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with Finite Families of Octahedrons
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Abstract. In a previous work (Chaos Solitons Fract 173:113674, 2023),
we presented a method for finding a finite family of closed balls whose
union contains the attractor of a given iterated function system. In this
paper, for the particular framework of fractal interpolation surfaces, we
provide an improved version of it. This approach is more efficient, from
the computational point of view, as it is based on finding the maximum
of certain sets, in contrast to the previous method which uses a sorting
algorithm.
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1. Introduction

Iterated function systems were first introduced by Hutchinson [17] and later
gained prominence through the work of M. Barnsley. These systems are de-
fined as pairs S := ((X, d), (fi)i∈I), where (X, d) is a complete metric space, I
is a nonempty finite index set, and each function fi : X → X is a contraction.

A key concept associated with iterated function systems is the fractal
operator, FS : Pcp(X) → Pcp(X), given by

FS(K) =
⋃

i∈I

fi(K),

for all K ∈ Pcp(X), where Pcp(X) represents the collection of all nonempty
compact subsets of X. It can be shown that, with respect to the Hausdorff–
Pompeiu metric h, this operator is a contraction. Since (Pcp(X), h) is a com-
plete metric space, the Banach fixed-point theorem ensures the existence of
a unique fixed point, referred to as the attractor of the system, denoted by
AS .

http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-025-02841-2&domain=pdf
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Barnsley used the framework of iterated function systems to initiate the
theory of fractal interpolation functions, a method for constructing continu-
ous functions that interpolate given data while exhibiting fractal-like prop-
erties. Given a dataset of N + 1 points

{(xi, yi) | i ∈ {0, 1, . . . , N}} ⊆ [x0, xN ] × R,

this approach generates a continuous function f : [x0, xN ] → R that satisfies

f(xi) = yi,

for all i, while ensuring that its graph is the attractor of a carefully designed
iterated function system. This method is particularly well suited for mod-
eling irregular and complex curves and surfaces, with applications spanning
computer graphics, metallurgy, geology, and seismology. Further details can
be found in [2], along with generalizations in [3,4].

Fractal interpolation has also been extended to surfaces. Massopust [22]
developed an approach for constructing fractal interpolation surfaces over tri-
angular regions, assuming that the interpolation points along the boundary
lie in a common plane. Further related results are discussed in [19]. Geronimo
and Hardin [15] proposed algorithms for generating fractal interpolation sur-
faces over arbitrary polygonal regions, allowing interpolation at unrestricted
points; a broader generalization of this work can be found in [36]. In a dif-
ferent direction, Hardin and Massopust [16] explored multivariable fractal
functions in R

m. Other notable contributions include the work of Dalla [11],
as well as Xie and Sun [32], who constructed bivariate fractal interpolation
functions over rectangular domains in R

2, where interpolation points along
each edge are collinear. These ideas have been further developed in [13,21].

An alternative construction for fractal interpolation surfaces, based on
fractal interpolation functions, is presented in [6], with further generalizations
in [35]. Additional works exploring generalizations of fractal interpolation
surfaces can be found in [4,5,9,10,12,14,18,20,23–31]. These methods have
found numerous practical applications, including surface approximation in
geology and materials science [33], terrain modeling [34], planetary surface
reconstruction [8], and image compression [7].

A crucial aspect of working with iterated function systems involves esti-
mating the attractor’s structure. In [1], we proposed a method for construct-
ing a finite collection of closed balls whose union contains the attractor, a
result particularly useful in approximating its box-counting dimension. More
precisely, given an iterated function system S = ((X, d), (fi)i∈I) with at least
two functions, we considered ρi ∈ [0,∞), i ∈ I, satisfying

ρi = Lip(fi)
(

max
i,j∈I

d(ei, ej) + max
j∈I\{i}

ρj

)
,(∗)

where ei is the unique fixed point of fi and Lip(fi) is its Lipschitz constant.
In this case, the attractor AS is contained within

⋃
i∈I B[ei, ρi].

To find a solution of (∗), we initially relabeled the functions fi in increas-
ing order of their Lipschitz constants, a computationally inefficient approach.
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In this paper, we refine this method and adapt it to the specific context
of fractal interpolation surfaces. A primary challenge in this setting is deter-
mining explicit values for Lip(fi) from the given data. However, following the
approach in [11], one can find some constants ci ∈ [0, 1) such that

d(fi(x), fi(y)) ≤ cid(x, y), ∀x, y ∈ X.

By substituting Lip(fi) with these constants ci, we preserve the validity of
our previous results while improving computational efficiency. Rather than
ordering the Lipschitz constants, we propose a more direct approach by iden-
tifying max

i∈I
ci and max

j∈I,cj �=maxi∈I ci
cj . This alternative method eliminates un-

necessary computations while ensuring accuracy in estimating the attractor’s
structure. The paper also presents graphical representations that illustrate
these covers for fractal interpolation surfaces.

By refining existing techniques and introducing a more computationally
efficient approach, this work contributes to the broader study of fractal in-
terpolation, providing new insights into the approximation and visualization
of complex surfaces.

2. Preliminaries

2.1. Notation and Basic Definitions

Given a metric space (X, d), x ∈ X and r > 0 we shall use the following
notation:

• B[x, r] = {y ∈ X | d(y, x) ≤ r}
• Pcp(X) = {A ⊆ X|A is non-empty and compact}
• h is the Hausdorff–Pompeiu metric.

For a Lipschitz function f : X → X we shall denote by Lip(f) the
Lipschitz constant of f .

Definition 2.1. An iterated function system (for short IFS) is a pair S =
((X, d), (fi)i∈I), where (X, d) is a complete metric space and fi : X → X,
i ∈ I, are Banach contractions.

The function FS : Pcp(X) → Pcp(X), given by

FS(K) =
⋃

i∈I

fi(K),

for every K ∈ Pcp(X), is called the fractal operator (or the Hutchinson
operator) associated with S.

Proposition 2.1. If S = ((X, d), (fi)i∈I) is an iterated function system, then
FS is a contraction with respect to h. Its unique fixed point is denoted by AS
and it is called the attractor of S since

lim
n→∞ (FS ◦ FS ◦ · · · ◦ FS)︸ ︷︷ ︸

n times

(K) = AS ,

for each K ∈ Pcp(X).
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2.2. Fractal Interpolation Surfaces

In this section, following [11], we present the basic facts concerning fractal
interpolation surfaces.

Let I = [a, b], J = [c, d] and the data set D = {(xk, yl, zk,l) ∈ R
3|k ∈

{0, 1, . . . , n}, l ∈ {0, 1, . . . ,m}} be such that

a = x0 < x1 < · · · < xn−1 < xn = b,

c = y0 < y1 < · · · < ym−1 < ym = d,

and each of the sets
{(x0, yl, z0,l)|l ∈ {0, 1, . . . ,m}},
{(xn, yl, zn,l)|l ∈ {0, 1, . . . ,m}},
{(xk, y0, zk,0)|k ∈ {0, 1, . . . , n}},
{(xk, ym, zk,m)|k ∈ {0, 1, . . . , n}}

(∗∗)

consists of collinear points.
For k ∈ {1, . . . , n} and l ∈ {1, . . . , m} we define the function Fk,l :

I × J × R → I × J × R, by

Fk,l(x, y, z) = (akx + bk, cly + dl, ek,lx + fk,ly + gk,lz + αk,lxy + βk,l),

for all (x, y, z) ∈ I×J×R, where the coefficients ak, bk, cl, dl, ek,l, fk,l, gk,l, αk,l

and βk,l are chosen such that

Fk,l(x0, y0, z0,0) = (xk−1, yl−1, zk−1,l−1),
Fk,l(xn, y0, zn,0) = (xk, yl−1, zk,l−1),

Fk,l(x0, ym, z0,m) = (xk−1, yl, zk−1,l)

and

Fk,l(xn, ym, zn,m) = (xk, yl, zk,l).

Equivalently, we obtain the following systems of equations
⎧
⎪⎨

⎪⎩

akx0 + bk = xk−1

cly0 + dl = yl−1

ek,lx0 + fk,ly0 + gk,lz0,0 + αk,lx0y0 + βk,l = zk−1,l−1

,

⎧
⎪⎨

⎪⎩

akxn + bk = xk

cly0 + dl = yl−1

ek,lxn + fk,ly0 + gk,lzn,0 + αk,lxny0 + βk,l = zk,l−1

,

⎧
⎪⎨

⎪⎩

akx0 + bk = xk−1

clym + dl = yl

ek,lx0 + fk,lym + gk,lz0,m + αklx0ym + βk,l = zk−1,l

and ⎧
⎪⎨

⎪⎩

akxn + bk = xk

clym + dl = yl

ek,lxn + fk,lym + gk,lzn,m + αk,lxnym + βk,l = zk,l

.
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From the first two equations of each system we obtain

ak =
xk − xk−1

xn − x0
, bk =

xk−1xn − xkx0

xn − x0
, cl =

yl − yl−1

ym − y0
and dl =

yl−1ym − yly0

ym − y0
.

From the remaining equations we find
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ek,lxn + fk,lym + gk,lzn,m + αk,lxnym + βk,l = zk,l

ek,lx0 + fk,lym + gk,lz0,m + αk,lx0ym + βk,l = zk−1,l

ek,lxn + fk,ly0 + gk,lzn,0 + αk,lxny0 + βk,l = zk,l−1

ek,lx0 + fk,ly0 + gk,lz0,0 + αk,lx0y0 + βk,l = zk−1,l−1

and, with the notation

pk,l = zk,l − gk,lzn,m, qk,l = zk−1,l − gk,lz0,m,

rk,l = zk,l−1 − gk,lzn,0 and tk,l = zk−1,l−1 − gk,lz0,0,

we get
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ek,lxn + fk,lym + αk,lxnym + βk,l = pk,l

ek,lx0 + fk,lym + αk,lx0ym + βk,l = qk,l

ek,lxn + fk,ly0 + αk,lxny0 + βk,l = rk,l

ek,lx0 + fk,ly0 + αk,lx0y0 + βk,l = tk,l

.

Hence,
{

ek,l + αk,lym = pk,l−qk,l

xn−x0

ek,l + αk,ly0 = rk,l−tk,l

xn−x0

and

{
fk,l + αk,lxn = pk,l−rk,l

ym−y0

fk,l + αk,lx0 = qk,l−tk,l

ym−y0

.

Therefore, for gk,l arbitrarily chosen in (0, 1), we have

αk,l =
pk,l − qk,l − rk,l + tk,l

(xn − x0)(ym − y0)
,

ek,l =
y0(qk,l − pk,l) − ym(tk,l − rk,l)

(xn − x0)(ym − y0)
,

fk,l =
x0(rk,l − pk,l) − xn(tk,l − qk,l)

(xn − x0)(ym − y0)

and

βk,l =
y0(x0pk,l − xnqk,l) − ym(x0rk,l − xntk,l)

(xn − x0)(ym − y0)
.

Furthermore, we define δ := max{|a|, |b|, |c|, |d|} and θ = min {θ1, θ2},
where

θ1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1,
e1,1 = · · · = en,m = 0
α1,1 = · · · = αn,m = 0

1 − max
k∈{1,...,n}

ak

2 max
k∈{1,...,n}
l∈{1,...,m}

(|ek,l| + δ|αk,l|) , otherwise
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and

θ2 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1,
f1,1 = · · · = fn,m = 0
α1,1 = · · · = αn,m = 0

1 − max
l∈{1,...,m}

cl

2 max
k∈{1,...,n}
l∈{1,...,m}

(|fk,l| + δ|αk,l|) , otherwise.

On R
3 × R

3 we define the metric ρ : R3 × R
3 → [0,∞), given by

ρ((x, y, z), (x′, y′, z′)) = |x − x′| + |y − y′| + θ|z − z′|,
for all (x, y, z), (x′, y′, z′) ∈ R

3.
With these preparations we can show the following:

Lemma 2.1. Fk,l is a contraction with respect to ρ for all k ∈ {1, . . . , n} and
� ∈ {1, . . . , m}.
Proof. For k ∈ {1, . . . , n} and � ∈ {1, . . . , m} arbitrarily chosen, but fixed,
we have

ρ(Fk,l(x, y, z), Fk,l(x′, y′, z′)) = ak|x − x′| + cl|y − y′|
+ θ|ek,l(x − x′) + fk,l(y − y′) + gk,l(z − z′) + αk,l(xy − x′y′)|

≤ (ak + θ|ek,l|)|x − x′| + (cl + θ|fk,l|)|y − y′|
+ θgk,l|z − z′| + θ|αk,l||x(y − y′) + y′(x − x′)|

≤ [ak + θ(|ek,l| + δ|αk,l|)]|x − x′|
+ [cl + θ(|fk,l| + δ|αk,l|)]|y − y′| + θgk,l|z − z′|

≤ Ck,lρ((x, y, z), (x′, y′, z′)),

for all (x, y, z), (x′, y′, z′) ∈ I × J × R, where

Ck,l = max {ak + θ(|ek,l| + δ|αk,l|), cl + θ(|fk,l| + δ|αk,l|), gk,l} < 1.

�
Theorem 2.1 (Proposition 2.2 from [11]). There exists a continuous function
f : I × J → R having the following two properties:
1. For all k ∈ {0, 1, . . . , n} and l ∈ {0, 1, . . . ,m}

f(xk, yl) = zk,l,

i.e. f interpolates D.
2. If S is the IFS ((I × J × R, ρ), (Fk,l)k∈{1,...,n},l∈{1,...,m}), then

Gf = AS .

Note that, in view of Sect. 2.2, from [11], the collinearity condition (∗∗)
is not restrictive.

3. Main Results

We shall first show that the results from [1] remain valid under a broader
assumption.
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3.1. Covers with a Finite Family of Closed Balls of the Attractor of an IFS

In the sequel, we consider
• S = ((X, d), (fi)i∈{1,...,n}) an iterated function system consisting of con-

tractions, with n ≥ 2
• γi the unique fixed point of fi, where i ∈ {1, . . . , n}
• ci ∈ [0, 1) such that d(fi(x), fi(x)) ≤ cid(x, y) for all x, y ∈ X, where

i ∈ {1, . . . , n}
• i′ ∈ {1, . . . , n} such that ci′ = max{c1, . . . , cn}
• i′′ ∈ {1, . . . , n} \ {i′} such that ci′′ = max{ci | i ∈ {1, . . . , n}\{i′}}
• M = maxi,j∈{1,...,n} d(γi, γj).
• The system S, with the unknowns ρ1, . . . ρn, consisting on the following

n equations:

ρi = ci

(
M + max

j∈{1,...,n}\{i}
ρj

)
,

where i ∈ {1, . . . , n}.

The reasoning behind Proposition 3.3 from [1] guarantees the validity
of the following result:

Proposition 3.1. Within the given framework, the attractor satisfies

AS ⊆
⋃

i∈{1,...,n}
B[γi, ρi],

for any solution ρ1, . . . , ρn of the system S.

Proposition 3.2. Under the same framework, the values

ρi′ = Mci′
1 + ci′′

1 − ci′ci′′

and

ρi = Mci
1 + ci′

1 − ci′ci′′
,

for all i ∈ {1, . . . , n} \ {i′}, constitute a solution of the system S.

Proof. We begin by establishing the following claim
Claim.

ρi′ ≥ ρi′′ ≥ ρi,

for all i ∈ {1, . . . , n} \ {i′}.
Justification of the Claim. We have

ci′′(1 + ci′) = ci′′ + ci′ci′′ ≤ ci′ + ci′ci′′ = ci′(1 + ci′′),

so

ρi′′ = Mci′′
1 + ci′

1 − ci′ci′′
≤ Mci′

1 + ci′′

1 − ci′ci′′
= ρi′ .

Since ci′′ ≥ ci for all i ∈ {1, . . . , n}\{i′}, we have

ρi = Mci
1 + ci′

1 − ci′ci′′
≤ Mci′′

1 + ci′

1 − ci′ci′′
= ρi′′ ,
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for all i ∈ {1, . . . , n} \ {i′}. Hence, the proof of the Claim is complete.
Therefore

max
j∈{1,...,n}\{i′}

ρj = ρi′′ . (1)

and
max

j∈{1,...,n}\{i}
ρj = ρi′ , (2)

for all i ∈ {1, . . . , n} \ {i′}.
We have

ρi′ = Mci′
1 + ci′′

1 − ci′ci′′
= Mci′

1 − ci′ci′′ + ci′ci′′ + ci′′

1 − ci′ci′′

= ci′

(
M + Mci′′

1 + ci′

1 − ci′ci′′

)
= ci′ (M + ρi′′)

(1)
= ci′

(
M + max

j∈{1,...,n}\{i′}
ρj

)

and

ρi = Mci
1 + ci′

1 − ci′ci′′
= Mci

1 − ci′ci′′ + ci′ci′′ + ci′

1 − ci′ci′′

= ci

(
M + Mci′

1 + ci′′

1 − ci′ci′′

)
= ci(M + ρi′)

(2)
= ci

(
M + max

j∈{1,...,n}\{i}
ρj

)
,

for all i ∈ {1, . . . , n} \ {i′}.
Thus, the given values of ρi provide a solution of the system S, com-

pleting the proof. �

Combining Propositions 3.1 and 3.2, we establish the following theorem:

Theorem 3.1. Under the given framework, the attractor satisfies

AS ⊆
⎛

⎝
⋃

i∈{1,...,n}\{i′}
B

[
γi,Mci

1 + ci′

1 − ci′ci′′

]⎞

⎠
⋃

B

[
γi′ ,Mci′

1 + ci′′

1 − ci′ci′′

]
.

Remark 3.1. For p ∈ N, let us consider the iterated function system

Sp = ((X, d), (fi1 ◦ · · · ◦ fip)i1,...,ip∈{1,...,n}).

Note that:
(α) (see Proposition 3.4 from [1]) ASp

= AS .
(β) d((fi1 ◦ · · · ◦ fip)(x), (fi1 ◦ · · · ◦ fip)(y)) ≤ ci1 · . . . · cipd(x, y), for all

x, y ∈ X and i1, . . . , ip ∈ {1, . . . , n}.
Since ci1 · . . . · cip ≤ cp

i′ , and limp→∞ cp
i′ = 0, via α) and Theorem 3.1, we

infer that, by increasing p, AS can be covered with a finite family of closed
balls having the radii as small as we want.

3.2. Covers in the Particular Case of Fractal Interpolation Surfaces

In the sequel we shall consider a fractal interpolation surface, as introduced
in Sect. 2.2.

Lemma 3.1. For k ∈ {1, . . . , n} and l ∈ {1, . . . , m}, γk,l := (xk,l, yk,l, zk,l)
is the unique fixed point of Fk,l, where xk,l = bk

1−ak
, yk,l = dl

1−cl
and zk,l =

1
1−gk,l

[
ek,l

bk
1−ak

+ fk,l
dl

1−cl
+ αk,l

bkdl

(1−ak)(1−cl)
+ βk,l

]
.
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Proof. For k ∈ {1, . . . , n} and l ∈ {1, . . . , m}, let γk,l = (xk,l, yk,l, zk,l) be the
fixed point of Fk,l.

Then⎧
⎪⎨

⎪⎩

akxk,l + bk = xk,l

clyk,l + dl = yk,l

ek,lxk,l + fk,lyk,l + gk,lzk,l + αk,lxk,lyk,l + βk,l = zk,l

.

From the first two equation we deduce that

xk,l =
bk

1 − ak
and yk,l =

dl

1 − cl
.

Substituting in the third equation we obtain

ek,l
bk

1 − ak
+ fk,l

dl

1 − cl
+ gk,lzk,l + αk,l

bkdl

(1 − ak)(1 − cl)
+ βk,l = zk,l.

Therefore,

zk,l =
1

1 − gk,l

[
ek,l

bk

1 − ak
+ fk,l

dl

1 − cl
+ αk,l

bkdl

(1 − ak)(1 − cl)
+ βk,l

]
.

�

Remark 3.2. The closed ball with respect to ρ, having radius r > 0 and
center (x0, y0, z0) ∈ R

3, is the set {(x, y, z) ∈ R
3|ρ((x, y, z), (x0, y0, z0)) ≤

r}={(x, y, z) ∈ R
3||x−x0|+|y−y0|+θ|z−z0| ≤ r}, denoted by O[(x0, y0, z0), r].

This set is an octahedron having the following vertices: V1 (x0 + r, y0, z0),
V2 (x0, y0 + r, z0), V3

(
x0, y0, z0 + r

θ

)
, V4 (x0 − r, y0, z0), V5 (x0, y0 − r, z0) and

V6

(
x0, y0, z0 − r

θ

)
.

To summarize our previous results, we have identified the following
quantities:

• δ := max{|a|, |b|, |c|, |d|}
• θ = min {θ1, θ2} , where

θ1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1,
e1,1 = · · · = en,m = 0
α1,1 = · · · = αn,m = 0

1 − max
k∈{1,...,n}

ak

2 max
k∈{1,...,n}
l∈{1,...,m}

(|ek,l| + δ|αk,l|) , otherwise

and

θ2 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1,
f1,1 = · · · = fn,m = 0
α1,1 = · · · = αn,m = 0

1 − max
l∈{1,...,m}

cl

2 max
k∈{1,...,n}
l∈{1,...,m}

(|fk,l| + δ|αk,l|) , otherwise
;

• γk,l = (xk,l, yk,l, zk,l) with xk,l =
bk

1 − ak
, yk,l =

dl

1 − cl
,
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zk,l =
1

1 − gk,l

[
ek,l

bk

1 − ak
+ fk,l

dl

1 − cl
+ αk,l

bkdl

(1 − ak)(1 − cl)
+ βk,l

]
,

for all k ∈ {1, . . . , n} and l ∈ {1, . . . , m};

•Ck,l = max {ak + θ(|ek,l| + δ|αk,l|), cl + θ(|fk,l| + δ|αk,l|), gk,l} ,

for all k ∈ {1, . . . , n} and l ∈ {1, . . . , m};

•M = max
i,k∈{1,...,n}
j,l∈{1,...,m}

ρ(γi,j , γk,l).

Let us choose k′, k′′ ∈ {1, . . . , n} and l′, l′′ ∈ {1, . . . , m} such that

Ck′,l′ = max
k∈{1,...,n}
l∈{1,...,m}

Ck,l and Ck′′,l′′ = max
k∈{1,...,n}\{k′}
l∈{1,...,m}\{l′}

Ck,l.

Taking into account Theorem 3.1, with the notation r′ = 1+Ck′,l′
1−Ck′,l′ Ck′′,l′′

and r′′ = 1+Ck′′,l′′
1−Ck′,l′Ck′′,l′′

, we get

Theorem 3.2. In this setting, the following inclusion holds

Gf ⊆

⎛

⎜⎝
⋃

k∈{1,...,n}\{k′}
l∈{1,...,m}\{l′}

O [γk,l,MCk,lr
′]

⎞

⎟⎠
⋃

O [γk′,l′ ,MCk′,l′r
′′] .

The set⎛

⎜⎝
⋃

k∈{1,...,n}\{k′}
l∈{1,...,m}\{l′}

O [γk,l,MCk,lr
′]

⎞

⎟⎠
⋃

O [γk′,l′ ,MCk′,l′r
′′] ,

which is a cover of AS = Gf , will be denoted by CS .
For p ∈ N, by Cp we designate CSp

, which is also a cover of Gf .

Remark 3.3. In view of Remark 3.1, by increasing p, the diameters of the
octahedrons occurring in Cp could be as small as we want.

3.3. Some Graphical Representations

We apply our results to the following data sets:

Example 1. Let

x0 = 0, x1 = 100, x2 = 200,

y0 = 0, y1 = 100, y2 = 200,

with the corresponding zk,l values

l
k

0 1 2

0 0 -10 -20
1 10 -30 -10
2 20 10 0

and gk,l given by



MJOM Covers of Fractal Interpolation Surfaces with Families Page 11 of 17 77

l
k

1 2

1 0.7 0.5
2 0.6 0.6

.

The interpolation surface obtained has the following graphical represen-
tation:

Visualization of the graph of the interpolated surface

The figures (I), (II), (III), (IV ), (V ) contain graphical representations
of the covers C1, C3, C5, C7 and C9.

Example 2. Let

x0 = 0, x1 = 100, x2 = 200, x3 = 300
y0 = 0, y1 = 100, y2 = 200, y3 = 300

with the corresponding zk,l values

l
k

0 1 2 3

0 0 15 30 45
1 -10 20 -30 35
2 -20 30 10 25
3 -30 -15 0 15

and gk,l given by
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l
k

1 2 3

1 0.3 0.2 0.5
2 0.4 0.7 0.6
3 0.3 0.6 0.4

.

The interpolation surface has the following graphical representation:

The figures (I), (II), (III), (IV ), (V ) contain graphical representations
of the covers C1, C2, C3, C4 and C5.
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Input: x = [x0, . . . , xn], y = [y0, . . . , ym], z =

⎡

⎢⎢⎣

z0,0, . . . , z0,m

...
...

zn,0, . . . , zn,m

⎤

⎥⎥⎦ , g =

⎡

⎢⎢⎣

g1,1, . . . , g1,m

...
...

gn,1, . . . , gn,m

⎤

⎥⎥⎦.

function coeff(x, y, z, g):
for i ← 1 to n do

F (i, j)(1) ← x(i)−x(i−1)
x(n)−x(0) ;

F (i, j)(2) ← x(i)∗x(n)−x(i−1)∗x(0)
x(n)−x(0) ;

for j ← 1 to m do
p = z(i, j) − g(i, j)z(n,m); q = z(i − 1, j) − g(i, j)z(0,m);
r = z(i, j − 1) − g(i, j)z(n, 0); t = z(i − 1, j − 1) − g(i, j)z(0, 0);
F (i, j)(3) ← y(j)−y(j−1)

y(n)−y(0) ;

F (i, j)(4) ← y(j)y(n)−y(j−1)y(0)
y(n)−y(0) ;

F (i, j)(5) ← y(0)(q−p)−y(m)(t−r)
(x(n)−x(0))(y(m)−y(0)) ;

F (i, j)(6) ← x(0)(r−p)−x(n)(t−q)
(x(n)−x(0))(y(m)−y(0)) ;

F (i, j)(7) ← g(i, j);
F (i, j)(8) ← p−q−r+t

(x(n)−x(0))(y(m)−y(0)) ;

F (i, j)(9) ← y(0)(x(0)p−x(n)q)−y(m)(x(0)r−x(n)t)
(x(n)−x(0))(y(m)−y(0)) ;

return F ;
function theta(F , δ):

for i ← 1 to n and j ← 1 to m do
[a, b, c, d, e, f, g, α, β] ← F(i, j);
maxa ← max(maxa, a);maxc ← max(maxc, c);
max1 ← max(max1, |e| + δ|α|);max2 ← max(max2, |f | + δ|α|);

θ1 = θ2 = 1
if max1 �= 0 then

θ1 ← 1−maxa

2∗max1

if max2 �= 0 then
θ2 ← 1−maxc

2∗max2

θ = min(θ1, θ2);
return θ;

function fixPT(F):
for i ← 1 to n and j ← 1 to m do

[a, b, c, d, e, f, g, α, β] ← F (i, j);
γ(i, j) ← [ b

1−a , d
1−c , 1

1−g(i,j)

(
eb

1−a + fd
1−c + αbd

(1−a)∗(1−c) + β
)
];

return γ;
function const(F , θ):

for i ← 1 to n and j ← 1 to m do
[a, b, c, d, e, α, β] ← F (i, j);
c(i, j) ← max(a + θ(|e| + δ|α|), c + θ(|f | + δ|α|), g(i, j)));

return θ;
function radii(k, l, c, M):

maxc ← [0, 0]; ind1 ← [0, 0]; ind2 ← [0, 0];
for i ← 1 to k and j ← 1 to l do

if maxc(1) ≤ c(i, j) then
maxc(2) ← maxc(1); ind2 ← ind1;
maxc(1) ← c(i, j); ind1 ← [i, j];

r(ind1) ← c(ind1) ∗ M ∗ (1 + c(ind2))/(1 − c(ind2) ∗ c(ind1));
for i ← 1 to k and j ← 1 to l, [i, j] �= ind1 do

r(i, j) ← c(i, j) ∗ M ∗ (1 + c(ind1))/(1 − c(ind2) ∗ c(ind1));
return r ;

function vertices(k, l, γ, r, θ):
for i ← 1 to k and j ← 1 to l do

O(i, j) ←[γ(i, j) + [r(i, j), 0, 0], γ(i, j) − [r(i, j), 0, 0],
γ(i, j) + [0, r(i, j), 0], γ(i, j) − [0, r(i, j), 0],
γ(i, j) + [0, 0, r(i, j)/θ], γ(i, j) − [0, 0, r(i, j)/θ]];

return O ;
/* r contains the radii and O is a matrix in which each element oi,j contains the eight

vertices that define the octahedron corresponding to each function in the system. */

To calculate the composition’s coefficients one can use the following
functions:
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Input: F0 =

⎡

⎢⎢⎣

F1,1, . . . , F1,m

...
...

Fn,1, . . . , Fn,m

⎤

⎥⎥⎦, c0 =

⎡

⎢⎢⎣

c1,1, . . . , c1,m

...
...

cn,1, . . . , cn,m.

⎤

⎥⎥⎦, order

Output: Fn, cn

function comp2([a1, b1, c1, d1, e1, f1, g1, α1, β1], [a2, b2, c2, d2, e2, f2, g2, α2, β2]):
a ← a1 ∗ a2;
b ← a1 ∗ b2 + b1;
c ← c1 ∗ c2;
d ← c1 ∗ d2 + d1;
e ← e1 ∗ a2 + g1 ∗ e2 + α1 ∗ a2 ∗ d2;
f ← f1 ∗ c2 + g1 ∗ f2 + α1 ∗ b2 ∗ c2;
g ← g1 ∗ g2;
α ← α1 ∗ a2 ∗ c2 + g1 ∗ α2;
β ← e1 ∗ b2 + f1 ∗ d2 + α1 ∗ b2 ∗ d2 + g1 ∗ β2 + β1;
return [a, b, c, d, e, f, g, α, β];

function sisComp(Fo, Fn, co, cn):
index1 ← 0;
for i ← 1 to n and j ← 1 to m do

index1 ← index1 + 1;
index2 ← 0;
for k ← 1 to n′ and l ← 1 to m′ do

index2 ← index2 + 1;
F (index1, index2) = comp2(Fo(i, j), Fn(k, l));
c(index1, index2) = co(i, j) ∗ cn(k, l);

return F, c;
function sisCompOrd(Fo,co,order):

if order≥ 2 then
[Fn, cn] ←sisComp(Fo, Fo, co, co);
for i ← 3 to order do

[Fn, cn] ←sisComp(Fo, Fn, co, cn);

else
return Fo, co;

return Fn, cn;
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