [0, to].

q=qn; =0,

In the following, together with the problem #,, we will
consider the constitutive relations (2), (3), and (7).

In the following three theorems we will prove some
estimates, as auxiliary results, necessary to prove the
uniqueness result.

Theorem 1. If (v, ¢,,,,, @, Wp) is a solution of the problem
Po, then we can find a constant M > O that is part of the
following inequality:

I (Bung€mn + QumngVimn + RimnpKjmn) Wp av
D

<M J‘ (emnemn + VonVmn + KjmnKjmn + (PZ (15)
B
+ wpwp)dV,

for any t € [0, to].
Proof. Using the relations (6) and (7), we can write:

I (Pmnﬁ €nn + anﬁ Vinn + kanﬁ Kimn) Wﬁ dav
D

J. (Pmnﬁ €mn + anﬁ Vinn + ijnﬂ K)mn) (pmnﬁ €mn
D

+ AmnpVmn + Tmnkg Kmnk + dﬁ‘p + haﬁWa)dV (16)

= I (Aijmn €ij€mn + Dijmneijvmn + E‘jmnleij Kmnl
B
+ Bijmnvijvmn + G_ijmnIVinmnl + C-'ijsmanijsKmnr
+ Apn€nn® + AmnamnWa + BinVinn @
+ Brnna Vi Wa + Cmanmnjq’ + CmnjaKmana)dV-

The notations used in the above identity are as follows:
- 1
Aijmn = E(Pmnﬁpijﬂ + Pijﬁpmnﬂ),

Dijmn = bnnpQijp + Qijﬁpmn/?;

fimnk = Pyglmnkg + RmnkgDijs »

=~]

1
ijmn = E(Qiiﬁanﬁ + anﬂQijﬁ),
17)

Gijmnk = Qijghnnig + Rimnig Gijp»

= 1

Cijtmn = E(Rijkﬁrmnlﬁ + RonigTijip)»
Amn = mnﬁdﬁ’ Amna = mnﬁhaﬂ’
an = anﬁdﬂ’ ana = anﬂhaﬁa

C_‘mnj = Rmnjﬁdﬂa Cmnja = Rmnjﬂhaﬁ-
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For each term in the last integral from identity (16), we
will apply the Schwarz’s inequality and a geometric-
arithmetic mean inequality of the form:

1( x?
< —| = +y%?, 18
<] (52 y j 18)
to obtain the inequality from Theorem 1.3.
To this aim we introduce the notations:
M12 =2 maX(AijmnAijmn)(X)’
Mzz = maX(DijmnDijmn) (),
M32 = maX(E’jmnlE’imnl) (),
MZ = zmaX(BijmnBijmn) (X),
M2 = max(Gimm Gijmn) (X),
M62 =2 maX(Cijsmnr C-'ijsmnr) (x), (19)

M? = max(AypAmn) (),
Mg = max(ApnaAmna) (X),
M2 = max(BynBun) (%),
Mgy = max(BinaBimna) (X),
M = max(Counj Crnny) (%),
M, = max(Comja Connja) (0).

With these estimates, we can find the arbitrary positive
constants 6y, 85,..., 812, such that from (16) we deduce:

1 .
E —[ (Pmnﬁemn + anﬁvmn + kanﬁijn)WﬂdV
D
M

M2 M?Z  M;
<IMP+ 2+ 2+ L+ 32 Ie emndV
(1 82 62 62 & e
D

M2 M M
+ [M22622 + Mg + —25 —29 + % fvijvijdV
6; 85 850
B (20)
ME M
+ [MGZ +M363+M262 + % + —EZJ -[ KijsKijsdV
61 6p

+ (M262 + M262 + M362) f 0V
B

+ (M262 + M52, + M262) j wswsdV.
B

Finally, it is sufficient to choose the positive constant M,
so that:
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2 MZ M2
M= L max Mf+£§+—§+—;
2 52 " 52 " 52
MZ 2 2
MMy Mo
6 8 6
2 2
M2+ D363 + M262 + M, M
61] 612
M?67 + M362 + M362,

Mg
68 ’

M;6% + MZ +

(21)

V28 + Mi6h + Ma}

It is easy to see that if we take into account (21), from (20) we
get the estimate (15), which ends the proof of Theorem1. [

Theorem 2. Consider the ordered array (Vm, @, @, Wp)
that satisfies the problem Py. Then we have the following
identity:

1
5 (Amnkl €x1€mn + 2lemnelemn + 2anrkl €1 Kmnr
D

+ BiamnViaVinn + Ajismnr Kjis Kimnr + 2Dimnr VidKmnr
+ 2amnemn® + 2PmngemnWg + 2D Vimn @
+ 2QmngVin W8 + 2Cmr Kmnr @ + 2Rymns Krnr Wp
+ QVnVn + To @y, @y + 09 AV
t
= I I (Bungemn + QumngVmn + RimngXjmn) WpdVds.
0 D

(22)

Proof. Taking into account the symmetry relations (8),
with the help of the constitutive equation (2) we are led to
the following estimate:
bn€mn + OmnVimn + Ny Kmnr
10
= Eg(Amnkl €xiemn + 2Gmnkl €xVmn + 2F, 'mnrkl €kl Kmnr
+ Bnia ViaVmn + Aijsmnr Kijs Kmnr + 2Diimnr ViaKmnr (23)
+ 2amnemn®@ + 2PungemnWg + 2DimnVimn @
+ 2QmngVmn W + 2Cmnr Kimnr @ + 2R Kmnr Wp)

- (Pmnﬁemn + anﬁan + kanﬁijn)Wﬁ-
For the right-hand limb of equality (23), we can obtain an
equivalent formulation, if we use the equations of motion
(4) and the equation of the equilibrated forces (5):
tn€mn + OmnVimn + Ny Kmnr

= [(tmn + O'mn)f/m + nkmn(i)km + gn(p],n (24)

10, . . P .
- Eg(QVme + lo &, by + ep?).
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If we equalize the right members of equalities (23) and
(24), it will lead to the equality:

1
E&(Amnkl €k emn + 2Gmnkl €xVmn + 2F, ‘mnrkl €kl Kmnr

+ anklvklvmn + AijsmanijsKmnr + 2DklmankIKmnr
+ 2amnemn @ + 2Pnngemn W + 2bimnVimn @
+ 2QmngVimn W + 2Cmnr Kmnr @ + 2Rpnng Kimnr Wp
+ QUi + Ty i + 09?)
= [(tmn + On)Vin + Ty Phom + EaPln

+ (Pmnﬁemn + anﬁvmn + ijnﬁijn) WB-

(25)

After integrating the equality (25) on volume D, we apply
the divergence theorem and take into account the homo-
geneous boundary relations (14), which will lead to the
next identity:

%% J (Amnkl €xiemn + 2Gmnkl €k Vmn + 2F, mnrkl €1 Kmnr
D

+ anlekIan + AijsmanijsKmnr + 2DklmrerkIKmnr

+ 2ampemn® + 2BuppemnWp + 2D Vin @

+ 2anﬁvmnwﬁ + 2Cmanmnr§0 + 2Rmnr/}KmanB

+ QVmVm + Ikrd)jrd)jk + Q(i’z) dv

(26)

=+ I (Bung€mn + QumngVimn + kanBijn)WﬁdV-
D

Now it is easy to obtain the equality (22) from the state-
ment of Theorem 2, because we only have to integrate the
equality (26) on the interval [0, t] and take into account
the initial data in their homogeneous form from (13). The
proof of Theorem 2 is now completed. O

Using a procedure very similar to the one used in the
proof of Theorem 1, we can prove the following theorem,
the last of the auxiliary theorems.

Theorem 3. Let (Vin, ¢,,,,,» ¢, Wp) be a solution of the mixed
homogeneous problem P,. Then we can find a positive
constant C, and so it satisfies the next inequality.

I (VmVim + d)mn(i)mn + €mn€mn + VmnVmn
D
+ Koy Knnr + 9% + Wpwp)dV
(27)

t
S C_[ J- (vam + ¢mn¢mn + €mn€mn,
0 D
+ VinVimn + Kmnr Kmnr + @2 + WﬁWﬁ)dVdS,

for any t € [0, ty].
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Estimates obtained using the inequality of Schwarz
and a geometric-arithmetic mean inequality in the form
from (18) are used for the proof.

Remark. It is easy to see that inequality (27) is a general-
ization of Gronwall’s known inequality.

Based on the auxiliary results from Theorems 1-3, we
can now approach the basic result of our study, namely
we will prove the uniqueness of solution of mixed pro-
blem in the theory of elastic porous body considering its
internal variables.

Theorem 4. If we suppose that the hypotheses (i)—(iii)
hold, then the mixed problem P, from the theory of porous
elastic media having internal variables, admits at most one
solution.

Proof. Suppose, by reduction to the absurd, that the pro-
blem £ admits two different solutions. Because of the
linearity of the # problem, the difference between the
two solutions is also a solution, but for the $, problem,
previously defined. Our intention is to prove that the dif-
ference between the two solutions is zero. To this aim, we
define the quadratic form d(t) by:

dt) = _[ (Wit + Q;¢; + eije;j + ViV
B
+ Kijr Ky + 602 + wpwp)dV,

and we will prove that d(t) = 0, Vt € [0, to].

Because the difference of the solutions is a solution
of the problem #,, then with the help of Gronwall’s
inequality (27) we deduce d(t) < 0, which is absurdum,
the integrant being a positive function. Therefore, we
deduce:

¢mn = 0’

If we take into account that the data on the boundary are
zero, we obtained that the difference between the two
solutions is zero on [0, ty], and the proof of Theorem 4
is complete. O

Vm =0, =0, w=0.

4 Conclusion

With the help of three auxiliary results (two identities and
an inequality) we obtain a generalization of Gronwall
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inequality, in our context of the theory of porous media
with internal state variables. This inequality has helped
us to demonstrate that the solution to the mixed problem
in this context is unique. Therefore, we can deduce that
even if the voids are taken into account, the dipolar struc-
ture and the internal variables, these do not change the
uniqueness result of the solution of the considered problem.
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