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Abstract: In the present study, the theory of thermoelastodynamics is considered in the case of
materials with double porosity structure and microtemperature. The novelty of this study consists
in the investigation of a backward in time problem associated with double porous thermoelastic
materials with microtemperature. In the first part of the paper, in case of the bounded domains the
impossibility of time localization of solutions is obtained. This study is equivalent to the uniqueness
of solutions for the backward in time problem. In the second part of the paper, a Phragmen-Lindelof
alternative in the case of semi-infinite cylinders is obtained.
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1. Introduction

In recent years, many authors have been interested in the study of the thermoelastic bodies with
double porosity structure. The first studies regarding the linear theory are encountered in the papers
of Barenblatt et al. [1]. The theory of thermoelastic solids with double porosity structure consists in
the study of two types of porosity: the macro porosity represented by the body’s pores and the micro
porosity represented by the fissures that appear in the skeleton. According to Barneblatt et al. [2],
Berryman et al. [3] and Khalili et al. [4], some interesting applications of materials with double porosity
structure are encountered in geophysics and according to Cowin, [5] in mechanics of bone. In the case
of elastic materials with double porosity, the basic equations contain the displacement vector field,
and two types of pressure associated with the macro and micro porosity [6–8]. The fluid pressure is
independent of the displacement vector field in the case of equilibrium theory.

Nunziato and Cowin studied, in reference [9], the behaviour of the porous bodies when the pores
are alstic and the fissures are void of material. The applications of this theory are encountered in
geology in the study of rocks and soils, in the manufacture of ceramics and pressed powders. The
theory of Nunziato and Cowin for the solids with voids was used by Iesan and Quintanilla [10] in
order to develop a theory for thermoelastic materials with double porosity. The displacement vector
field influences the porosity of material in the equilibrium case. For the linear thermoelastic solids
with voids, Quintanilla in [11] derived the impossibility of the localization in time of the solutions.

The study of the backward in time problem is very important from the thermomechanical point of
view, because it offers information about the behavior of the system in the past using the information
that is available at the present time. Usually the Saint Venant’ s principle is used for the spatial behavior
of the solutions for partial differential equations. The studies regarding the spatial decay estimates
were obtained for elliptic [12], parabolic [13,14] and hyperbolic [15] equations. The main aim of the
spatial decay estimates is to model the perturbations on a side of the boundary that are damped for the
points located at some distance from this side of the boundary. For this analysis it is necessary to use a
semi-infinite cylinder whose finite end is perturbed and the goal is to identify the effects when the
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spatial variable increases. The harmonic vibrations in thermoelastic dynamics with double porosity
structure for the backward in time problem was studied by Florea [16].

In the paper by Marin et al. [17], the unique problem of modeling a thermoelastic composite
material with dipolar structure was studied. Bazarra et al. [18] analyzed some qualitative properties in
case of solids with double porosity when the viscous dissipation is taken into consideration. Ieşan and
Quintanila, in reference [19], proved the uniqueness for the mixed boundary value problem in the case
of double porosity structure material.

The study of the localization in time of solutions is represented by the phenomenon for which
the mechanisms of dissipation are very strong, such that the solutions vanish after a finite time. The
impossibility of localization in time of solutions is an open problem because the proof of this concept
exists only in some linear situations. In the particular case of the linear thermodynamics theory of
visco-elastic solids with voids, the solution’s decay can be controlled by some particular exponential or
polynomial functions [20–24]. The problem of the impossibility of localization of solutions was proved
for the classical thermoelasticity with porous dissipation [25] and in the isotherm case with porous
and elastic viscosity [11].

The aim of this paper is to show that in the case of thermoelasticity with double porosity
structure and microtemperature, the only solution that vanishes after a finite time is the null solution,
when the mechanisms of dissipation are the double porous dissipation, the temperature and the
microtemperature. The obtained results can be also compared with those obtained in [20–24]. In the
present paper, information regarding the upper bound for the solution decay will be presented. In the
previous results [20–23], the authors proved that after a small period of time the thermomechanical
deformations are very small and they can be neglected. In this paper it will be highlighted that
they are not null for any positive time. The present study represents a continuation of the research
regarding the impossibility of localization in thermo-porous-elasticity with microtemperatures realized
by Quintanilla [26], using the results of Florea, [27]. To the best of my knowledge, this is the first
work dealing with the study of the backward in time problem in case of double porosity solids with
microtemperatures for anisotropic and homogeneous material.

This paper has two goals:

- in the first part of the paper, in case of the bounded domains the impossibility of time localization
of solutions is obtained; this study is equivalent to the uniqueness of solutions for the backward
in time problem for the case of double porous materials with microtemperature.

- in the second part of the paper, a Phragmen-Lindelof alternative in the case of semi-infinite
cylinders is obtained.

The present study is structured as follows: in the Section 2 the basic equations for the backward
in time problem in the case of materials with double porosity structure and microtemperature are
described. Also, in this section the conditions imposed on the parameters that influence the behavior
of the porous materials are presented. The impossibility of localization in time of solutions for the
backward in time problem for a double porous material with microtemperature is expressed in the
third section. It is stated here the conservation of the energy law and it is highlighted the main theorem
of the present study. For the particular case of a semi-infinite cylinder a Phragmen-Lindelof alternative
is obtained in Section 4. In the last section of the paper are drawn the conclusions of the present study.

2. Basic Equations for the Double Porous Materials with Microtemperature

In this study an open domain D of the three-dimensional space occupied by a body with a double
porosity structure is considered. By D is denoted the closure of D and the smooth piecewise boundary
of the considered domain is noted by ∂D.

The behavior of a thermoelastic body with double porosity structure is caracterized by the
following functions that depends on the material point x ∈ D and the time variable t ∈ [0, t0]: ui the
displacement vector field over D, φ, ψ the volume fraction fields in the reference configuration.
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The equations of evolution that govern the problem of thermoelasticity with double porosity
structure for the materials with microtemperature in the absence of the supply terms are, [20,21]:

tji,j = ρüi

σj,j + ξ = k1φ̈ (1)

τj,j + ζ = k2ψ̈

where: tji are the stress tensors, ρ is the mass density, ξ, ζ are the intrinsic equilibrated body forces,
k1, k2 are the coefficients of equilibrated inertia.

The equation of energy is:

ρT0η̇ = Qj,j (2)

The equation of the first moment of energy is given by the following relation:

ρε̇i = Qji,j + Qi − qi (3)

In the equations below there are the following: η is the entropy, T0 is the constant absolute
temperature of the body in the reference configuration, Qj is the heat flux, εi represent the first moment
of energy vector, Qji is the first heat flux moment tensor and qi is the microheat flux average.

It is considered in this study that the material is centrosymmetric. In the context of the theory
of the homogeneous thermoelastic bodies with double porosity structure and microtemperature the
constitutive equations are:

tij = Cijkluk,l + Bijφ + Dijψ− βijθ

σi = αijφ,j + bijψ,j − NijTj

τi = bjiφ,j + γijψ,j −MijTj

ξ = −Bijui,j − α1φ− α3ψ + γ1θ (4)

ζ = −Dijui,j − α3φ− α2ψ + γ2θ

ρη = βijui,j + γ1φ + γ2ψ + aθ

Qi = κijθ,j + LijTj

ρεi = −Nijφ,j −Mjiψ,j − PijTj

Qij = −AijrsTs,r

qi = (Lij − Rij)Tj + (κij − λij)θ,j

where Cijkl is the elasticity tensor, βij is the thermal dilatation tensor, κij is the heat conductivity
tensor, βij is the tensor of thermal dilatation, Bij, Dij, αij, bij, γij, α1, α2, α3, γ1, γ2, a are typical functions
in double porous theory and Nij, Mij, Rij, λij, Aijrs are tensors which are usual in the theories with
microtemperatures. In the constitutive Equation (4) θ represents the temperature and Ti are the
microtemperatures.

Introducing (4) in (1) the system of the field equations for the thermoelasticity with double
porosity and microtemperatures is obtained:

ρüi =
(

Cjikluk,l + Bjiφ + Dijψ− βijθ
)

,j
(5a)

k1φ̈ =
(
αijφ,i + bijψ,i − NijTj

)
,j − Bijui,j − α1φ− α3ψ + γ1θ (5b)

k2ψ̈ =
(
bijφ,i + γijψ,i −MijTj

)
,j − Dijui,j − α3φ− α2ψ + γ2θ (5c)
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aθ̇ = −βiju̇i,j − γ1φ̇− γ2ψ̇ +
1
T0

(
κijθ,j + LijTj

)
,j (5d*)

PijṪj =
(

AijrsTs,r
)

,j − RijTj − λijθ,j − Nijφ̇,j −Mijψ̇,j (5e*)

Proving the uniqueness of the solution of the backward in time problem, implies the impossibility
of localization of the solutions of the above system. The system of equations which describes the
backward in time problem is given by the same set of equations as (5a)–(5c) while (5d*) and (5e*)
change into:

aθ̇ = −βiju̇i,j − γ1φ̇− γ2ψ̇− 1
T0

(
κijθ,j + LijTj

)
,j (5d)

PijṪj = −
(

AijrsTs,r
)

,j + RijTj + λijθ,j − Nijφ̇,j −Mijψ̇,j (5e)

Because the constitutive coefficients are symmetric it results that:

Cijkl = Cklij; αij = αji; bij = bji; Bij = Bji, Dij = Dji.

For the case of anisotropic and homogeneous material the tensors Aijrs, Pij, Nij, Mij, Lij, Rij, λij are
also symmetric:

Aijkl = Alkij, Pij = Pji, Mij = Mji, Lij = Lji, Nij = Nji, Rij = Rji, λij = λji.

In the context of theories with microtemperature as a consequence of Clausius-Duhem inequality,
the following assumption is made, [20]:

κijθ,i +
(

Lij + T0λij
)

θ,jTi + T0RijTiTj + T0 AjirsTi,jTs,r ≥ 0 (6)

In order to obtain the estimated results it is necessary to impose the positivity of several functions
and tensors:

ρ(X) ≥ ρ0 > 0; k1(X) ≥ k1
0 > 0; k2(x) ≥ k2

0 > 0; (a1)

a(x) ≥ a0 > 0; Pijξiξ j ≥ p0ξiξi, p0 > 0

κijξiξ j + (Lij + T0λij)ξ jζi + T0Rijζiζ j ≥ C0(ξiξi + ζiζi), C0 > 0, (∀)ξiζi (a2)

Cijklui,juk,l + αijφ,iφ,j + γijψ,iψ,j + 2bijφ,iψ,j + 2Bijui,jφ + 2Dijui,jψ+

+α1φ2 + α2ψ2 + 2α3φψ ≥ C∗
(

ui,jui,j + φ,iφ,i + ψ,i + ψ,i + φ2 + ψ2
)

, (a3)

αijξiξ j ≥ 0; bijξiξ j ≥ 0, (∀)ξi

Ajirsξijξsr ≥ C1ξijξij, C1 > 0, (∀)ξij (a4)

The assumption (a1) is related to the thermomechanical characteristics, (a2) and (a4) are
consequences of the Clausius-Duhem inequality, (a3) gives the information that the internal energy is
positive and may be expressed based on the theory of mechanical stability.

3. Main Results Regarding the Impossibility of Localization in Time

Let us consider a bounded domain B with the boundary ∂B. The study of impossibility of
localization in time for solutions of the backward in time problem is equivalent with the study of the
uniqueness of solutions for the mentioned problem given by the system of Equations (5a)–(5e). For the
backward in time problem for the solids with double porosity structure and microtempetarures in
order to prove the uniqueness of solutions it is sufficient to show that only the null solution satisfies
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the problem with null initial and boundary conditions. In the next computations it is assumed that the
domain B is smooth enough to apply the divergence theorem.

The initial conditions are:

ui(X, 0) = u̇i(X, 0) = φ(X, 0) = φ̇(X, 0) = 0
ψ(X, 0) = ψ̇(X, 0) = θ(X, 0) = 0, Ti(X, 0) = 0 X ∈ B

(7)

and the boundary conditions:

ui(X, t) = φ(X, t) = ψ(X, t) = θ(X, t) = Ti(X, 0) = 0, X ∈ ∂B, t ≥ 0 (8)

The aim of this section is to obtain the energy relation for the double porous material with
microtemperature. Multiplying (5a) by u̇i, (5b) by φ̇, (5c) by ψ̇, (5d) by θ and (5e) by Tj, the obtained
relations will be integrated on [0, t] and they will be summed. Using the principle of conservation of
energy, the divergence theorem and the boundary conditions, the following relation is obtained:

E1(t) =
1
2

∫
B

(
ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTjTj + Cijklui,juk,l + 2Bijφui,j+

+ 2Dijψui,j + αijφ,jφ,j + γijψ,jψ,j + 2bijψ,jφ,j + α1φ2 + 2α3φψ + α2ψ2
)

dV = (9)

=

t∫
0

∫
B

[
1
T0

(
κijθ,iθ,j + LijTiθ,j

)
+ AijrsTs,rTi,j + RijTiTj + λijθ,jTi

]
dVds

Using the same procedure of multiplying the Equations (5a) by u̇i, (5b) by φ̇, (5c) by ψ̇, (5d) by
−θ and (5e) by −Tj, integrating on [0, t] and using the divergence theorem the following expression
is derived:

E2(t) =
1
2

∫
B

(
ρu̇iu̇i + k1φ2 + k2ψ2 − aθ2 − PijTjTj + Cijkluk,lui,j + 2Bijφui,j + 2Dijψui,j +

+αijφ,jφ,j + 2bijψ,jφ,j + α1φ22α3φψ + γijψ,jψ,j + α2ψ2
)

dV =

= −
t∫

0

 1
T0

∫
B

(
κijθ,jθ,j + LijTjθ,j + AijrsTs,rTj,i + RijTjTj + λijθ,jTj

)
dV

 ds+

+

t∫
0

∫
B

[(
βijθ

)
,j u̇i −

(
MijTj

)
ψ̇−

(
NijTj

)
φ̇ + γ1θφ̇ + γ2θψ̇

]
dVds

(10)

Taking into consideration the Equations (5a)–(5e), the initial and boundary conditions, (7), (8), the
following identity is obtained:∫

B

(
ρu̇iu̇i + k1φ̇2 + k2ψ̇2 − aθ2 − PijTjTj

)
dV =

∫
B

(
Cijklui,juk,l + αijφ,iφ,j + γijψ,iψ,j + 2bijψ,jφ,i+

+2Bijui,jφ + 2Dijui,jψ + α1φ2 + α2ψ2 + 2α3φψ
)

dV

(11)

The impossibility of localization of the solutions in the theory with double porosity and
microtemperature is proved in the following theorem.

Theorem 1. Let (ui, φ, ψ, θ, Ti) be a solution of the backward in time problem (5a)–(5e) with the initial
conditions (7) and the boundary conditions (8). The only solution of the mentioned problem is the null solution
ui = 0, φ = 0, ψ = 0, θ = 0, Ti = 0.
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Proof. Replacing (11) into (10) it is obtained a new expression for E2(t):

E2(t) =
∫
B

(
Cijklui,juk,l + αijφ,iφ,j + γijψ,iψ,j + 2bijφ,iψ,j + 2Bijui,jφ+

+ 2Dijui,jψ + α1φ2 + α2ψ2 + 2α3φψ
)

dV =

= −
t∫

0

∫
B

1
T0

(
κijθ,iθ,j + Lijθ,jTi + T0 AijrsTs,rTj,i + T0RijTiTj + T0λijθ,jTi

)
dVds+

+

t∫
0

∫
B

[
(βijθ),j − (MijTi),jψ̇− (NijTi),jφ̇ + γ1θφ̇ + γ2θψ̇

]
dVds

The energy can be expressed under the bellow form, for a positive constant ε, small enough:

E(t) = E2(t) + εE1(t), ε ∈ (0, 1)

Taking into account that E(t) is a positive function, the energy can be expressed as follows:

E(t) =
ε

2

∫
B

(
ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTiTj

)
dV+

+
2 + ε

2

∫
B

(
Cijklui,juk,l + αi,jφ,iφ,j + γijψ,iψ,j + 2bijφ,iψ,j + 2Bijui,jφ + 2Dijui,jψ+

+ α1φ2 + α2ψ2 + 2α3φψ
)

dV

On the other hand,

E(t) =−
t∫

0

∫
B

1
T0

(
κijθ,iθ,j + Lijθ,jTi + T0 AijrsTs,rTj,i + T0RijTiTj + T0λijθ,jTi

)
dVds+

+

t∫
0

∫
B

[
(βijθ),ju̇i − (MijTi),jψ̇− (NijTi),jφ̇ + γ1θφ̇ + γ2θψ̇

]
dVds+

+ε

t∫
0

∫
B

1
T0

(
κijθ,iθ,j + LijTiθ,j + T0 AijrsTs,rTj,i + T0RijTiTj + T0λijTiθ,j

)
dVds

The above relation yields, for ε ∈ (0, 1):

E(t) =− (1− ε)

t∫
0

∫
B

1
T0

(
κijθ,iθ,j + Lijθ,jTi + T0 AijrsTs,rTj,i + T0RijTiTj + T0λijTiθ,j

)
dVds+

+

t∫
0

∫
B

[
(βijθ),ju̇i − (MijTi),jψ̇− (NijTi),jφ̇ + γ1θφ̇ + γ2θψ̇

]
dVds

from where:

dE(t)
dt

=− (1− ε)
∫
B

1
T0

(
κijθ,iθ,j ++Lijθ,jTi + T0 AijrsTs,rTj,i + T0RijTiTj + T0λijTiθ,j

)
dVds+

+
∫
B

[
(βijθ),ju̇i − (MijTi),jψ̇− (NijTi),jφ̇ + γ1θφ̇ + γ2θψ̇

]
dVds
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but, ∫
B

(
βijθ

)
,j u̇idV =

∫
B

βij,jθu̇idV +
∫
B

βijθ,ju̇idV

The inequality of arithmetic and geometric means implies that:∫
B

(
βijθ

)
,j u̇idV ≤ C1

∫
B

(
ρu̇iu̇i + aθ2

)
dV + ε1

∫
B

κijθ,iθ,jdV

where ε1 is small enough, C1 is a positive constant that can be determined based on the constitutive
coefficients and ε1; ∫

B

(MijTi), jψ̇dV ≤ C2

∫
B

(
k2φ̇2 + PijTiTj

)
dV

where C2 can be determined. Therefore, there is a positive constant C such that:

dE
dt
≤ C

∫
B

(
ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTiTj

)
dV

which is equivalent with the estimate:

dE
dt
≤ C∗E(t)⇔ dE

E
≤ C∗dt⇔ ln E ≤ C∗t + C ⇔ E(t) ≤ CeC∗t.

The estimate:
E(t) ≤ E(0)eC∗t

is valid for t = 0. However, the initial condition leads us to E(t) = 0 for every t ≥ 0 that is
equivalent with:

u̇i = 0; φ̇ = 0; ψ̇ = 0; θ = 0; Ti(t) = 0⇔ ui = C1; φ = C2; ψ = C3; θ = Ti = 0

taking into account the initial conditions (7) it is obtained that the solution for the considered problem
is the null solution:

ui = 0; φ = 0; ψ = 0; θ = 0; Ti = 0

4. Phragmen-Lindelof Alternative for the Solution of Backward in Time Problem with Double
Porosity and Microtemperature

A semi-infinite prismatic cylinder B = D× [0, ∞) is considered, which is occupied by a body with
a double porosity structure with micro-temperature. D denotes the cross section in the cylinder. The
boundary of the section is a piece-wise continuously differentiable curve denoted by ∂D sufficiently
smooth to admit application of divergence theorem. The lateral surface of the cylinder is Π =

∂D× (0, ∞). The cylinder is assumed to be free of load on the lateral boundary surface.
The lateral boundary conditions are:

ui(X, t) = 0; φ(X, t) = 0; ψ(X, t) = 0; θ(X, t) = 0; Ti(X, T) = 0(X, t) ∈ Π× (0, ∞) (12)

On the base of the cylinder the following boundary conditions are assumed:

ui(x1, x2, 0, t) = ũi; φ(x1, x2, 0, t) = φ̃;

ψ(x1, x2, 0, t) = ψ̃; θ(x1, x2, 0, t) = θ̃; Ti(x1, x2, 0, t) = T̃i (13)
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For the solution of the problem determined by the system (5a)–(5e) with initial condition (12)
and boundary condition (13) the goal is to obtain a Phragmen-Lindelof alternative necessary for
the interpretation of the behavior of the solution of the boundary value problem. The main aim in
this section is to estimate the absolute value of the defined function Hω from (14) by means of its
spatial derivative.

Given the function:

Hω(z, t) =
t∫

0

∫
D(z)

e−2ωs [Ci3kluk,l + Bi3φ + Di3ψ− β3iθ] u̇idads+

+

t∫
0

∫
D(z)

e−2ωs [αi3φ,i + bi3ψ,i − Ni3Ti] φ̇dads+

+

t∫
0

∫
D(z)

e−2ωs [b3iφ,i + γi3ψ,i −Mi3Ti] ψ̇dads+

+

t∫
0

∫
D(z)

e−2ωs 1
T0

[κi3θ,i + Li3Ti] θdads

+

t∫
0

∫
D(z)

e−2ωs (A3irsTs,r + Ri3Ti + λijθ,i
)

Tidads

(14)

Here D(z) = {X ∈ B|x3 = z} denotes the cross section of the cylinder at a distance z from the
base. Through means of the divergence theorem and employing the field equations, boundary and
initial conditions is obtained:

Hω(z + h, t)− Hω(z, t) =
1
2

∫
R(z+h,z)

χω(t)dV, (∀)h > 0 (15)

where R(z + h, z) = {X ∈ B|z < x3 < z + h}.
The internal energy is:

Φ = ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTjTj + Cijklui,juk,l ++2Bijui,jφ + 2Dijui,jψ+

+ αijφ,iφ,j + γijψ,iψ,j + 2bijφ,iφ,j + α1φ2 + α2ψ2 + 2α3φψ
(16)

such that:

χω(t) = e−2ωtΦ(t) +
t∫

0

e−2ωs
[

2ωΦ(s) + 2
κij

T0
θ,i(s)θ,j(s) + 2

Lij

T0
θ,iTj(s)

+ 2AijrsTs,r(s)Ti,j(s) + 2RijTi(s)Tj(s) + 2λijθ,iTj(s)
]

ds

(17)

From (15) it results:
∂Hω

∂z
=

1
2

∫
D(z)

χω(t)dz

that leads to the following relation:

∂Hω

∂z
=

e−2ωt

2

∫
D(z)

Φ(t)da +
t∫

0

∫
D(z)

e−2ωs [ωΦ(s) + W] dads (18)
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where,

W =
κij

T0
θ,iθ,j +

Lij

T0
θ,iTj + AijrsTs,rTi,j + RijTiTj + 2λijθ,iTj

Further, the aim is to estimate the absolute value of Hω in terms of spatial derivatives, in order to
get a differential inequality, such that:

|Hω | ≤ Cω
∂Hω

∂z
, (∀)z ≥ 0 (19)

The above inequality is known in the literature of specialty reagarding the spatial estimate as
Phragmén-Lindelöf alternative.

Under the assumption (a3) the internal energy from (16) leads us to the following inequality:

Φ ≥ ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTiTi + C∗
(

ui,jui,i + φ,iφ,i + ψ,iψ,i + φ2 + ψ2
)

Therefore the relation (15) yields:

Hω(z + h, t)− Hω(z, t) ≥

≥ 1
2

∫
R

e−2ωs
[
ρu̇iu̇i + k1φ̇2 + k2ψ̇2 + aθ2 + PijTiTi + C∗

(
ui,jui,i + φ,iφ,i + ψ,iψ,i + φ2 + ψ2

)]
da+

+

t∫
0

∫
R

e−2ωs
{

ω
[
k1φ̇2 + k2ψ̇2 + aθ2 + PijTiTi + C∗

(
ui,jui,i + φ,iφ,i + ψ,iψ,i + φ2 + ψ2

)]
+ κijθ,iθ,i

+
κij

T0
θ,iθ,i +

Lij

T0
θ,iTi + AijrsTi,jTi,j + RijTiTi + λijθ,iTi

}
dads

Based on the inequality of arithmetic and geometric means and also the Cauchy-Schwarz
inequality it results that:

|Hω(z, t)| ≤ Cω

 e−2ωt

2

∫
D(z)

Φ(t)dz +
t∫

0

∫
D(z)

ωe−2ωsΦ(s)dads+

+

t∫
0

∫
D(z)

e−2ωs
[

1
T0

(
κijθ,iθ,j + LijTiθ,j

)
+ AijrsTi,jTr,s + RijTiTj + λijTiθ,j

]
dads

Thus the alternative (19) was proved.
From the inequality (19) the following two inequalities can be extracted:

−∂Hω

∂z
≤ 1

Cω
Hω and

∂Hω

∂z
≥ 1

Cω
Hω (20)

Taking into consideration the computations from Flavin et al., [15] two estimates are obtained:

Hω(z, t) ≥ Hω(z0, t)e
z−z0
Cω (21)

(∀)z ≥ z0, z0 > 0 and Hω(z0, t) > 0 that lead to: lim
z→∞

e−
z

C∞
∫

R(z)
χω(t)dv > 0 and

−Hω(z, t) ≤ Hω(z0, t)e
−z
Cω (22)
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(∀)z ≥ 0 and Hω(z, t) ≤ 0. From (22) it is obvious that Hω(z, t)→ 0 for z→ ∞.
Let us introduce the following estimate:

Eω(z, t) =
e−2ωt

2

∫
R(z))

Φ(t)dz +
t∫

0

∫
R(z)

e−2ωs
[

ωΦ(s) +
1
T0

(
κijθ,iθ,j + LijTiθ,j

)
+ AijrsTi,jTr,s + RijTiTj + λijTiθ,j

]
dads

(23)

where R(z) = {X ∈ B|z < x3}. Based on (22) it is observed that:

Eω(z, t) ≤ Eω(0, t)e−
z

Cω , z ≥ 0 (24)

Now, the following conclusions can be drawn: if (ui, φ, ψ, θ, Ti) is a solution of the
backward in time problem defined by the system (5a)–(5e) with the null initial conditions (7) and
boundary conditions (8) there are two situations: the solution satisfies the asymptotic condition:
lim
z→∞

e−
z

Cω
∫

R(z)
χω(t)dv > 0 pr it satisfies the decay estimate (22). This study can continue with obtaining

of the upper bound for the amplitude Eω(0, t) in terms of the boundary conditions, but this analysis
will be the subject of another paper.

5. Conclusions

In this paper, two goals were achieved: the impossibility of time localization of solutions in case
of the bounded domains and a Phragmen-Lindelof alternative in the case of semi-infinite cylinders
were obtained. To the best of my knowledge this is the first study dealing with this two problems in
the context of thermoelaticity of double porosity for anisotropic and homogeneous materials with
microtemperatures.

The uniqueness of the solutions for the backward in time problem in case of the materials with
double porosity structure with microtemperature was proved. The conclusion that for the backward in
time problem the only solution that vanishes is the null solution for every t > 0 is drawn. In the case
of linear thermoelastic theories, these results cannot certify that the thermomechanical deformations
from double porous bodies with microtemperature vanish after a finite time. In this situation, it is
necessary that time should be unbounded to guarantee that the fraction of volumes becomes the same
as the reference configuration. A function that defines a measure on the solutions was obtained and the
usual exponential type alternative for the solutions of the problem defined in a semi-infinite cylinder
was deduced.
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