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Abstract. In a previous work (Chaos Solitons Fract 173:113674, 2023),
we presented a method for finding a finite family of closed balls whose
union contains the attractor of a given iterated function system. In this
paper, for the particular framework of fractal interpolation surfaces, we
provide an improved version of it. This approach is more efficient, from
the computational point of view, as it is based on finding the maximum
of certain sets, in contrast to the previous method which uses a sorting
algorithm.
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1. Introduction

TIterated function systems were first introduced by Hutchinson [17] and later
gained prominence through the work of M. Barnsley. These systems are de-
fined as pairs S := ((X, d), (fi)ier), where (X, d) is a complete metric space, I
is a nonempty finite index set, and each function f; : X — X is a contraction.

A key concept associated with iterated function systems is the fractal
operator, Fs : Pep(X) — Pep(X), given by

Fs(K) = £:(K),
iel
for all K € P.,(X), where P.,(X) represents the collection of all nonempty
compact subsets of X. It can be shown that, with respect to the Hausdorff—-
Pompeiu metric h, this operator is a contraction. Since (P.p(X), h) is a com-
plete metric space, the Banach fixed-point theorem ensures the existence of

a unique fixed point, referred to as the attractor of the system, denoted by
As.
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Barnsley used the framework of iterated function systems to initiate the
theory of fractal interpolation functions, a method for constructing continu-
ous functions that interpolate given data while exhibiting fractal-like prop-
erties. Given a dataset of IV + 1 points

{(zi,y:) |1 € {0,1,...,N}} C [xg,xn] X R,

this approach generates a continuous function f : [xg, zx] — R that satisfies

f(zi) = i,

for all 4, while ensuring that its graph is the attractor of a carefully designed
iterated function system. This method is particularly well suited for mod-
eling irregular and complex curves and surfaces, with applications spanning
computer graphics, metallurgy, geology, and seismology. Further details can
be found in [2], along with generalizations in [3,4].

Fractal interpolation has also been extended to surfaces. Massopust [22]
developed an approach for constructing fractal interpolation surfaces over tri-
angular regions, assuming that the interpolation points along the boundary
lie in a common plane. Further related results are discussed in [19]. Geronimo
and Hardin [15] proposed algorithms for generating fractal interpolation sur-
faces over arbitrary polygonal regions, allowing interpolation at unrestricted
points; a broader generalization of this work can be found in [36]. In a dif-
ferent direction, Hardin and Massopust [16] explored multivariable fractal
functions in R™. Other notable contributions include the work of Dalla [11],
as well as Xie and Sun [32], who constructed bivariate fractal interpolation
functions over rectangular domains in R?, where interpolation points along
each edge are collinear. These ideas have been further developed in [13,21].

An alternative construction for fractal interpolation surfaces, based on
fractal interpolation functions, is presented in [6], with further generalizations
n [35]. Additional works exploring generalizations of fractal interpolation
surfaces can be found in [4,5,9,10,12,14,18,20,23-31]. These methods have
found numerous practical applications, including surface approximation in
geology and materials science [33], terrain modeling [34], planetary surface
reconstruction [8], and image compression [7].

A crucial aspect of working with iterated function systems involves esti-
mating the attractor’s structure. In [1], we proposed a method for construct-
ing a finite collection of closed balls whose union contains the attractor, a
result particularly useful in approximating its box-counting dimension. More
precisely, given an iterated function system S = ((X, d), (fi)icr) with at least
two functions, we considered p; € [0,00), @ € I, satisfying

* ; = Lip(f;) [ maxd(e;,e;) + max p; |,
(*) Pi p(fi) (i,je[ (ei ]) je[\{i}pj>
where e, is the unique fixed point of f; and Lip(f;) is its Lipschitz constant.
In this case, the attractor As is contained within (J;.; Bles, pi]-

To find a solution of (%), we initially relabeled the functions f; in increas-
ing order of their Lipschitz constants, a computationally inefficient approach.
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In this paper, we refine this method and adapt it to the specific context
of fractal interpolation surfaces. A primary challenge in this setting is deter-
mining explicit values for Lip(f;) from the given data. However, following the
approach in [11], one can find some constants ¢; € [0, 1) such that

d(fi(x), fily)) < ¢d(x,y), Va,y € X.

By substituting Lip(f;) with these constants ¢;, we preserve the validity of
our previous results while improving computational efficiency. Rather than
ordering the Lipschitz constants, we propose a more direct approach by iden-

tifying max ¢; and max c;j. This alternative method eliminates un-
icl jE€I,cj#maxcr ¢4

necessary computations while ensuring accuracy in estimating the attractor’s
structure. The paper also presents graphical representations that illustrate
these covers for fractal interpolation surfaces.

By refining existing techniques and introducing a more computationally
efficient approach, this work contributes to the broader study of fractal in-
terpolation, providing new insights into the approximation and visualization
of complex surfaces.

2. Preliminaries

2.1. Notation and Basic Definitions
Given a metric space (X,d), x € X and r > 0 we shall use the following
notation:

® Blz,r] ={y € X |d(y,z) <7}

e P,(X)={AC X|A is non-empty and compact}

e h is the Hausdorff-Pompeiu metric.

For a Lipschitz function f : X — X we shall denote by Lip(f) the
Lipschitz constant of f.

Definition 2.1. An iterated function system (for short IFS) is a pair § =
((X,d), (fi)ier), where (X,d) is a complete metric space and f; : X — X,
1 € I, are Banach contractions.

The function Fs : Ppp(X) — Pep(X), given by

Fs(K) = £:(K),
i€l
for every K € P.,(X), is called the fractal operator (or the Hutchinson
operator) associated with S.

Proposition 2.1. If S = ((X,d), (fi)ier) is an iterated function system, then
Fs is a contraction with respect to h. Its unique fized point is denoted by Ag
and it is called the attractor of S since

lim (FsoFso---0Fs)(K)=As,

n—oo

n times

for each K € P.,(X).
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2.2. Fractal Interpolation Surfaces

In this section, following [11], we present the basic facts concerning fractal

interpolation surfaces.

Let I = [a,b],J = [c,d] and the data set D = {(xk, 1, 211) € R3|k €

{0,1,...,n},1 €{0,1,...,m}} be such that
a=20<T1 < - <Tp_1<T, =0,
c=Yo <Y1 < <Ym-1<Ym =d,

and each of the sets

{("EO, Y, ZO,I)” S {07 17 e 7m}}7

{(xna yl7 Zn,l)|l € {O? 17 e 7m}}7

{(zr,y0, 2k,0)|k € {0,1,...,n}},

{(xkv Yms Zk,m)|k S {07 1, .o ,TL}}

consists of collinear points.
For k € {1,...,n} and I € {1,...,m} we define the function Fj; :
IxJxR—TIxJxR, by

()

Fii(z,y,2) = (akz + b,y + di, ex 1z + fray + graz + agzy + Bra),
for all (z,y, z) € IxJxR, where the coefficients ay, by, ¢, di, €x.1, fiis G.l> Vol
and [ are chosen such that
Fr (70,90, 20,0) = (Th—1,Y1-1, Zk—1,1-1),
Fr1(Zn, Y05 2n,0) = (Ths Y1-1, 2k,0-1),
Fy 1(%0, Y 20,m) = (Th—1, Y15 2k—1,1)

and
Fk,l(xnv Yms Zn,m) = (Ik, Y, Zk,l)~
Equivalently, we obtain the following systems of equations
arxo + by =T
cyo +d; =Y-1 )
€r,1%0 + [r1Y0 + 9k,120,0 + Qk1Z0Y0 + Bkt = Zk—1,1-1
axTy + b =T
ayo +d =yi-1
€iiTn + [r,1Y0 + Gk 1200 + QL 1ZnYo + Bri = Zk1—1
agTo + by =2p_1
CYm +d; =y
€10 + friYm + Gk, 120,m + QRIZoYm + Bri = Zk—1,
and
arpxy, + by = Ty
CYm + dy =u
ek iTn + [l iYm + Gk iZnm + QUi TnYm + Bet = 2k
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From the first two equations of each system we obtain

_ Yio1Ym — Yo

Tk — Tk—1 Tk —1Tn — TETO Y —Yi—1
ap = ———, bk: , Cl = anddl
In — TO In — IO Ym — Yo Ym — Yo
From the remaining equations we find
€r1Tn + fu1Ym + Gk iZnm + Ok TnYm + Bry = 2k,
€i120 + fiYm + 9k,120,m + 0 iToYm + Bei = Zk—1.
€k1Tn + fr1Y0 + Gr,%n,0 + ki TnYo + B = 2k,i-1
€k,1T0 + fr,1Yo + Gr,120,0 + Uk, 1ToYo + B, = Zh—1,1-1
and, with the notation
Prl = 2kl — 9k, iZnmy Gkl = Zk—1,0 — 9k,120,m;
Tkl = Zki—1 — Gk,1%n,0 and £ = Zp_171-1 — Gk,120,0,
we get
€iiTn + [iiYm + Ok 1 TnYm + Bri = Phi
€k,1T0 + friYm + e iToYm + Brg = Qry
€kiTn + friYo + akTuyo + Bry = Thy
er,1To + friYo + arToyo + Bry =ty
Hence,
__ Pk,i—9k, — PE,1— Tk,
kil iYm = o 0 and Jea +apgzn =S 0
Tkl Lk, N A N
ekl T ki = S Jrg + oo = Tt

Therefore, for gj; arbitrarily chosen in (0, 1), we have

Dkl — QR — Tk Tk

T wn — 20)(Ym — w0)
et = Yo(qr, — Pr1) — Ym(thg — Tr1)
’ (Tn = 20)(Ym — Yo)
~ @o(rkt = Prt) — (g — qr,1)
frg =

(xn - xO)(ym - yO)
and

Yo(ToDk,1 — TnGr,i) — Ym(ToTk1 — Tntk)
(xn - xo)(ym - yo)

Bri =

Furthermore, we define § := max{|al|, |b|, |c|,|d|} and 8 = min {6y,02},
where

€1,1 :"':en,m:O
L
Qg1 :"':an,mzo
0, = 1— max ap
ke{l,...,n} .
, otherwise
2 max (|ek,l + (S|Oék,l|)
ke{l,..., n}
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and
1 fin=-=fom=
’ al,l = == an7m -
0y = 1— max ¢
te{l,...om} therwise
, O :
2 max (| fri] + 6lar)
le{1,..., m}

On R3 x R? we define the metric p : R? x R? — [0, 00), given by
p((l', y»z)a ((E/, y/, Zl)) = ‘.’IJ - xl| + |y - yl| + 9|Z - Zl|7
for all (x,y,2), (2',y',2') € R3.

With these preparations we can show the following:

Lemma 2.1. Fj; is a contraction with respect to p for all k € {1,...,n} and
te{l,...,m}.

Proof. For k € {1,...,n} and ¢ € {1,...,m} arbitrarily chosen, but fixed,
we have

p(Fri(z,y,2), Fea(2', 9, 7)) = alz — 2'| + cily — ¢/
+0lexi(x — ') + fra(y — ') + gra(z = 2') + ag(zy — 2'y)|
< (a +Olex ||z — 2’| + (e + 0| fra)|y — ¥/
+0gxlz — 2| + Olawgl|z(y — ') + ¢ (x — 2")]
< lar +0(lex| + dlag,])]|z — |
+ [eo +0(| freal + Sl D]ly — v'| + Ogr
< Crap((z,y,2), (2", 7)),
for all (x,y,2),(a',y',2") € [ x J x R, where
Cr,y = max {ag + 0(|exs| + Slari]), ¢+ O0( fral + Slaril), gri} < 1.

z— 2|

O

Theorem 2.1 (Proposition 2.2 from [11]). There exists a continuous function
f:IxJ— R having the following two properties:

1. For allk €{0,1,...,n} and 1 € {0,1,...,m}
f(xkayl):»zk,la

i.e. f interpolates D.
2. If & is the IFS (I x J X R, p), (Fr1)ke{1,...n}1c{1,..,m} ) then

Gf :.Ay/.

Note that, in view of Sect. 2.2, from [11], the collinearity condition (xx)
is not restrictive.

3. Main Results

We shall first show that the results from [1] remain valid under a broader
assumption.
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3.1. Covers with a Finite Family of Closed Balls of the Attractor of an IFS
In the sequel, we consider

o S=((X,d),(fi)ieq1,...,ny) an iterated function system consisting of con-
tractions, with n > 2
e ~; the unique fixed point of f;, where i € {1,...,n}

e ¢; € [0,1) such that d(fi(x), fi(x)) < ¢;d(x,y) for all z,y € X, where
ie{l,...,n}
i’ € {1,...,n} such that ¢;; = max{ey,...,cn}

i € {1,...,n}\ {¢} such that ¢;» = max{c; | i € {1,...,n}\{i'}}

M = max; jeq1,...ny A(VisV5)-

The system &, with the unknowns py, ... p,, consisting on the following
n equations:

i =i | M+ max i,

g ( je{l,...,n}\{i}pj>

where i € {1,...,n}.

The reasoning behind Proposition 3.3 from [1] guarantees the validity

of the following result:

Proposition 3.1. Within the given framework, the attractor satisfies

As< |J  Blsid,

i€{1,m0n}

for any solution p1,...,py of the system .

Proposition 3.2. Under the same framework, the values

14 ¢
pir = Mci/%
— Ci/Ci//
and
1+ ¢y
pi=Meyr——— )
— CZ'/C,L'//

for alli e {1,...,n}\ {i'}, constitute a solution of the system &.

Proof. We begin by establishing the following claim
Claim.

pir = pirr = pi,

foralli e {1,...,n}\ {i'}.
Justification of the Claim. We have

Ci//(l + Ci’) = cir +cpcipr < ey + e = Ci’(l + Ci//),

SO
1+cy 14 ¢y
pi” = MCi//iz S Mci/iz = pi/,
1-— Ci1 Cirr 1-— Ci1 Ci1r
Since ¢; > ¢; for all i € {1,...,n}\{i'}, we have
14 ¢y 14 ¢y
pi = Mcii < Mciuﬂ = pir,

11— CirCirr 1-— CirCirr
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for all : € {1,...,n} \ {¢}. Hence, the proof of the Claim is complete.

Therefore
max i = Pirr. 1
jemangn o
and
max i = pi, 2
jetimmpniy ™ 7 ®
foralli e {1,...,n}\ {7}
We have
pi/ _ Mci, 1 —|— Ci” _ Mci/ 1 — Ci' Ci” —|— Ci' Ci” —|— Ci”
]_ — C;1 Cyrr ]_ — C;r Cyrr
1+ cn
=cy <M—|— Mci//—'—c> = ¢y (M —|—pi//) (2 Ci (M+ max pj)
— C;/Cirr JE{L,...,n\{#'}
and
pi = Mcii1 REC Me; e i
]_ — C;ir Cyrr ]_ — C;1 Cyrr
]_ il!
=¢ <M+Mcz-,+c) =c¢;(M + pyr) @ C (M+ max pj> ,
— CirCirr JE{L,...,n}\{i}

foralli e {1,...,n}\ {i'}.
Thus, the given values of p; provide a solution of the system &, com-
pleting the proof. O

Combining Propositions 3.1 and 3.2, we establish the following theorem:

Theorem 3.1. Under the given framework, the attractor satisfies

]. 2/ 1 i
As C U B {’%MQ‘H] UB [%,7]\/‘[01.,"_0
X . 1 — C;1 Cyrr 1 — C;1 Cyrr
{1, np\{i'}

Remark 3.1. For p € N, let us consider the iterated function system

Sp=((X,d),(fi,0--0 fip)’il,4..,ip€{1,..4,n})-
Note that:
(o) (see Proposition 3.4 from [1]) As, = As.

(8) d((fiy 0---0 fi,)(@), (fiy 00 fi,)(¥) < iy ... - ¢y, d(x,y), for all
z,y € X and iq,...,4, € {1,...,n}.
Since ¢;, -...-¢;, < ¢b, and limy, . ¢, = 0, via ) and Theorem 3.1, we
infer that, by increasing p, As can be covered with a finite family of closed
balls having the radii as small as we want.

3.2. Covers in the Particular Case of Fractal Interpolation Surfaces

In the sequel we shall consider a fractal interpolation surface, as introduced
in Sect. 2.2.

Lemma 3.1. For k € {1,...,n} and l € {1,....m}, vi; = (Tk1, Y1, Zk,1)

is the unique fized point of Fy,;, where xy; = ﬁ—zk, Ykl = lflcl and z,; =

1 br d, brd;
l_gk,l [ekvll—ak +fk7l 1—¢ +ak1l (1—(Lk)(1—cl) +ﬁk7l :
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Proof. For k€ {1,...,n} and ! € {1,...,m}, let y4; = (Tk1, Yk,i; 2k,1) be the
fixed point of Fj ;.

Then

arTr, + by =T

Yk +di = Yk, -

€riTh, + fe iUkt + Gr izl + 0k ZraYel + Bel = 2k
From the first two equation we deduce that

d;
Tpl = and = —
WS TT an Ykl = 72 o

Substituting in the third equation we obtain
by d brd;

l —
€kl 1= ar + fru 1—q + 9k, 12k + Okl I—a)l—a) + B = 2k
Therefore,
1 b d; br.d;
2 = k.1 + fra + ol + B,
l—ng 1—ayg 1—¢ (1—a;€)(1—cl)

O

Remark 3.2. The closed ball with respect to p, having radius r > 0 and
center (zo,yo0,20) € R?, is the set {(z,y,2) € R3|p((z,y, 2), (z0, Y0, 20)) <
r}={(z,y,2) € R?|[x—2o|+|y—yo|+8|2—z0| < r}, denoted by O[(o, yo, 20), 7]-

This set is an octahedron having the following vertices: V1 (o + 7, Y0, 20),
Va (0, Y0 + 1, 20), V3 (20, Y0, 20 + ), Va (%0 — 1,90, 20), V5 (@0, Y0 — 7, 20) and
Vs (20,0, 20 — 5)-

To summarize our previous results, we have identified the following
quantities:
e 0 := max{lal, |0],[c], |d|}

e = min {6,605}, where

€1,1 :"'zen,mzo
1,
g1 :"':an,mzo
0, = 1— max ay
ke{l,...,n} .
3 (eral + Sl otherwise
max
ke{l,..., n} ksl k)l
1e{1,..., m}
and
fl,l :"':fn,m:O
1,
g1 :"':an,mzo
0y = 1— max ¢ :
le{1,...,m} .
3 TEET ) otherwise
max
ke{1,..., n} kil kil
le{1,...,m}
d;

. k
® Vi1 = (Thyts Yk,t» 2ky) With zp; = T o Vel =71 ;
B _

1-— c
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1 bi d brd
L= got [T —an e a T oR (I—ar)(l—a)
forall ke {1,...,n}and l € {1,...,m};

‘Ck,l = max {ak + 9(|ek7l\ + 5|04k,l|), c + 9(|fk,l
forall ke {1,...,n} and l € {1,...,m};

oM = . Inax " P(Yigs Vel

jle{l,...,m}

+ Bl

2kl =

+ 5|ak,l|)a gk,l} )

Let us choose k', k" € {1,...,n} and I,1"” € {1,...,m} such that

Ck/ = max Ck 1 and Cku 1= max Ck l-
? ke{l,...,n} ’ ’ ke{l,...,n}\{k’} ’
te{1,...,m} te{1,....m¥\{l'}
. . . . / 1+Ck/ 1

Taking into account Theorem 3.1, with the notation r’ = —=—"*=——

? 1_Ck’,L’Ck”,L”

14+C),
and r’ = ML we get

170,6/‘[/0,@//‘1//

Theorem 3.2. In this setting, the following inclusion holds

Gf - U O[’kal,MCkJ'f'/] UO [’Yk’,l',MCk/,szH] .

ke{1,..., n}\{k’}
le{1,...,m}I\{l’'}

The set

U Obwn MCur) [LUO b, MCp ],

ke{l,...,n}\{k'}
le{1,...m¥\{l'}

which is a cover of Ay = G, will be denoted by Cy .
For p € N, by C, we designate C , which is also a cover of G/.

Remark 3.3. In view of Remark 3.1, by increasing p, the diameters of the
octahedrons occurring in C, could be as small as we want.

3.3. Some Graphical Representations
We apply our results to the following data sets:
Example 1. Let
o = O, Tl = 100, Ty = 200,
Yo = 0, Y1 = 1007 Yo = 200,

with the corresponding z;; values

k
I 0] 1 2
0 0 |-10|-20
1 10 | -30 | -10
2 20010 | O

and g given by
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k
! 1 2
1 0.7105 "
2 0.6 | 0.6

The interpolation surface obtained has the following graphical represen-
tation:

(O) : Visualization of the graph of the interpolated surface

The figures (1), (IT), (III), (IV), (V) contain graphical representations
of the covers Cq, C3, C5, C7 and Cg.

(I): Visualization of C; (II): Visualization of Cs (III): Visualization of Cs

(IV): Visualization of C7 (V): Visualization of Cy

Example 2. Let
2o = 0, 21 = 100, x5 = 200, 25 = 300
Yo = 0, Y1 = 100, Yo = 200, Yys = 300

with the corresponding zj; values

! & 0 1 2 13
0 0 | 15| 30 |45
1 -10 | 20 | -30 | 35
2 -20 | 30 | 10 | 25
3 30| -15| 0 |15

and gy, given by
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1 2 3

1 0310205 .
2 0410706
3 0.3]0.6|0.4

The interpolation surface has the following graphical representation:

(O) : Visualization of the graph of the interpolated surface

The figures (1), (IT), (III), (IV), (V) contain graphical representations
of the covers Cyq, Co, C3, C4 and Cs.

(I):Visualization of C;  (II):Visualization of C2 (III):Visualization of C3

(IV):Visualization of C4 (V):Visualization of Cs
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We provide the following functions, which were used to determine the covers
presented in the previous examples.
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20,05 -3 20,m 91,155 91,m
Tnput: = = [zo,..., Zn], ¥ = [Yo, -, Ym], 2= | : 9=

Zn,0s v s Znym. In1y- s Gn,m.
function coeff (z, y, z, g):
for i < 1 to n do

F(i, j)(1) — 205202h,
F(i,§)(2) — i,

for j < 1 to m do

D= 20 5) — 9(i, )2, m)sq = 2(i — 1,5) — g, )20, m);

r=2z(i,j—1) - 9(2 )Z(ﬂwo)%t =z(i—1,j—1) —g(i.j)=(0,0);
i,5)(3)
(4,5)(4) "

F(i.5)(5) — %

F(0,1)(6) = Gy ooy

F(i, j)(7) < g(i, j);

F(i,1)(8) = Grroum o

| Fi,0)(9) — O o
L return F

function theta(F, 6):
for i — 1 to n and j — 1 to m do
[a,b,c.dse, f,g,0, 6] — Fi, j);
maz, < max(maz,, a); mazr. < max(mat., c);
| max, — max(mawzy, | + 6|a|); maxy «— max(mazy, | f| + d|al);

0, =0,=1
if maz; # 0 then
9 1—max
1 2xmazy

if max, # 0 then
1-maz.
2emazs

6 = min(61,65);
| return 6;
function fixPT(F):
for i <~ 1 ton and j < 1 to m do

la,b,c.d.e, f,g,0,8] — F(i,j);
L”/(l ])‘_[1 7T cvm( ch +%+Wf(dlfc)+ﬂ)];
| return vy;
function const (F, 0):
for i — 1 to n and j — 1 to m do

la,b,c,de, o, B] — F(i,]);
L c(i,j) < max(a + 0(|e| + dle]),c + O(|f| + dlal), g(i.5)));
| return 60;
function radii(k, [, ¢, M):
maz. — [0,0];ind; < [0,0];indy — [0,0];
for i — 1to k and j — 1 to | do

if maz.(1) < ¢(i,7) then

maz.(2) — maz.(1);indy — ind;;
L mazc(1) — c(i,j);indy — [i, j];

Lozg

r(indy) < c(indy) * M * (1 + c(indz))/(1 — c(indy) * c(indy));
for i — 1 to k and j — 1 to [, [i,j] # ind; do

L r(i,7) — c(i, ) * M * (1 + c(indy))/(1 — c(inds) * c(indy));
| return r;

function vertices(k, I, v, r, 0):

for i« 1tok and j 1 to ! do
L O(i, ) <[y, 5) + [r(i, 4),0,0], (i, 5) — [(4,4),0,0],

Y(i,5) + [0, 7(i. 5). 0], 7(3, ) — [0, 7(i, §), 0,
(@, 5) +[0,0,7(3, 5) /0, 7(, 5) = [0, 0,7 (i, 5)/0]);

| return O;
/* r contains the radii and O is a matrix in which each element o;; contains the eight
vertices that define the octahedron corresponding to each function in the system. */

To calculate the composition’s coeflicients one can use the following
functions:
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Fii,...,Fim RIS Clm
Input: Fy = | : : ,e= | : , order

Foi,o ooy Fam Cp,1s- -5 Cnyme
Output: F,,c,

function comp2([a1, b1, c1,dy, €1, f1, 91,1, 51, [az, ba, ¢, da, €2, f2, g2, a2, B2]):
a < ay * as;

b ay * by + by;
¢ 1 % C;
d ¢y xdy+dy;
e e *as+ g1 *ex+ ap *ag *da;
[ fixea+ g1 x fa+ ay x by *xco;
g g1 %92
Qe (g k Qg k o+ g1 * Qo
B e1xby+ fi1xdo+ ay x by xda+ g1 * P2+ P
| return [a,b,c,d,e, f,g,a,0];
function sisComp (F,, F,, co, )¢
index; «— 0;
for i — 1 ton and j — 1 to m do
index; «— indexq + 1;
indexs «— 0;
for k< 1 ton' andl — 1 to m’ do
indexy «— indexs + 1;
F(indexy,indexs) = comp2(Fy(i,7), Fn(k,1));
c(indexy,indexs) = co(i,5) * cn(k,1);
| return Fc;
function sisCompQ0rd (F,,c,,order):
if order> 2 then
[Fy, ¢] «sisComp(F,, F,, ¢o, Co);
for ¢ < 3 to order do
| [Fu, en] «sisComp(Fy, Fy, o, )5

else
| return F, c,;
| return F,,,c,;
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