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Abstract: The uneven distributions of mass and stiffness in the case of multi-storey concrete buildings
lead to a torsion sensitivity of those civil structures under dynamical loadings like earthquakes or
wind and gusts. In order to minimize the overall torsion, it is imperatively necessary to reduce the
distance between the centre of mass (CM) and centre of stiffness (CS) in the design stage. In this
context, the main purpose of this paper is to present a theoretical method of reducing torsion by
minimizing the distance between CM and CS at the level of each floor of the structure. Principal
stiffness axes are also changed in convenient directions so that the movement of the structure leads to
a favourable plastic mechanism in the fundamental mode of vibration. To achieve the goal, the main
objective is to change the dimensions and orientations of the pillars located on the perimeter of the
structures. The described method was used to study: irregular shaped structures in plan; structures
with stairs or with central concrete core; structures with elevation retractions. The overall torsion
reducing was achieved with Matlab programs, and the verification of the results was carried out by
using the software ETABS 2016.

Keywords: mechanics for structural health monitoring; diagnosis techniques; reduction of torsion;
centre of mass; centre of stiffness; multi-storey structures; structural optimization

1. Introduction

The main issue that characterizes the 21st century in civil structural design is related to the
aesthetic requirements of the users, and the unique solutions of the architects, which in the majority of
cases do not ensure the principle of safety in service. If this idea is developed, we may find that civil
structures have lack of symmetry, which causes unfavourable behaviour of the entire structure and of
the main structural elements.

The best way to predict the behaviour of a structure is to use mathematics and the basic laws
of mechanics. In statics, one may explore the laws of equilibrium, according to which the structure
analysed is loaded with gravitational forces that satisfy the criteria of strength, stiffness, stability and
so on. In structural analysis, it is necessary to consider the contribution of the inertial loads which
significantly increase the need for main structural elements. Therefore, the response of the structure
may be different with respect to the expected one. In this paper, the acceleration induced by inertia
forces during the earthquakes is taken into account [1].

To eliminate unfavourable behaviour of the structure, system irregularity must be avoided.
The main types of structural irregularities are described in [2]. Because of the aesthetic requirements
and urban restraints, one cannot avoid structural irregularity, which manifest as plan and vertical
irregularity. The condition of non-uniformity in the plan of a structure is called plan irregularity.
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Plan irregularity may be of five different types: torsional, re-entrant corners, diaphragms discontinuity,
out of plane offset and non-parallel system for plan irregularity [3]. Structures with significant
physical discontinuities in a vertical configuration or in their lateral force resisting systems are termed
as vertically irregular structure. The vertical irregularities in structures are: stiffness irregularity,
mass irregularity, vertical geometric irregularity, and discontinuity in capacity [3].

In literature, there are some articles that analyse the seismic response of both symmetric and
asymmetric multi-storey reinforced concrete structures [4–6]. Dimova and Alashki show in [4] that
even the symmetric reinforced concrete structures behave under seismic loading like the irregular
ones under accidental small eccentricity, and the method for the correction of the structure response
is presented. In the comprehensive study [6], how critical the torsion effects are on the asymmetric
multi-storey structures with irregular distribution of mass and stiffness is also explained, which may
lead to major damage under seismic ground motions.

By using the finite element model of asymmetric three-storey reinforced concrete building,
validated by modal experiments under low-intensity ground motion simulation, it is shown that the
torsional effects are much greater for an asymmetric structure than for a symmetric structure with
approximately the same design conditions, especially under high-intensity earthquakes [5].

From point of view of the frequency analysis for multi-storey structures, a simple method presented
in the article [7] takes into account the coupling of the lateral and pure torsional modes. For the
dynamic analysis of asymmetric multi-storey buildings with non-uniform distribution of mass and
stiffness in vertical direction, an equivalent non-uniform beam-like model is proposed in the article [8].

Reduction or even suppression of torsion and suppression of vibrations caused by lateral excitations
is a pressing problem in the case of skyscraper buildings. In this case, the motion of the building
structure with damped outrigger systems under stochastic excitation must be analysed and optimized.
The stochastic dynamic loading is given by seismic and wind excitation. Fang et al. propose in [9]
an optimization procedure by using a Timoshenko beam to model the building core with a Kelvin
model for dampers under stochastic excitation, in order to establish the optimal positions of dampers
and the corresponding parameters. In another article [10], an optimization procedure for linear
structures is shown, which takes into account two objective functions: structural safety expressed in
terms characteristic for stiffness; serviceability expressed as a function related to the floor acceleration.
Moreover, Xu et al. provide in the article [11] a performance-based optimization method for nonlinear
multi-storey structures by using multi-level design objectives. In general, the structural optimization
methods presented in the literature are for multi-storey metal structures [10,11].

If irregularities are avoided, then elastic and stiffness symmetry characterize the structure.
This means that only the accidental eccentricity is taken into account when the distribution of the
lateral forces is calculated [4,6]. On the other hand, in the case of reinforced concrete multi-storey
irregular structures, the problem that arises is the reduction of the effects of the general torsion on such
structures under dynamic loadings caused by earthquakes.

The literature is quite lacking in articles on design calculation methods designed to reduce the
overall torsion for multi-storey structures with irregularities in the plan caused by uneven distribution
of masses and stiffness. In the study [12], the reduction of the general torsion of the multi-storey
structures was made by changing the lateral stiffness of the vertical perimeter elements. The author of
the this paper presented, in the last few years, the optimization function that leads by minimizing to
the reduction of the distance between CM and CS by modifying the lengths of the perimeter walls
located on the opposite side of the central-reinforced concrete core of the multi-storey structures [13].

In this context, the main purpose of this study is to present a general method for the design
calculus of the reinforced concrete multi-storey irregular structures, in order to reduce the effects of
the overall torsion. For this purpose, the first part of the paper is a theoretical study that presents the
basic hypotheses, the mathematical overview of the problem of plan irregularity for the multi-storey
structures and the methodology for reducing the general torsion for such structures. The flow-chart of
the Matlab program based on the proposed calculus method is also shown, in order to minimize the
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distance between CM and CS and to cancel the orientation angle of the principal rigidity axes. In the
second part, some particular study cases of multi-storey buildings are investigated, which have plan or
vertically irregularities from civil engineering practice, for which solutions are presented to solve plan
irregularity by using Matlab programs based on the theoretical calculus method presented. Finally,
the main conclusions of this study are presented.

Several cases are analysed by taking into account the following hypotheses:
(i) The principle of the rigid diaphragm, which is described in [14], can be implemented by

structural conformation. These structural elements must have an elastic behaviour according to [2],
and ensure spatial connection between the structural elements.

(ii) Participating mass in the first fundamental vibration mode. For dynamic analyses, response
spectrum analyses are used. This method considers a linear distribution of the lateral forces, and it is
based on the principle of linear superposition. In accordance with [2], the masses which participate in
the first fundamental vibration mode must be at least 85% of structure mass, otherwise the superior
modes of vibration must be considered. In this case, the fundamental period is less than 1.5 s [13].

The multi-storey buildings investigated in this paper are residential civil structures encountered
by the first author in the design practice. It is known that the plan and elevation shape of a multi-storey
civil building has geometric shape constraints caused by: land surface geometry suitable for foundation;
geometric constraints on the available surface, generated by the neighbouring buildings; vertical and
horizontal systematization; access to the civil structure from the outside as well as traffic on the
elevation of the building (stairs, elevators for personal and goods).

Reducing the overall torsion for the multi-storey irregular structures leads to: (i) reduction
of the lateral displacements supposes the limitation of the level degradations of the non-structural
elements (partition and closing walls on the outside, made of fragile materials); (ii) control of lateral
displacements both in direction and size, which allows the establishment of the minimum space
between neighbouring civil buildings; (iii) formation of a favourable plastic mechanism that allows the
dissipation of as much of the seismic energy as possible through a large number of plastic joints.

2. Theoretical Aspects

In this part, a general case is presented to show the main parameters used in the structural analysis.
In the case of a multi-storey civil structure, the behaviour of all vertical structural elements is analysed
between the nth floor and the (n−1)th floor, in the case of vertical regularity. In order to predict the
behaviour of the structure, and to determine the elastic degrees of freedom, there is a point where the
forces are reduced. Due to this analogy, the positions of the centre of mass (CM) and of the centre of
stiffness (CS) may be determined.

2.1. Centre of Mass

According to the second law of dynamics, inertial force is proportional with mass, so it is very
important to know the distribution of masses in a structure both in plan and vertical directions. In the
case of multi-storey buildings, the inertial forces will be generated at each storey and it will act at a
point where the mass of the entire floor may be assumed to be concentrated [3]. This is the CM of
that floor. CM is a position defined as the average position of all the parts of the system, weighted
according to their masses. The distribution of mass is balanced around the CM and the average of
the weighted position coordinates of the distributed mass defines its coordinates [3]. To determine
the CM at every floor, one must know the mass and position of CM corresponding to each structural
component element. In order to solve the problem, section meshing of the elements in triangles is
used. Using Equations (1) and (2) for every element, due to the irregular geometric form in plan and
Equation (2) for all elements of the involved floor, one may obtain CM of the storey [15]:

XCM =

∑n
i = 1 AixCi∑n

i = 1 Ai
; (1)



Appl. Sci. 2020, 10, 5555 4 of 25

YCM =

∑n
i = 1 AiyCi∑n

i = 1 Ai
, (2)

where xCi, yCi are coordinates of the area Ai.
During an earthquake, acceleration-induced inertia forces will be generated at each floor level,

which acts at a point where the mass of the entire floor may be assumed to be concentrated. In a
building with a uniform distribution of mass, the position of the CM corresponding to each floor is
not different from one floor to another floor. However, irregular mass distribution over the height
of a building may result in a variation of the position of CM at various floors [15]. In this paper,
the symmetrical distribution of the positions of CM from one floor to another floor is investigated.

2.2. Centre of Stiffness

CS, corresponding to a particular floor, is defined as the application of the lateral load to the point,
and it does not produce a rotation of that floor. This definition is valid when the slab is modelled with
the infinite in-plane floor behaviour. The infinite in-plane floor behaviour causes all of its constrained
joints to move together as a planar diaphragm that is rigid against membrane deformation.

Firstly, it has to determine the values of the stiffness (Kx, Ky, Kxy), and one must consider and
analyse every structural element corresponding to one storey. The number of the columns between
the floors is denoted with n. For this purpose, one chooses an arbitrary orthogonal reference system
denoted with xOy relative to the floor, and another local reference system xkOyk (k = 1, n) corresponds
to the cross-section of the column k of the storey (located between two consecutive floors). The stiffness
factor depends on the following: moment of inertia, the Young’s modulus of the material and the
distance between two floors. The distance between floors and the material property are given due to
the chosen structural system, so we are required to determine the moment of inertia corresponding
to the floor. In the general case corresponding to an irregular shape of the floor’s section, one uses
section meshing in order to obtain simple and regular geometric shapes. Steiner’s relations are used
to determine the moment of inertia Ixk, Iyk, Ixyk corresponding to each element of the storey. Then,
one may compute the principal directions of inertia denoted with αk1 and αk2 corresponding to the
section k of the element of the storey. The corresponding principal moments of inertia denoted with
I1k and I2k, respectively, are also computed. Then, the principal rigidity factors of the cross section
of the column k of the floor are obtained, denoted with K1k and K2k, respectively. At this moment,
the stiffness factors K1k and K2k are computed with respect to the local coordinate system xkOyk.

To define the rigidity factors corresponding to the section k
(
k = 1, n

)
with respect to the global

coordinate system xOy, it is used the following Equations (3)–(5) [15] whose physical significance is
shown in Figure 1a,b:

Kxk = K1k cos2 αk + K2k sin2 αk; (3)

Kyk = K1k sin2 αk + K2k cos2 αk; (4)

Kxyk = (K1k −K2k) sinαk cosαk. (5)
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Figure 1. The rigidity factor corresponding to a unitary displacement applied on: (a) x axis, and (b)
y axis.
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To compute the stiffness factors (Kx, Ky, Kxy) corresponding to the entire floor with respect to the
global coordinate system xOy, the contribution of all structural elements of the storey is considered,
shown in the following Equations (6)–(8) [15]:

Kx =
∑

k

Kxk; (6)

Ky =
∑

k

Kyk; (7)

Kxy =
∑

k

Kxyk. (8)

This is possible in the case of rigid diaphragm and spatial connection of the structural elements.
As a function of structural properties, CS is an elastic characteristic of the storey and it is

independent of loading [3]. It is already known that the rotation does not take place if CM coincides
with CS. In a mathematical approach of the problem, the CS is the point defined by the intersection of
two lines presented in Equation (9) [15]:

CS = (D1)∩ (D2) (9)

In Equation (9), the mechanical significance of the lines (D1) and (D2) is that if the lateral load is
applied along these lines, then the storey performs only translational movements (∆x, ∆y). Stiffness
means the force caused by the unit displacement. Thus, it is considered that these lateral forces give
the direction of the line (D1) defined by the result of Ky and Kxy and corresponding to the line (D2)

defined by the results of Kx and Kxy.
The physical signification of the stiffness factors (Kx, Ky, Kxy) is presented in Figure 2.
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From mechanics, it is known that the equation of a central axis for a coplanar system of forces is
Equation (10):

Fyx + Fxy + M0 = 0, (10)

where Fy and Fx are the components corresponding to the force F with respect to the point O in
clockwise direction. CS is the result of the following system formed by Equations (11) and (12):

(D1) : Kxyx−Kxy + M0x = 0, (11)

(D2) : Kyx−Kxyy + M0y = 0 (12)
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The coordinates of CS are given in Equations (13) and (14) [15]:

xCS =
M0x·Kxy −M0y·Kx

Kx·Ky −K2
xy

, (13)

yCS =
M0x·Ky −M0y·Kxy

Kx·Ky −K2
xy

, (14)

where Mox and Moy are computed by using Equations (15) and (16):

Mox =
n∑

k = 1

Kkyyk; (15)

Moy =
n∑

k = 1

Kkxxk. (16)

CS has the characteristic of all vertical elements of the structure between storey nth and (n−1)th.
Every external force which passes through CS generates a translation only along the direction for
which the rigidity factor has a minimum value. Pointing out the significance of this calculus is required
to make a correlation between the principal moments of inertia and the principal directions. Therefore,
the principal moments of inertia I1 and I2 correspond to the maximum and minimum values and
respectively to the principal directions α1 and α2.

2.3. Theoretical Background for Reduction of the Torsion for Structures

Based on this analogy, an arbitrary storey, in plan, could have three degrees of freedom,
two translations and one rotation. The two translations have the directions corresponding to the
two axes whose origin is located in the CS and a rotation ϕ [16]. Each of these dynamic parameters
correspond to a stiffness factor denoted with K1, K2 and Kf, respectively. The inertia forces induced
by acceleration caused by earthquakes always act in CM. These inertial forces are reduced to CS and
generate a displacement corresponding to the minimum value of the three stiffness factors previously
mentioned. To avoid unexpected behaviour of the structural elements between two floors, computation
of the stiffness factors K1, K2 and Kf is required, respectively, along with their corresponding directions.
It is very important to have translations along geometric directions because rotation is associated
with torsion.

According to this analogy, we are required to settle two important issues:

(i) calculation of the angle θ between the first principal direction and the geometric determined at
the point of pre-structural conformation;

(ii) reduction of the distance between CM and CS in both directions, in order to avoid torsion.

The rigidity factors are maximally and minimally relative to the principal axes. The maximum
value of the rigidity K1 corresponds to the axis 1-1, while the minimum value of the rigidity K2

corresponds to axis 2-2. According to this statement, K12 is cancelled when the centre of this system
coincides with CS. To show the significance of these values, for example, if a force acts on the direction
of 1-1 axis, then a translation takes place in direction 1-1. Thus, it is required to refer to these axes and
to define the relative oblique rigidity for every structural element of the storey. The first step is to
define the angle βk with respect to the principal axes, whose expression is presented in Equation (17):

βk + θ = αk ⇒ βk = αk − θ, (17)

where the angle αk shows the position of the principal axes 1k-1k corresponding to the element k, and θ
is the angle between the arbitrary axis x-x and the principal axis 1-1. The angle αk is computed with
local values, and θ with global ones, so one may consider the contribution of all elements of the storey.
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The mathematical background is similar with the computation of the rigidity factors Kxk, Kyk, Kxyk.
Thus, one may compute the relative oblique rigidity, whose expressions are described in Equations (18)
and (19) [15]:

K1 =
n∑

k = 1

(
K1k cos2 βk + K2k sin2 βk

)
, (18)

K2 =
n∑

k = 1

(
K1k sin2 βk + K2k cos2 βk

)
, (19)

K12 =
n∑

k = 1

(K1k −K2k) sin βk cos βk. (20)

Due to the condition according to which axis 1-1 should be the principal axis of inertia, one may
obtain Equations (21) and (22):

∂K1

∂βk
= 0;

∂
∂βk

 n∑
k = 1

(
K1k cos2 αk + K2k sin2 αk

) = 0; (21)

n∑
k = 1

[(K1k −K2k) cos βk sin βk] = 0 ⇒ K12 = 0. (22)

Replacing Equation (17) in Equation (22) leads to Equation (23):

1
2

n∑
k = 1

[(K1k −K2k) sin 2(αk − θ)] = 0. (23)

Using equivalent trigonometric relations in Equation (23) leads to Equation (24) related to the
angle θ [15]:

tg 2θ =

∑n
k = 1(K1k −K2k) sin 2αk∑n
k = 1(K1k −K2k) cos 2αk

. (24)

In Equation (24), θ is a constant value for the floor. To avoid unexpected behaviour of the structure
the angle θ should have a minimum value. To do so, the rigidity factors of the elements are kept
constant while one may vary the angles of the principal axes of the elements (αk). In a mathematical
approach, the angle θ can be written as in Equation (25):

θ =
1
2
·atan

∑n
k = 1(K1k −K2k)· sin 2αk∑n
k = 1(K1k −K2k)· cos 2αk

=
1
2

atan
(A

B

)
. (25)

In Equation (25) by identification, one may find Equations (26) and (27):

A =
n∑

k = 1

(K1k −K2k) sin 2αk; (26)

B =
n∑

k = 1

(K1k −K2k) cos 2αk. (27)

To ensure that the principal rigidity axes are parallel with the axes of the global reference system,
in the cases further studied, it must be insured that θ = 0. From Equations (25)–(27), we may obtain,
in a mathematical approach, that θ is a function related to the angles between the local and global
principal axes of rigidity and this statement is presented in Equation (28):

θ = θ(α1,α2,α3,α4, . . . ,αn). (28)
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Equation (28) is a nonlinear equation where n is the number of the unknown variable. For a
general situation, one may obtain Equation (29):

f (α1,α2,α3,α4, . . . ,αn) = 0 ⇒

n∑
k = 1

(K1k −K2k) sin 2αk = 0. (29)

To solve this equation, one may use the Matlab function called fminsearch, which uses a
Nelder–Mead algorithm or downhill simplex method [17]. This algorithm, which is commonly
applied in numerical methods, is used to find the minimum or maximum of an objective function in a
multi-dimensional space [18]. This is a heuristic technique, and it is an approach to problem solving,
learning, and discovery that employs a practical method that is not guaranteed to be optimal, perfect,
logical, or rational, but instead, sufficient for reaching an immediate goal [19]. In this case, Equation
(29) must be solved, because the angle θ has to be in the [0; π/2) range.

To verify the results, another numerical method was used. This kind of method is used through a
Microsoft Excel add-in: Solver, with the Generalized Reduced Gradient (GRG) Nonlinear, used for
problems with smooth, nonlinear algorithms. Solver is a Microsoft Excel add-in program that one can
use for what-if analysis. We can use Solver to find an optimal (maximum or minimum) value for a
formula in one cell, called the objective cell, subject to constraints, or limits, on the values of other
formula cells on a worksheet. Solver works with a group of cells, called decision variables, that are
used in computing the formulas in the objective and constraint cells. Solver adjusts the values in the
decision variable cells to satisfy the limits on constraint cells and produce the result desired for the
objective cell. Put simply, one can use Solver to determine the maximum or minimum value of one cell
by changing other cells [20].

From a constructive point of view, it is not practical to have columns at a random angle (in the
majority of cases, it follows the directions of the principal axes of the structure) so it is required to
determine an equivalent column sharp, generally an L-shape. This is required due to the necessity of
the joints and the support for the beams. The web thickness is considered to be a fixed value, and the
length of the flanges is the same, denoted with h. It may compute the main mechanical characteristics
of the shape of the letter “L” with respect to the principal geometrical directions and compare it with
the mechanical characteristics of the rotated element with respect to the x axis. At this point, one may
obtain two equations with one unknown variable—h.

At this point, it is known that the principal axes rigidity and the chosen geometrical ones are
parallel. This is not a satisfying requirement because torsion appears when the position of CM does not
coincide with CS. At this point, if the forces and relative displacements are known, one may compute
the moment Mt caused by the forces that act on the element, using Equation (30):

Mt =
n∑

k = 1

(
F1kd1k + F2kd2k

)
= ϕ·

n∑
k = 1

(
K1kd1k

2 + K2kd2k
2
)
= ϕ·Kϕ. (30)

In Equation (30), Kϕ has the signification of a polar factor of rigidity for translation [21]. It is very
important to take into account this factor because it can be the minimum between the rigidity factors
K1, K2, Kϕ. Due to the fact that between the rigidity factors and the displacements, along a convenient
direction, there is an indirect proportion, it follows that the displacement will be greatest in the direction
in which the rigidity is minimum. This means that general torsion will appear. These rigidity factors
are dependent on both the geometric shape and the material corresponding to the elements.

Torque moment Mt is the result of the algebraic sum of two values which are dependent of the
direction of calculus and the intensity of the seismic wave, as shown in Equations (31) and (32):

Mt,1 = F1e2; (31)

Mt,2 = F2e1. (32)
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The forces F1, F2 are dependent on the intensity of the seismic wave, whose calculus is described
in P100-1/2013 [2]. In Equations (31) and (32), e1, e2 are the eccentricities caused by the eccentric
application of forces F1, F2. In a general case, shown in Equation (33), e0,i is the eccentricity caused by
the difference between the center of mass and the centre of stiffness, and eai , which is an additional
eccentricity according to P100–1/2013 [2] presented in Equation (34):

ei = e0i + eai , i = 1, 2; (33)

eai = ± 0.05Li. (34)

The practical solution is only to reduce e0,i where i = 1,2, which is the eccentricity between CM
and CS. Therefore, if one considers that the material corresponding to each element is the same and the
floors are similar, then one may consider, in the calculus, the inertia moments on behalf of the rigidity
factor. This is a practical simplification, for a better convergence of the calculus. In a mathematical
approach, one may write Equation (35):{

e01 = xCM − xCS = 0;
e02 = yCM − yCS = 0.

(35)

If the coordinates of CM and CS are replaced, Equation (35) becomes Equation (36):
∑n

i = 1 Ai·xi∑n
i = 1 Ai

−

∑n
i = 1 Ixi ·xi∑n

i = 1 Ixi
= 0;∑n

i = 1 Ai·yi∑n
i = 1 Ai

−

∑n
i = 1 Iyi ·yi∑n

i = 1 Iyi
= 0.

(36)

To solve this problem, one must increase the dimensions of n elements for the system of equations
to be satisfied. In a practical approach, one may increase only one dimension of two regular sections
or add new elements with one parameter for each. Therefore, one may obtain a nonlinear system
of equations, which must be solved with the function called fminsearch of the Matlab software [22],
and with Microsoft Excel’s Solver to check the result. This optimization problem leads to the reduction
of the eccentricity of the inertial forces as much as possible. One may see that to satisfy the mentioned
criteria, an iterative method must be used, which is the basis of structural design reliability.

After an iterative process, the two criteria mentioned at the beginning of the theoretical study are
satisfied, but there is also a third problem to deal with. The main displacement will take place relative
to the minimum value of

{
K1, K2, Kϕ

}
. These values cannot be compared because K1, K2 relative

stiffness factors for lateral translation are measured in (N/m), and Kϕ is the stiffness factor for lateral
torsion, measured in (N·m).

In this case, the concept of torsional sensitivity is used. According to this theory, a system with
one dynamic degree of freedom is considered in which one may calculate the frequency ωtr in the case
of translation, Equation (37) and the angular frequency ωrot in the case of rotation, Equation (38):

ωtr =

√
Kmin

m
; Ttr =

2π
ωtr

⇒ Ttr = 2π
√

m
Kmin

, (37)

ωrot =

√
Kϕ
J

=

√
Kϕ

kmd2 ; Trot =
2π
ωrot

⇒ Trot = 2π

√
kmd2

Kϕ
. (38)

In Equations (37) and (38), the following symbols are used: Kmin is the minimum value between
K1 and K2; J is mass moment of inertia for the floor; k is a dimensionless factor depending on the shape
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of the floor (for example, k = 1/12 for rectangular shape of the floor); d is a value that depends on the
length and width of the storey, whose value is computed with Equation (39):

d2 = a2 + b2. (39)

Then, the ratio between Trot and Ttr is analysed. For civil structures which are torsion-sensitive,
the relation corresponding to that ratio is presented in Equation (40):

Trot

Ttr
=

√
kd2Kmin

Kϕ
≥ 1. (40)

For civil structures which are not sensitive to torsion, the ratio is presented in Equation (41):

Trot

Ttr
=

√
kd2Kmin

Kϕ
< 1. (41)

In this manner, we may check if the structure has or has no sensitivity to torsion. By satisfying all
three criteria mentioned above in this study, one can be sure that the structural conformation is correct
from both the gravitational and seismic point of view, and therefore, the entire civil structure and the
structural elements will work safely.

3. Work Method

3.1. Flow Chart of Calculus

The flow chart for the calculus (Figure 3) presents the main steps that have to be covered in order
to minimize the distance between CM and CS and to cancel the angle θ for any reinforced concrete
multi–storey structure.
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distance between centre of mass (CM) and centre of stiffness (CS) and to cancel the angle θ (orientation
of the principal rigidity axes).

The calculus algorithm presented in the Section 2 may be used in case of all types of the reinforced
concrete structures when the torsion phenomenon appears. Such cases are the following:

(i) civil structures with complex geometry for which the elastic asymmetry is caused by the
complex geometric shape of the slabs;

(ii) civil structures with staircases, for which the elastic asymmetry is caused by the location of the
vertical elements which ensure the connection between two floors;
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(iii) civil structures with concrete cores, for which the elastic asymmetry is caused by the fact that
the rigidity at torsion of all columns located between two levels is lower than the rigidity of bending.

3.2. Analysed Structures

The structural analysis of reinforced concrete building structure with five stories was carried out
by using ETABS 2016 structural software [23]. The buildings are assumed as commercial complexes.
The buildings analysed have accentuated irregularity in plane.

Both linear static analysis and modal analysis were performed. The structures are assumed to be
located in the Vrancea area (Romania). Structural data of the civil structure analysed are shown in
Table 1 and earthquake data are presented in Table 2.

Table 1. Input data corresponding to the structure.

Number of Stories 5

Ground storey height 3.50 (m)
Intermediate storey height 3.00 (m)

Slab thickness 15 (cm)
Beam size B1 = 30 × 55 (cm2)

Column size C1 = 80 × 80 (cm2)
Grade of concrete C 20/25

Grade of steel BST 500S
Density of concrete 25 (kN/m3)

Super dead load 1.3 (kN/m2)
Live load 3 (kN/m2)
Roof load 2 (kN/m2)

Table 2. Earthquake data computed according to [2].

Location, Country Vrancea Area, Romania

ag (m/s2) 3.924
TC (s) 1.0
TB (s) 0.20
TD (s) 3.00

Importance factor 1.00
Framing type D.C.H.

Behaviour factor 6.75
Base shear coefficient, c 0.10

ν 0.45
Damping (%) 5

Super dead loads are essentially superimposed dead loads, which are applied on a structure,
and the loads of any finished, partitioning, cladding, false ceiling are all super dead loads.

Live load is the load superimposed by the use or occupancy of the building, not including the
environmental loads, such as wind load, rain load, earthquake load or dead load.

The building is modelled in ETABS 2016 and infinite in-plane floor behaviour is assigned at every
storey level, as shown in Figure 4. Supports are assigned as fixed supports, neglecting soil–structure
interaction. A linear static analysis was performed for earthquake cases: X Dir.; X Dir. ± Eccentricity;
Y Dir.; Y Dir. ± Eccentricity. The analysis is based on the principle of rigid diaphragm presented in
Figure 4 and mathematically expressed in Equation (42):

∆dia ≤ 0.50·∆L.F.R.S. (42)
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Figure 4. Prescribed diaphragm classification.

If the condition given by Equation (42) is obeyed, it means that it is a rigid diaphragm (Figure 4) [14].
Rigid diaphragm distributes the horizontal forces to the lateral resisting elements, in direct

proportion to their relative stiffness. It is based on the assumption that the diaphragm does not deform
itself and will cause each vertical element to deflect the same amount. Rigid diaphragms capable
of transferring torsional and shear deflections and forces are also based on the assumption that the
diaphragm and shear walls undergo rigid body rotation and this produces additional shear forces in
the vertical elements.

In this section, four different kinds of civil structures are presented, which have an unfavourable
behaviour in their torsion. For every case, the initial configuration of the civil structure analysed is
presented along with the modal analysis results.

3.2.1. Case Study 1

The mode shape 1 for the first civil structure analysed is shown in Figure 5.
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Figure 5. The 1st mode shape for T1 = 0.471 s: (a) plane view and (b) 3D view.

In Table 3, the modal participating mass ratios are given for the first three vibration modes.

Table 3. Modal participating mass ratios before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.471 0.5597 0.2212 0.0231 0.5597 0.2212 0.0231
2 0.47 0.2326 0.5712 0.0011 0.7922 0.7924 0.0242
3 0.441 0.0127 0.0126 0.7793 0.8049 0.805 0.8035
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3.2.2. Case Study 2

In Table 4, the modal participating mass ratios are given for the first three vibrations modes.
The 1st mode shape for the second civil structure analysed is shown in Figure 6.

Table 4. Ratios of the modal participating mass before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.482 0.6037 0.0324 0.1597 0.6037 0.0324 0.1597
2 0.465 0.1616 0.4061 0.239 0.7653 0.4386 0.3987
3 0.447 0.0367 0.3681 0.4019 0.802 0.8067 0.8005
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3.2.3. Case Study 3

In Table 5, the modal participating mass ratios are given for the first three vibrations modes.

Table 5. Ratios of the modal participating mass before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.48 0.1293 0.4004 0.2661 0.1293 0.4004 0.2661
2 0.468 0.309 0.3689 0.1264 0.4383 0.7692 0.3925
3 0.446 0.3671 0.0329 0.4054 0.8054 0.8022 0.7978

The 1st mode shape for the third civil structure analysed is shown in Figure 7.
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3.2.4. Case Study 4

The mode shape 1 for the fourth civil structure analysed is shown in Figure 8. In Table 6, the modal
participating mass ratios are given for the first three vibrations modes.
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Table 6. Ratios of the modal participating mass before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.481 0.4079 0.3898 0.008 0.4079 0.3898 0.008
2 0.463 0.4003 0.4029 0.0063 0.8082 0.7927 0.0143
3 0.303 0.00004 0.014 0.8307 0.8083 0.8067 0.8451

4. Results

4.1. Reduction of Torsion Effect for the Structures

In this section, mathematical and practical solutions to reduce the effect of torsion for the four
cases presented in Section 3.2 are shown. For every situation, the optimization process undergoes
expressions (27) and (29), and the results of the calculus are presented, for which a modal analysis
was performed.

In a general approach, the nonlinear Equation (29) is regulated by a system (43) of inequalities
which acts as a restraint for the particular expression of the case, for which two algorithms undergo:

−π/2 ≤ αi ≤ π/2, i = 1, 6 (43)

4.1.1. Results for Case Study 1

The nonlinear Equations (44) and (45) undergo the optimization process, and the solution is
presented by system (46), for which θ1 = −1.456·e−7 :

A = 0 + (−0.161 sin 2α1) + (−0.448 sin 2α2) + (−0.255 sin 2α3)

+(−0.161· sin 2α4) + (−0.161· sin 2α5)

+(−0.161· sin 2α6);

(44)

B = 0.16560 + (−0.161 cos 2α1) + (−0.448 cos 2α2) + (−0.255 cos 2α3)

+(−0.161 cos 2α4) + (−0.161 cos 2α5) + (−0.161 cos 2α6);
(45)

α1 = −0.849 rad; α2 = 0.908 rad; α3 = −0.393 rad;
α4 = −0.314 rad; α5 = 0.785 rad; α6 = −0.785 rad.

(46)

The results of the optimization and modal analysis are presented in Table 7 and Figure 9.
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Table 7. Ratios of the modal participating mass after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.433 0.0002 0.775 0.0001 0.0002 0.775 0.0001
2 0.416 0.7689 0.0002 0.0002 0.7691 0.7753 0.0003
3 0.249 0.0002 0.0001 0.8307 0.7693 0.7753 0.831
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4.1.2. Results for Case Study 2

The nonlinear Equations (47) and (48) undergo the optimization process, and the solution is
presented by system (49), for which θ1 = −1.307e−7:

A = 0 + (0.064 sin 2α1) + (−0.123 sin 2α2) + (0.091 sin 2α3)

+(−0.448 sin 2α4) + (−0.161 sin 2α5) + (−0.819 sin 2α6)

+(−0.448 sin 2α7) + (−0.312 sin 2α8);

(47)

B = −0.50958+(0.064 cos 2α1) + (−0.123 cos 2α2) + (0.091 cos 2α3)

+(−0.448 cos 2α4) + (−0.161 cos 2α5) + (−0.819 cos 2α6)

+(−0.448 cos 2α7) + (−0.312 cos 2α8);

(48)

α1 = 0.571 rad; α2 = 0.532 rad; α3 = −0.622 rad; α4 = 0.449 rad;
α5 = −0.349 rad; α6 = −0.349 rad; α7 = 0.524 rad; α8 = −0.449 rad.

(49)

The results of the optimization and modal analysis are presented in Table 8 and Figure 10.

Table 8. Ratios of the modal participating mass after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.414 0.0104 0.7384 0.0266 0.0104 0.7384 0.0266
2 0.397 0.7443 0.0124 0.0015 0.7547 0.7508 0.0282
3 0.3 0.0033 0.021 0.7799 0.7581 0.7718 0.8081
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4.1.3. Results for Case Study 3

The nonlinear Equations (50) and (51) undergo the optimization process, and the solution is
presented by system (52), for which θ1 = −1.217e−7:

A = 0 + (−0.312 sin 2α1) + (−0.024 sin 2α2) + (−0.064 sin 2α3)

+(−0.024 sin 2α4) + (−0.161 sin 2α5) + (−0.161 sin 2α6)

+(−0.161 sin 2α7) + (−0.064 sin 2α8);

(50)

B = −0.14342+(−0.312 cos 2α1) + (−0.024 cos 2α2) + (−0.064 cos 2α3)

+(−0.024 cos 2α4) + (−0.161 cos 2α5) + (−0.161 cos 2α6)

+(−0.161· cos 2α7) + (−0.064· cos 2α8);

(51)

α1 = −0.654 rad; α2 = 0.628 rad; α3 = −1.047 rad;α4 = −0.757 rad;
α5 = 0.503 rad; α6 = 0.449 rad; α7 = 0.898 rad; α8 = −0.628 rad.

(52)

The results of the optimization and modal analysis are presented in Table 9 and Figure 11.
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Table 9. Ratios of the modal participating mass after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.449 0.0043 0.7758 0.0017 0.0043 0.7758 0.0017
2 0.437 0.7714 0.0049 0.0091 0.7757 0.7807 0.0107
3 0.304 0.008 0.0013 0.7977 0.7837 0.782 0.8084

4.1.4. Results for Case Study 4

The nonlinear Equations (53) and (54) undergo the optimization process, and the solution is
presented by system (55), for which θ1 = −1.417e−7:

A = −0.02386+(−0.312 sin 2α1) + (−0.312 sin 2α2) + (−0.312 sin 2α3)

+(−0.312 sin 2α4);
(53)

B = −0.61857 + (−0.312 cos 2α1) + (−0.312 cos 2α2) + (−0.312 cos 2α3)++(−0.312 cos 2α4); (54)

α1 = −0.573 rad; α2 = 1.242 rad; α3 = −1.372 rad; α4 = 1.242 rad. (55)

The results of the optimization and modal analysis are presented in Figure 12 and Table 10.Appl. Sci. 2020, 10, x FOR PEER REVIEW 18 of 26 
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Table 10. Ratios of the modal participating mass after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.451 0.7681 0.0197 0.0001 0.7681 0.0197 0.0001
2 0.406 0.021 0.7473 0.0019 0.7891 0.767 0.002
3 0.271 0.00002 0.0031 0.7965 0.7891 0.7701 0.7985

4.2. Special Situations

In this section, three particular situations are analysed: the influence of staircases, structures with
torsion sensitivity and structures with geometric irregularity in elevation. Every situation undergoes
an optimization process and model analysis was performed before and after optimization.
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4.2.1. Influence of Staircases

The results of the modal analysis are presented in Tables 11 and 12, before and after the reducing
of torsion, respectively.

Table 11. Ratios of the modal participating mass before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.385 0.0028 0.7925 0.0166 0.0028 0.7925 0.0166
2 0.365 0.7827 0.0057 0.0259 0.7855 0.7982 0.0426
3 0.33 0.0285 0.0136 0.7709 0.814 0.8118 0.8135

Table 12. Ratios of the modal participating mass ratios after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.376 0.0001 0.8054 0.00004 0.0001 0.8054 0.00004
2 0.356 0.8078 0.0001 0.0008 0.808 0.8055 0.0008
3 0.32 0.0005 0.0002 0.8041 0.8085 0.8057 0.8049

In the same manner, in Figure 13, the initial configuration is shown and the final configuration
and behaviour under lateral loads is shown in Figure 14. The optimization in this case consists of
modifying the dimensions of some columns located to opposite corners.
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4.2.2. Structures with Torsion Sensitivity

The results of the modal analysis are presented in Tables 13 and 14, before and after the reducing
of torsion, respectively.

Table 13. Ratios of the modal participating mass before the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.389 0.035 0 0.7815 0.035 0 0.7815
2 0.341 0.7478 0 0.0362 0.7828 0 0.8177
3 0.314 0 0.7656 0 0.7828 0.7656 0.8177

Table 14. Ratios of the modal participating mass after the reducing of the torsion.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.239 0.7571 0 0.0008 0.7571 0 0.0008
2 0.229 0 0.7513 0.0008 0.7571 0.7513 0.0008
3 0.185 0.0008 0.00000 0.7531 0.7579 0.7513 0.7531

In the same manner, in Figure 15, the initial configuration is shown and the final configuration
and behaviour at lateral loads is shown in Figure 16.
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In this case, we use the sensitivity concept from the theoretical part of expressions (40) and (41).
This equation was applied on this case and indeed the structure has sensitivity to torsion:

Trot

Ttr
= 2π

√
kmd2

Kϕ
·

1
2π

√
Kmin

m
=

√
kd2Kmin

Kϕ
=

√
1

12 ·1534.58·4
215.5

= 1.54 ≥ 1, (56)

where Kmin = 4; Kϕ = 215.5; k = 1/12; J = k·md2 = k·m
(
a2 + b2

)
; d2 =

(
a2 + b2

)
= 27.72 +

27.72 = 1534.58.
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To confirm the model analysis, we use the sensitivity concept from the theoretical part at
expressions (40) and (41). This equation was applied on this case and indeed the structure has no
sensitivity to torsion:

Trot

Ttr
= 2π

√
kmd2

Kϕ
·

1
2π

√
Kmin

m
=

√
kd2Kmin

Kϕ
=

√
1

12 ·1534.58·10.2
2617.4

= 0.71 < 1, (57)

where Kmin = 10.2; Kϕ = 2617.4; k = 1/12; J = k·md2 = k·m
(
a2 + b2

)
; d2 =

(
a2 + b2

)
= 27.72 +

27.72 = 1534.58.

4.2.3. Structures with Vertical Geometric Irregularity or Setback

In this case, the positions of CM and CS are not modified. The concept is similar to case shown in
Figure 15 in Section 4.2.2, with the help of modal analysis, and with the results shown in Table 15.

Table 15. Ratios of the modal participating mass.

Mode
Period

UX UY RZ Sum UX Sum UY Sum RZ(s)

1 0.519 0.6176 0 0.00004 0.6176 0 0.00004
2 0.512 0 0.6154 0 0.6176 0.6154 0.00004
3 0.356 0.0001 0 0.5316 0.6176 0.6154 0.5317

The 1st mode of vibration is shown in Figure 17. In the same manner, the 2nd mode of vibration is
shown in Figure 18.Appl. Sci. 2020, 10, x FOR PEER REVIEW 22 of 26 
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In Figure 19, the spatial behaviour of the structure is presented. One can see that by using the
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4.3. Discussions on the Results

In order to validate the procedure for the reduction of the overall torsion proposed in this paper,
the results obtained by ETABS software and plotted in Tables 7–10 show that the torsion takes place in
the third mode of vibration, after the resizing and changing of the orientation of the columns located
at the corners of the multi-storey building. In Figures 9–14, it may be observed that the result of the
procedure described in this paper consists in the changing of the dimensions and orientations for some
perimeter columns.

For the case of the multi-storey building with stairs (Figure 13), the use of the procedure for
reducing of the overall torsion leads to the resizing of some columns located to opposite corners,
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near the stairs (Figure 14). It may be observed again that the torsion is not characteristic for the first
mode or for the second mode of vibration after reduction of the overall torsion.

In the case of the multi-storey building with cores (Figure 15) which are torsion sensitive, we may
remark that, initially, torsion takes place in the first mode of vibration because the modal participating
mass is equal to 0.7815 in rotation with respect to the vertical axis Oz that is parallel to the elevation of
the building (Table 13 and Figure 15a). Reduction of the torsion leads to the adding and resizing of the
perimeter walls located near the corners of the building. This changing improves the performance
of the multi-storey building because the torsion occurs in the third mode of vibration (Table 14 and
Figure 16a). It may be observed that after the reducing of the torsion, the modal participating mass
is just equal to 0.0008 in rotation with respect to the vertical axis Oz in the first mode of vibration
(Table 14).

The results presented in Table 15 and Figure 19 show that the procedure for the reduction of the
overall torsion is also validated for the structures with vertical geometric irregularity. The torsion
occurs neither in the first mode nor in the second mode of vibration (Table 15).

5. Conclusions

The main purpose of the work was to reduce the distance between CM and CS in the case of
multi-storey concrete structures with spatial co-operation through the floors. In this study, multi-storey
concrete structures with complex form were analysed in plan, along with the tube effect and the
presence of staircases. In the case of civil structures with columns and structural walls, which ensure
lateral stiffness of the structure, a heuristic algorithm was used to determine the position of these
structural element and to avoid torsion in the first mode of vibration.

From the examples studied in this paper, the following statements may be made:

• the procedure of optimization can be applied for any kind of geometrical form in plan of the
structure to reduce general torsion;

• the optimized structure way has participating mass in the I and II mode of vibration; in consequence,
the response of the structure to seismic loads will be influenced only by the two proper vibration
modes mentioned above;

• due to the fact that in the I and II mode of vibration, the major requirement is bending, it will result
in an optimal plastic mechanism, with the capacity of dissipating earthquake-induced energy,
due to post-elastic incursions of the structure;

• the lateral displacements of the optimized structure can be controlled more easily, due to the fact
that there are no amplification factors for lateral displacements (drifts), compared to the situation
when torsion appears and the storey degradation can be avoided.

In the case of structures with central tubes, the concept of sensitivity to torsion is used, which allows
one to determine the position of reinforced concrete walls, to increase Kϕ, and to avoid torsion.

By using the concept of the sensitivity to torsion, one can compute exactly the length of the
perimeter reinforced concrete walls, which are introduced to increase the stiffness of the structure so as
the torsion takes place in the 3rd mode of vibration. Elsewhere, the capacity of deformation of the civil
structure will decrease and also the capacity of the structure will accumulate deformation energy.

In the last example of the case study, the results obtained in the previous cases of multi-storey
reinforced concrete structures with continual structural elements in elevation were extended to
structures with withdrawals at the level of particular stories. This example shows that if the line
corresponding to CMs and the line corresponding to CSs coincide in a straight line, then the results
obtained from multi-storey regulated structures in elevation can be applied to multi-storey irregular
structures in elevation.
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