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ABSTRACT

Obtaining the equations of motion for an element in finite element analysis (FEA) model in the
analysis of a multi-body system (MBS) having component elastic elements represents an impor-
tant (maybe the main) step to build a soft able to solve such a problem numerically. In use FEA in
the study of a MBS with elastic elements, the method of Lagrange’s equations is especially used
at present. This method presents the advantages of a homogeneous writing and the possibility
to follow the operations easier. However, there are also equivalent formulations, developed by
analytical mechanics, for approaching such a mechanical system. The earning of these alternative

forms will be presented, by comparison.

1. Introduction

The analysis of complex mechanical systems uses,
mainly, methods of analytical mechanics that represent
the bestway of approaching such systems. Obviously,
there are a lot of equivalent approaches in mechan-
ics that allow obtaining the motion equationsof a con-
straint mechanical system, but in the case of analyzing
some elastic systems with the finite element method
(FEM), the analytical approaches become the most suit-
able for studying such problems. The main reason is the
complexity of the analyzed systems and the possibility
of using a formalism that allows the analysis of a system
with a great DOF. To study such systems it is no longer
necessary to study each element of the system, but the
equations written for a single type of finite element
remain valid for all identical finite elements which dis-
cretizes the structure. Analytical mechanics represents
a form of approach to classical mechanics, using the
basic axioms of classical mechanics, through a collec-
tion of alternative mathematical formulations, related
to each other and equivalent to obtain the final results.
If Newtonian mechanics mainly use vectors, analytical
mechanics generalizes the presentation mode using
kinematic and dynamic scalar elements of motion that
define the system. The constraints (due to the liaisons)
that exist in a system reduce the number of DOF and
the analytical mechanics is the most appropriate frame-
work to describe the effect of these constraints. The
coordinates that characterize the movement can be
of any type, which is why they are called generalized
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coordinates. The basic notions in the analytical descrip-
tions are represented by the kinetic energy, the work
of the external forces and the internal energy. The for-
mulations offered by the analytical mechanics have the
advantage of easy configuration of the equations of
motion and the elaboration of algorithms that make
it possible to receive the motion equations describing
the elastic evolution of the MBS. The paper presents,
according our knowledge for the first time for such
systems, the Gibbs-Appell equations and the Hamilton
equations, in comparison with the classical representa-
tion of Lagrange’s equations.

2. FEA of elastic MBS

The method used especially in the study of MBS having
elastic elements is represented by the Lagrange’s equa-
tions. It is necessary, in afirst step, to obtain the evolu-
tion equations for oneelastic element. The shape func-
tions determine the matrix coefficients of the obtained
differential system that describe the dynamic response
of an element. If we work in a local coordinate system
this step is followed by reporting all the sizes used to
the global reference frame, after which one can pro-
ceed to assembling the obtained equations systems in
a general global system of equations that determines
the dynamic response for the entire structure. These
procedures are conducted according to the classical
methods, applied in the FEA. By introducing the bound-
ary conditions and the applied loads, one can proceed
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to solving the obtained equation system. The deforma-
tions are considered small enough so the overall motion
of the system considered as rigid body system is not
influenced.

In the most general case, one, two- or three-
dimensional finite elements can be used to study such a
structure. The -first studies on these systems have been
applied to one-dimensional finite elements with plane
motion [1-4]. The research was then extended to two-
dimensional and three-dimensional systems [5, 6]. More
sophisticated models have been developed over the
last two decades [7-12].

Tostudy the evolution equations of an element,
when a one, two or three-dimensional elements is used,
the Lagrange’s equations has been applied in most
studies. This method has proved to be a reliable, useful
and verified calculation method. Its main advantage is
that it uses the expressions of kinetic energy, mechan-
ical work of the external forces and potential energy,
notions with which the researchers are very familiar.

From a theoretical point of view, analytical mechan-
ics offers a variety of methods to obtain the evolu-
tion equations of a mechanical system. Generally these
methods introduce new notions, some of them rarely
used by researchers. However, an analysis of these
methods is required, as they may be useful for cer-
tain special situations. For this reason, in this study
we will focus on three alternative approaches to the
problem. The most common method used in engineer-
ing practice is the Lagrange method. The acceleration
energy method proves to be another method that can
present certain advantages for the MBS with elastic ele-
ments study. Finally is analyzed the Hamilton’s equa-
tions method, which has a real advantage, the second
order differential system of equations is reduced to a
first order differential system but, at the same time, it
has the disadvantage of intricate representations, with
many terms to be considered.

We mention that the Lagrangian contains physi-
cal quantities that the researchers are familiar with
(kinetic energy, potential, work) and, as a result, writing
it is relatively easy. It is one of the main reasons why
the Lagrangian equations method is so widely used.
Another reason is the use of generalized coordinates,
which allows the unitary treatment of the system and
a formal representation that is well suited to numerical
calculation. Eliminating the liaisons forces is also strong
point of the method, so the number of unknowns is
greatly reduced. In the FEA where we work with systems
having a high number of DOF, of the order of thou-
sands or tens of thousands, this property leads to signif-
icant decrease regarding the computing effort and so,is
useful for users.

The energy of accelerations presents some difficul-
ties for the user, firstly because it is a notion with which
the researchers are less familiar and secondly because
the number of terms in the expression of acceleration

is five, while in the expression of velocity we have only
four terms [13, 14]. It follows that the number of oper-
ations required to obtain the energy of accelerations
is greater than the number of operations necessary to
determine the kinetic energy. This disadvantage, how-
ever, is compensated by the fact that the number of dif-
ferentiations required in the application of the Lagrange
method will be much greater than in the case of the use
of the acceleration energy. From an economical point
of view, the computation time used will be reduced
when applying the Gibbs-Appell equations. Although
the method is less common, we can mention that in
the last decade more researchers apply the method in
their work [15-19]. This fact is due to the ease of obtain-
ing the equations of motion for the studied mechanical
systems. The great advantage of using Lagrange’s equa-
tions is due to the fact that the Lagrangian contains
the expression of kinetic energy and potential energy,
two notions very familiar to the mechanical engineering
researcher.

Regarding Hamilton’s equations, we have no data
showing the use of this method when applying FEA
to MBS with elastic elements. In these circumstances,
the present study represents a first attempt to use this
method in FEA ofsuch systems. Using Hamilton’s equa-
tions may also be an option for analyzing MBS systems
with FEM, but from our knowledge, such an approach
has not been made so far and we will see that this is
mainly due to the large number of calculations to be
made.

3. Kinematics, kinetic energy, momentum,
acceleration energy, Hamiltonian, potential
energy and work of a finite element

3.1. Kinematics

In the following, a three-dimensional finite element
considered as an elastic solid will be analyzed. In the
approximation of the FEM, the displacement of a cer-
tain point of the considered solid is uniquely defined
by a set of independent coordinates, through an inter-
polation function. These coordinates can be the nodal
coordinates, their derivatives or other kinematic sizes.
The element will relate to a mobile coordinate frame.
In the final analysis, all the finite elements will be related
to a global coordinate system. The mobile reference sys-
tem its movement is defined by the angular velocity
and acceleration @ (wy, wy, ;) respectively &(ey, gy, €2),
velocity Vo(Xo, Yo, Zo) and acceleration @, (Xo, Yo, Zo) of
the origin of the local reference system. All these vec-
tors are considered known. Since we are working with
two reference systems, one local and the other global,
we will use two L and G indices to show this. The non-
indexed sizes will be considered written in the local
reference frame. In the rigid kinematics, the orthonor-
mal operator [T] is used to change the components of



a vector from the mobile reference frame to the fixed
one (global), {t} = [T]{t};. Differentiating the matrix
[T], it obtains the angular velocity and operator/vector
andthe angular acceleration operator/vector ([20]).

Let us now consider a point that belongs to the elas-
tic finite element finite. Then this point, let’s call it M,
becomes, after deformation M’ and it will have the posi-
tion vector {ry }¢ defined by:

{rm}e = {role + [T1({r}, + {u}) (1)

{rm}c represents the position vector of the point M,
{u} - the displacement vector and {rp}¢ is the position
vector of the origin of the local reference frame.

In FEA the continuous vector field of the displace-
ments is approximated, according to the independent
coordinates of the finite element, through a linear rela-
tion of the type:

{u} = [SH{d}L (2)

{d}; is the vector of independent coordinates. The
velocity vector of M'it is:

(vl = liw}e = {fole + [THr} + [TIIS)d),
+ [TIISHd), (3)

and acceleration vector:

{am}e = {fo)G + [T1{r} + [T1ISHd}. + 2[TIS){d)
+ [TIISH{d}. (4)

In the local coordinate system these vector becomes:

vt = M vmrle = {Fode + [TV [Tk
+ [TITITISH{d), + [S1{d}, (5)

{am} = (M {amw}e = {Folr + [T [T1{r}e

+ [MTITIS] (), + 20TV [TIS1{d} . + [S){d),
(6)

3.2. Kinetic energy

An important element in all the formulations is the
kinetic energy, obviously for its role as a prime integral.
The expression of kinetic energy in the studied case is:

1
b= 5 [ ptnEimnc®. )
v

The kineticenergy can also be written in the global coor-
dinate frame. Thus it is known that the transition of
the independent coordinate vector {d}; to the global
system, when it becomes {d}g, is done through an
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orthogonal matrix [T](see [6]):
{d}e = [PI{d]},. 8)
We have too:
(dy = [P {d}e. 9)

It is easy to obtain the new form of the kinetic energy
using (8) and (9). The two expressions of kinetic energy
are obviously equal.

Some notation will be used in the following:

[m] = / pISITIN] Sdv (10)
vV
It will also be noted:
[m] = / plSI"dv; {q' (&)}
Vv

N ,/\/P[SJT[S]L{r}LdV; (g @h

= [v pIS @l [wl. {r} dV (11)
k(e)] = /V plSI[el(S]aV; (12)
k(e)] = /V pISY [l ] [S1dV; (13)
[c] = /V plS) [wl,[SlaV; (14)

{mix} Z/P[S(i)]TXdV; {miy} Z/,O[S(i)]rde;
v v

Mz} = / oIS zav. (15)
v

3.3. Potential energy

The internal work (potential energy) has the well-known
form:

E, = %/V{U}T{é‘}dv. (16)

{e} contains the distinct component of the strains ten-
sor; -{o }contains the distinct component of the stress
tensor.

The relation between stress and strain is offered by
the Hooke law:

{o} = [Hl{e}. (17)

The differential relationships linking strains and finite
deformations are [6]:

{e} = [bl{u} = [bI[S){d} (18)

Using (17) and (18) the internal work (16) becomes:

1
E, = E{ar}[ ( /v [S]T[b]T[H]T[b][S]dV) {dy (19
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With [k] is denoted:
[kl = /V [S116] [HY [bIISIdV (20)
The potential energy takes the traditional form:

1
A /V (AT K{dydV 1)

3.4. Work

There are two types of loads that can cause an external
mechanical work: concentrated forces acting in knots,
{g}L and volume forces {p} = {p(x,y,2)}. The concen-
trated forces {g},; give a mechanical work:

We = {q}{d}L, (22)

and the vector of volume forces, the work:

W= / Py} v = ( / i} [swv) {d} = (g} (d}
Vv "4

(23)
3.5. Lagrangian
The classical form of the Lagrangian is[21]:

Using (7),(21),(22),(23) it obtains:

: .
=2 /V p(io) tiol, + 200\ T 1T,

+ 20 [TV TSI}, + 2{Fo) (SI{d},)aV

1 . . . .
+3 / p(n T [T, + 24T 1 71181y,
4

+ 2(n] 1T ITS) (Y, )dV
1 ST
+g / pUA IS IS,
v
+ 2(a) NI TS ),

+ (]IS IS){d),) dV

1
-3 [ @iy +a') i + @l @
25

3.6. Momentum

A way to calculate the momentum, if the Lagrangian is
known, is to use the formula:

(Pl = { oL } . (26)

dfd),

From the expression of momentum (26) we can obtain
the vector of velocities of the nodal displacement {d};

3.7. Hamiltonian

The expression of Hamiltonian becomes, in our case:

aL " .
H=1— dy — L, 27
{8{d}L}{}L (27)

where for the Lagrangian is used the rel.(25).

3.8. Energy of accelerations

Definition:The energy of accelerations is defined, in the
case of aN material points, as[22]:

N
1
Fa= ; mja?. (28)
If we consider a solid body the definition becomes:

1
E,= - / pa’dv (29)
2 Jy

Using the rel.(4) to obtain acceleration, rel. (32) give
us:

1 1
Eq= —/pa,zwdv = / plaw} {aw}dV
2 Jy 2 Jy

T

1 . ..
= 5 [ pttioll + (Tt + @) s17c
v

+ 241817171 + (@] 17 IT7) x x({Folg

+ [T14r), + [TUSHd}, + 2(T1IS){d),
+ [TIIS){d},)dV (30)

In [22] a complete expression of this energy is made.
This expression seems to be more complicated than
the expression of kinetic energy but it has advantages
which we will show in the paper.

4. Lagrange’s equations

Lagrange’s equations applied for a finite element are:

ey ) o,
dt|ad], adf,

By {0E/3X} we have denoted:

OE X;
ax
9
JE e X2
ZU_ b ™ U here: 1= (32)
X : :
JE
3%y Xn
It obtains:

[Im){d}; + [cl{d} + (K] + [k(e)] + k(w)D{d}. = {q}L

+1{q" ) — {d' @)} — (g (@)} — [Impl{Fols
(33)

We.note that we hgve to make three differentiations
{oL/ad}, (d/dt){aL/od}, {dL/dd} whereas in the case of



applying the Gibbs-Appell equations it is only necessary
to make a single differentiation {9E4/dd} [20]. This can
reduce the computation time and thus an advantage
when applying FEA to MBS with elastic elements.

5. Gibbs-Appell formalism

An alternative form of writing Lagrange’s equations is
the Gibbs-Appell equation. To use theseit is necessary
to write, first, the energy of acceleration, represented in
our paper by the rel.(30). These equations are given by
relations [22]:

aEa _—
aqj /

The equations (31) are composed by the following
terms [23]:

e quadratic terms E4; containing the vector of acceler-
ations {d};, noted with Eg>:

Ear = % fv p(d)[IS1ISHd}) dvV  (35)
e linear terms in accelerations Egq:
Ea = /V p(d)] ISITITT {Fo} + {d)] 1S ITT [T1{r),
+ (IS [TV [T1IS){d),

+ 2] 1S ITT [T1ISHd},) dv (36)

e terms without accelerations Eqg. They will not play
any role in obtaining the equations.These are repre-
sented by the rest of the term of the expression (31).
Not showing an importance for the calculations that
follow, we will not write them explicit.

Equation Gibbs-Appell (35) can be written:

{%} —{Q}y=0 (37)
od ),
where:
Ea = Eao(q) + Ea1(4,8) + Ea2(8) (38)
and
{Q} = [KI{d}. + {g} + {q")L. (39)
We have:

9Ez - . .

o ( /V PINITIS) dv> (@ = i) (40)
O _ [miliol — (g @) — (d©) + (k)]
o{d},

+ k(e)D{d}L + [l{d}; (41)
00 _ (42)
o{d};

Finally, is obtained the motion equations in the form
(33).
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6. Hamilton’s method

Using Lagrange’s method leads to a second order equa-
tions system. The unknowns are the generalized coordi-
nates g;. Technically, to solve the system of the second
order with n unknowns, it is necessary to write it as a
system the first order, with 2n unknowns, by introduc-
ing new unknowns which are the generalized velocities.
Hamiltonian mechanics also uses 2n unknowns and the
system of differential equations to be solved is a system
of 2n equations of the first order. The first n unknowns
in this case are the generalized coordinates, the other n
being canonically conjugated moment, defined by:

oL
. 43
o{d}, } “y

P = —{

The use of canonically conjugate momenta instead
of generalized velocities represents an important dif-
ference between Lagrange’s method and Hamilton’s
method. Hamilton’s equations are given by relations
[22]:

. oH oH
di = ;o ph=— 44
i {a{p}L} Pt {a{d}L} 4

Considering the relations (26) - (27) it obtains:

{d} = Impl~"(p}, — mifo}, — mITT [T1{Fc),
— [T NIm)d},)

) = (P Imp1 [T [T1Imp] + / ok} IMTITIISH AV
v

- / o(nIIMTmisHav + f p(SITITT ITIISHd),
v v

ST TS dv — / [K1(d),dV
Vv

+1{qg")] +{a)]. (45)

7. Conclusions and discussions

The main step in the process of solving MBS systems
with elastic elements is to write the motion equation for
a chosen finite element. If these equations are written,
then the other steps that follow, namely the assem-
bly of the equations of motion and solving them will
be done according to the classical methods currently
used in the common FEM software. Writing these equa-
tions proves to be a difficult thing, given the many
terms that appear in these equations. Therefore, find-
ing a formalism that allows the easy writing of these
equations is an important goal in this analysis. In the
use of FEM in MBS systems with elastic elements, until
now, the almost exclusive Lagrangian equation method
has been used. This method presents the advantages
of a homogeneous writing and the possibility to follow
the calculus is easier. In the Introduction section, some
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of these approaches were presented. From the theoret-
ical point of view, however, there are several equiva-
lent formulations, developed by analytical mechanics,
equivalent to Lagrange’s equations. You can use the
Gibbs-Appell equations, Hamilton's equations, Maggi’s
equations, Jacobs’s equations and other equivalent
forms [24-26]. The question arises to what extent these
formulations may be more advantageous than using
Lagrange’s equations. In the paper it is presented com-
parative, for the first time, three analytical formula-
tions of this problem to see the advantages and disad-
vantages of such approaches, which could ultimately
lead to a more economical writing of the equations of
motion. Lagrange’s equations show the major advan-
tage of a frequent previous use of the method and of a
regular use of the researchers with this method. Using
the Gibbs-Appell method is proving to be more eco-
nomical in terms of the time required to obtain the
equations and the final results. The last method used,
that of Hamilton's equations, is proving to be the most
lucrative, the time required to obtain the equations not
being economical and the complexity of the intermedi-
ate calculations being high. We do not deny, however,
that this method could be useful in a new approach to
solving the differential system since the system of dif-
ferential equations obtained is of first order and thus a
calculation step, used in the classical solving of these
systems is avoided. If the Gibbs — Appell equations
are used, the number of differentiations of the terms
that need to be made decreases and the total num-
ber of calculations required also decreases compared
to Lagrange’s method. Lagrange’s method, however,
presents the advantage of using kinetic energy, a notion
that we are used to and that we operate with ease. In the
Gibbs-Appell case, the energy of accelerations is used, a
notion most engineers are less familiar with.

In the future, it is presumed that the equivalent
forms developed by the analytical mechanics and which
apparently have no practical applicability will be re-
evaluated and new fields of applicability will be found
in the engineering studies in which they will prove their
usefulness [27-37].
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