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Quantum Tunneling: From Theory to Error-Mitigated
Quantum Simulation

Sorana Catrina and Alexandra Băicoianu*

Ever since the discussions about a possible quantum computer arised,
quantum simulations have been at the forefront of possible utilities, with the
task of quantum simulations being one that promises quantum advantage.
Recently, advancements have made it feasible to simulate complex molecules
using Variational Quantum Eigensolvers or study the dynamics of many-body
spin Hamiltonians. These simulations have the potential to yield valuable
outcomes through the application of error mitigation techniques. Simulating
smaller models carries a great amount of importance as well and currently, in
the Noisy Intermediate Scale Quantum era, is more feasible since it is less
prone to errors. The objective of this work is to examine the theoretical
background and the circuit implementation of a quantum tunneling
simulation, with an emphasis on hardware considerations. This study
presents the theoretical background required for such implementation and
highlights the main stages of its development. By building on classic
approaches of quantum tunneling simulations, this study aims at improving
the result of such simulations by employing error mitigation techniques, Zero
Noise Extrapolation, and Readout Error Mitigation and uses them in
conjunction with multiprogramming of the quantum chip, a technique used
for solving the hardware under-utilization problem that arises in such
contexts.

1. Introduction

Scientists have always been fascinated by the simulation of
natural phenomena and ever since Feynman’s assertion that
quantum mechanics cannot be efficiently simulated on a clas-
sical computer, quantum computers have been employed for
such tasks.[1,2] Current simulations on quantum computers are,
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however, susceptible to errors. Multiple
techniques have been developed to deal
with these impediments[3] and, moreover,
are tailored to current NISQ (Noisy In-
termediate Scale Quantum) era devices.
Specifically, onemay attempt tomitigate the
noise in the system through hardware im-
provements and calibrations[4] or by design-
ing algorithms that leverage the structure
of noise in order to retrieve the valuable
information that is typically represented
by the estimated value at zero noise level.
This can be achieved either through clas-
sical post-processing techniques such as
ZNE (Zero Noise Extrapolation)[5,6] or REM
(Readout Error Mitigation),[7,8] or even by
employing machine learning algorithms.[9]

Regarding the fields that have the pos-
sibility to benefit greatly from quantum
supremacy, quantum simulations for quan-
tum chemistry in one such example.[10,11]

The study of different materials through
quantum simulations can also prove to
be an important field that would ben-
efit from quantum advantage.[12] Imple-
mentations of such tasks that consider

current limitations of quantum computers already exist,
and range from quantum simulations of small molecules
through Variational Quantum Eigensolvers to open systems
modeling.[13–16] The objective of the present article is to simulate
quantum tunneling, a quantum phenomenon, on a quantum
computer. Additionally, the circuit that has been developed also
serves as an effective tool for pushing the boundaries of the
capabilities of existing hardware, given the potential to increase
the depth of the circuit by simulating over longer periods of time.
Prior quantum simulations of tunneling have predominantly
concentrated on a single approach to perform the given task.[17–19]

The current study seeks to provide insight into a variety of circuit
implementation alternatives by focusing on hardware run con-
siderations for superconducting architectures. Additionally, we
are of the opinion that it is imperative to highlight the compiler’s
importance in relation to the abstract circuit that was employed
for this task. In addition, error mitigation techniques that have
proved to be efficient are also discussed. Multiprogramming,
a technique aimed at addressing the issue of hardware under-
utilization, is also employed along with the Error Mitigation
techniques chosen to complete the proposed end-to-end work-
flow. The results of these investigations are also presented, with
an expectation value for the transmission probability of the
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particle through the potential barrier that is only 0.006 off after
error mitigation, about 10x smaller then the unmitigated result.

2. Experimental Section

This section provides a comprehensive overview of the theoret-
ical framework, implementation strategies, procedural method-
ologies, and hardware intricacies that are relevant to our research.
Concretely, this section starts by presenting the physics con-
text necessary for comprehension of implementation, and sub-
sequently proceeds to outline the procedures required to adapt
this theory to the context of quantum computation (discretization
of time and space, as well as implementation details). The final
subsection of this section provides a comprehensive discussion
of the details required for an efficient hardware implementation
of the circuit, following the presentation of the implemented cir-
cuit.

2.1. Theoretical Background

Having delineated the primary steps to be addressed, we now
proceed to the theoretical foundation required for the com-
prehension and, consequently, the implementation of a quan-
tum tunneling simulation. Therefore, this section will focus on
the Physics background required for understanding this effect,
namely, the Schrödinger equation. The evolution of the wave-
function of a quantum mechanical system is described by the
Schrödinger equation:

iℏ 𝜕
𝜕t
𝜓(x, t) = (− ℏ

2m
∇⃗2 + V(x, t))𝜓(x, t) (1)

where

ℏ = reduced Planck constant
𝜓(x, t) = the wavefunction representing the system
∇⃗2 = the Laplace operator
V(x, t) = the potential that represents the environment at time t

It is clear that this is a linear partial differential equation. The
wavefunction, 𝜓(x, t), assigns a complex number to each point in
space, x, at each point in time, t. The potential energy term (in
the equation denoted with V corresponding to the environment
in which the particle exists) and the kinetic energy operator form
the Hamiltonian operator, which corresponds to the total energy
of the quantum system. For a 1D system, the Laplace operator
takes the following form:

∇⃗2 = 𝜕

𝜕x2
(2)

It should be noted that based on the potential energy, the eigen-
spectrum of the wavefunction takes different forms. In this study,
a square-well potential will be considered and presented in Sec-
tion 2.1.1.
The formalism of quantum mechanics states that the wave-

function, previously denoted as 𝜓(x, t) is a statevector, |𝜓⟩, be-
longing to a Hilbert Space,. That is, the wavefunction 𝜓(x, t) is
the representation of the vector |𝜓⟩ in the position basis (𝜓(x, t) =

⟨x|𝜓(t)⟩). Therefore, in Dirac notation, the vector representing
the state of the system is independent on the basis used. Griffith’s
Introduction to Quantum Mechanics provides additional infor-
mation regarding the formalism of quantum mechanics.[20] In
Dirac notation, the time-dependent Schrödinger equation takes
the following form:

iℏ 𝜕
𝜕t

|𝜓(t)⟩ = Ĥ |𝜓(t)⟩ (3)

Ĥ = K̂ + V̂ (4)

where

|𝜓(t)⟩ = the statevector of the quantum system
Ĥ = the Hamiltonian operator
V̂ = the potential energy operator
K̂ = the kinetic energy operator

Here, Ĥ represents theHamiltonian operator and as specified ear-
lier, this is the sum between the potential energy operator and
the kinetic energy operator. Ĥ is a hermitian operator whose
eigenvalues represent the system’s energy levels. Following the
separation of variables, the time-independent Schrödinger equa-
tion along with the time evolution of an initial state |𝜓(0)⟩ (which
can be described by the time evolution operator, Û) are presented
bellow. We can see that Equation (5) is an eigenvalue equation,
therefore |𝜓(t)⟩ is an eigenfunction of the Hamiltonian operator
with corresponding eigenvalues E.

Ĥ |𝜓(t)⟩ = E |𝜓(t)⟩ (5)

|𝜓(t)⟩ = Û |𝜓(0)⟩ = e−iĤt∕ℏ |𝜓(0)⟩ (6)

where

|𝜓(t)⟩ = the statevector of the quantum system
Ĥ = the Hamiltonian operator
E = the set of possible energies of the system
Û = the time evolution operator

In the context of quantum computation, the equations discussed
in this subsection will need to be implemented. Nevertheless, the
quantum tunneling phenomenon that is of interest to this study
is readily apparent when the potential energy operator observed
in the Schrödinger equation is of a unique form. The subsequent
section addresses the usefulness of this phenomenon and the
form of the potential needed.

2.1.1. Quantum Tunneling

Quantum tunneling is a unique phenomenon to quantum me-
chanics that defies any explanation through classical mechanics
models, and has shaped our understanding of the world around.
Its significance extends across various fields and applications,
some examples being Scanning Tunneling Microscopy[21] and
Josephson Junctions which are pivotal to the development of su-
perconducting quantum computers.[22] Quantum dots also har-
ness the principles of quantum tunneling and are used in other
quantum computer architectures, such as spin qubit quantum
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computers, first proposed in ref. [23]. This underscores the crit-
ical necessity to delve into the study of this effect, given its far-
reaching implications across numerous fields. The tunneling ef-
fect occurs between two wells separated by a potential barrier.
That is, the potential takes the form presented in Equation (7),
where a is the width of the potential barrier. When solving the
Schrödinger equation for the given potential and a kinetic energy
for the particle, the wavefunction that results is one that tunnels
between the wells. This phenomenon will be visible in the simu-
lations presented beginning with Section 2.2.6.

V(x) =
⎧⎪⎨⎪⎩
0, x < 0
V0, 0 ≤ x ≤ a
0, x > a

a = the width of the potential barrier(7)

In the subsequent section, we will concentrate on the implemen-
tation aspects that are necessary to adjust this theoretical frame-
work to the context of quantum computing, keeping these theo-
retical underpinnings in mind.

2.2. Implementation Considerations

In order to effectively simulate quantum tunneling in a quan-
tum computing environment, it is necessary to take several
steps. These stages primarily assist in the implementation of the
Schrödinger equation that was previously discussed. To accom-
plish this, it is necessary to first implement the Hamiltonian op-
erator and model the initial wavefunction |𝜓(0)⟩. This is crucial
for executing both Equations (5) and (6). To accomplish this, both
space and time discretization are needed, since quantum com-
puters operate with a fixed number of qubits, demanding the dis-
cretization of infinite space for accurate simulation.
Furthermore, as Equation (6) suggests, the system must be

simulated across various time intervals. This entails implement-
ing the operator Ĥt for each time step and sequentially applying
it to the initial wavefunction.
In the following subsections, explore the implementation of

the aforementioned equations are explored on a quantum com-
puter and examine various approaches as necessary. In Sec-
tion 2.2.1, the discretization process is examined in greater detail
and the requisite adaptations essential for correctly and efficiently
simulating quantum tunneling on a quantum computer are ex-
plored, such as the Trotter–Suzuki approximation.[24,25] Imme-
diately following this, Section 2.2.2 will describe the implemen-
tation of the kinetic and potential energy operators and examine
the numerous alternatives that are available for this purpose. The
preparation of the initial state is addressed in Section 2.2.4, while
QFT is the subject of Section 2.2.3. In Section 2.2.5, the final cir-
cuit overview is provided, and the final subsection of this section,
Section 2.2.6, presents the results of a noiseless simulation.

2.2.1. Time and Space Discretization

The quantum tunneling simulation is implemented on a super-
conducting quantum computer that has a restricted number of
qubits. Consequently, the Schrödinger equation necessitates dis-
cretization. Beginning with the efficient implementation of the

time evolution operator and emphasizing the discretization of
space, this subsection will delineate the primary stages of this
process within the context of this type of simulation.

Time Discretization

Considering the time evolution of the system, in order to sim-
ulate the progression of the system, the time evolution operator
needs to be implemented. Equation (6) can be further expanded
to highlight the use of the kinetic and potential energy operators
and how the state vector changes after Δt time. This is illustrated
in Equation (8).

|𝜓(t + Δt)⟩ = e−iĤΔt|𝜓(t)⟩ = e−i(K̂+V̂)Δt|𝜓(t)⟩ (8)

where

Δt = the amount of time allowed for the system to evolve after
time t

It is important to notice that if the operator e(K̂+V̂)Δt is imple-
mented for a small enough Δt we are able to simulate the time
evolution of the entire system by sequentially applying this oper-
ator. However, an issue arises when attempting to utilize Equa-
tion (8) by decomposing into terms containing the kinetic and po-
tential energy operators, and this is highlighted in Equation (9).

e−iĤΔt = e−i(K̂+V̂)Δt ≠ e−iK̂Δte−iV̂Δt (9)

This is because, in general, potential and kinetic energy opera-
tors do not commute. It is to remember that the potential opera-
tor is often dependent on x̂ and that K̂ = p̂2

2m
; taking into consid-

eration that [x̂, p̂] = iℏ shows that position and momentum op-
erators do not, generally, commute. Therefore, we will need to
use the Suzuki–Trotter approximation. Primarily, the first order
formula was used given by Equation (10), but higher order ap-
proximationsmay also be used.[24] For example, the second order
Suzuki–Trotter approximation is given by Equation (11).[25]

e−iĤΔt ≈ e−iK̂Δte−iV̂Δt +O((Δt)2) (10)

e−iĤΔt ≈ e−iV̂
Δt
2 e−iK̂Δte−iV̂

Δt
2 +O((Δt)3) (11)

Space Discretization

Since the Schrödinger equation is given in continuous space,
we encounter a challenge in implementation due to the finite
number of qubits available. Therefore, the interval 0 ≤ x ≤ L
could be discretized with interval spacing Δl within the bound-
ary region with a periodic boundary condition |𝜓(x + L, t)⟩ =|𝜓(x, t)⟩ The wave can therefore be mapped to a n-qubit regis-
ter as in Equation (12) where k represents the particle location
corresponding to binary number k.

|𝜓(x + L, t)⟩ = 2n−1∑
k=0

𝜓(xk, t)|k⟩ (12)
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2.2.2. Implementing the Operators

After discussing the approximation of the time evolution opera-
tor using the individual potential and kinetic energy operators,
this section will delineate the methods by which we express and
implement these operators. Therefore, in accordance with the
Suzuki–Trotter approximation, to simulate quantum tunneling,
the following operators need to be implemented:

1) The Kinetic Energy Operator, eK̂

2) The Potential Energy Operator, eV̂

The Kinetic Energy Operator

The kinetic energy operator can be represented with the help
of the momentum operator as shown in Equation (13), where p̂
is the momentum operator.

K̂ =
p̂2

2m
(13)

where

p̂ = the momentum operator
m = the mass of the particle

Different from coordinate space, in momentum space p̂ is di-
agonal. However, the potential energy operator is dependent on
x̂, which is diagonal in the coordinate space. Consequently, it
is advantageous to switch from coordinate space to momentum
space to apply the kinetic energy operator and return to coordi-
nate space to apply the potential energy operator (this is because
the construction of diagonal operators is easier). In quantumme-
chanics, switching from coordinate space to momentum space
is done by means of the Fourier Transform, as shown in Equa-
tion (14). The inverse transformation is done via Equation (15).

𝜓̃(p, t) = 1√
2𝜋ℏ ∫

∞

−∞
dx𝜓(x, t) ∗ e−

ipx
ℏ (14)

𝜓(x, t) = 1√
2𝜋ℏ ∫

∞

−∞
dp𝜓̃(p, t) ∗ e

ipx
ℏ (15)

Considering the same limitations, we will need to use the dis-
crete formula of the Fourier Transform. Moreover, we need the
quantum implementation of this algorithm, namely the Quan-
tum Fourier Transform (QFT), shown in Equation (16). The in-
verse Quantum Fourier Transform (IQFT) would be used to con-
vert back to coordinate space.

|j⟩ → 1√
N

N−1∑
k=0

𝜔
jk
N|k⟩

𝜔
jk
N = e2𝜋i

jk
N

(16)

As mentioned earlier, in momentum space, the kinetic energy
operator is diagonal. Using the notation in Equation (17), the op-

Figure 1. Z1 ⊗ Z2 Hamiltonian implementation using ancilla qubits. The
qubits q0 and q1 are the two qubits for which the Hamiltonian is imple-
mented. Qubit a is the auxiliary qubit that is employed to facilitate com-
putation.

erator e−ik̂2Δt can be represented with the use of the phase gate,
as shown in Equation (18) with the Pauli Z gate.[17,26]

|k⟩ = n∑
i=0

2iji+1 (17)

e−ik̂
2Δt = exp

(
i𝜙
22n−3

(1 +
n∑
j=1

2j−1Ẑj)
2

)
(18)

With this formulation, the one qubit operations could be
easily observed. However, in order to better examine the
two-qubit operations, the sum had to be opened. Focusing
on the two-qubit terms, this part can be represented as in
Equation (19).

S =
∑
i

∑
j

22
j−12i−1

22n−3
ẐiẐj =

∑
i

∑
j

2i+j−1

22n−3
ẐiẐj

=
∑
i

∑
j

1
22n−i−j−2

ẐiẐj (19)

Since in this notation, i and j start from 1 and when imple-
menting indexing starts from 0, we need to change the start and
ending point and rewrite the sum as in Equation (20).

i → i′ + 1

j → j′ + 1

S =
∑
i′

∑
j′

1
22n′−(i′+1)−(j′+1)−2

ẐiẐj

=
∑
i′

∑
j′

1
22n′−i′−j′−4

ẐiẐj

(20)

The implementation of this operator can therefore be ac-
complished in various ways. One approach is to follow the
schema using auxiliary qubits,[27] but one can also manage
without such auxiliary qubits in simulations of two and three
qubits.[18,19] An auxiliary qubit is used in order to keep count
of the parity of the qubits (the phase shift applied to the
system is +iΔt if the parity of the n qubits in the computa-
tional basis is even). This is highlighted in Algorithm 1 and
illustrated for an example Hamiltonian in Figure 1. The first
section of the algorithm concerns the single-qubit rotations,
while the second is intended for the two-qubit terms in the
above-mentioned equations. We mention that lines 9–10 are

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (4 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Algorithm 1 Kinetic Energy Operator Implementation

Input Δt representing the time step size needed by trotterization, n representing
the number of qubits, circuit the quantum circuit with two registers q, and aux as
auxiliary register

Output The updated circuit

1: for i ∈ range(n) do

2: circuit.p( 𝜙

22n−3
, q[i]) ▹ The single qubit rotations from Equation (18)

3: end for

4: for i ∈ range(n) do

5: for j ∈ range(i + 1, n) do

6: apply cx on q[i], aux

7: apply cx on q[j], aux

8: apply phase gate with angle 1

22n−i−j−4
on aux ▹ The two-qubit rotations

9: apply cx on q[j], aux

10: apply cx on q[i], aux

11: end for

12: end for

meant to undo the parity counting in order to account for
reusability.
However, we have to keep in mind that using an ancilla

qubit will increase the hardware mapping depth for supercon-
ducting current architectures since the connectivity is limited.
Further information on implementations considering hardware
constraints will be provided in Section 2.3.

Potential Energy Operator

Apart from the kinetic energy operator, the Hamiltonian is
also composed of the potential energy operator. In order to simu-
late quantum tunneling, as discussed in Section 2.1.1, one could
simulate a well type potential. Implementation of the potential
energy operator is then straightforward in coordinate represen-
tations: it is done by applying Z rotations to the qubit (or CZ
operations to different qubits), depending on the type of potential
required. It is important to note that the qiskit ordering will be
followed, that is, little endian. For example, the controlled Pauli
Z operator could be applied on the highest-order qubit to imple-
ment multiple wells, as shown in the equation below. Similarly,
to have only one well, the lowest-order qubit could be applied
to it.

eiV̂Δt = e−iv𝜎
n−1
z Δt = I⊗ I⊗ I⊗…⊗ 𝜎z (21)

here, 𝜎n−1z is the Pauli Z operator on the n − 1 qubit.
As a summary of this section, the efficient representation and

therefore implementation of the kinetic and potential energy
operators are discussed. However, these operators are efficiently
implemented in either coordinate space, for the potential oper-
ator, or in momentum space respectively for the kinetic energy
operator. As previously mentioned, the Quantum Fourier Trans-
form enables the transition between these two representations.
Consequently, the subsequent subsection will address this
topic.

2.2.3. Quantum Fourier Transform

The Quantum Fourier Transform is used to allow us to switch be-
tween coordinate space and momentum space representations.
Represented mathematically, the QFTmaps a quantum state |X⟩
onto another quantum state |Y⟩ by the formulas from Equa-
tion (22).

|X⟩ = n−1∑
j=0

xj |j⟩

|Y⟩ = 1√
n

n−1∑
j=0

yj |j⟩

yk =
1√
n

n−1∑
j=0

e2𝜋i
jk
n xj

(22)

In order to implement the QFT, we can represent it as follows[27]

in Equation 23.

QFT |x⟩ = 1√
N
e2𝜋i

jk
n xj

= 1√
N
(|0⟩ + e

2𝜋i
2
x |1⟩)⊗ (|0⟩ + e

2𝜋i
22

x |1⟩)⊗…⊗ (|0⟩
+e

2𝜋i
2n

x |1⟩) (23)

2.2.4. Initial State

Having discussed the necessary algorithms for implementing the
time evolution, now turn to prepare the initial state from which
the system will have to evolve. Since this study aims for single
particle simulations, an initial state that encodes the state of this
initial particle was needed, such as the starting point of this par-
ticle.
In order to facilitate implementation, simulations are opted

where the potential is eiV̂Δt = e−iv𝜎0zΔt (meaning a well is present
on every other site), the initial state to be |1⟩ where the state to
start was needed. For every other type of potential, a Gaussian
wave is used as the main form:

|𝜓⟩ = 1√
2𝜋𝜎

e−
1
2
( x−𝜇
𝜎
)2 (24)

However, for moving waves, a momentum component is also
added:

|𝜓⟩ = 1√
2𝜋𝜎

e−
1
2
( x−𝜇
𝜎
)2e−ipx (25)

This works well for simulations with barriers since the wave is
confined. A Gaussian wave is also used for free particle simula-
tions. In quantummechanics, due to the need for normalization,

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (5 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 2. Full circuit overview of the quantum simulation. It starts with the state preparations of the system, after which the time evolution is imple-
mented. In one time step, the implementation of the kinetic energy operator (by means of the QFT for switching between basis) and the potential energy
operator are represented. At the end, measuring the register gives the final state of the system.

the wavepacket is represented as a superposition of such plane
waves.

𝜓(x, t) = 1√
2𝜋 ∫

∞

−∞
dk𝜑̃(k)e−𝜔(k)teikx = 1√

2𝜋 ∫
∞

−∞
dk𝜑̃(k)eikx (26)

After a comprehensive explanation of the individual components
required to simulate quantum tunneling on a quantum com-
puter, it is now possible to integrate all of these implementations
to construct the final circuit. Consequently, the subsequent sec-
tion will delineate the specific applications of each algorithm that
has been examined in the preceding sections.

2.2.5. Circuit Overview

After analyzing the initial state and the implementations of the
kinetic and potential energy operators in the preceding sections,
now able to offer a comprehensive overview of the circuit imple-
mentation. Simulation of Equation (6) is intended on the quan-
tum computer. Upon examining the operators’ implementation,
an extensive overview of the critical stages required for the cir-
cuit’s development could be provided, as illustrated in Figure 2.

These steps are as follows:

Step 1: This is represented by state preparation, which entails
preparing |𝜓(x, 0)⟩, as discussed in Section 2.2.4. This
state can be aGaussian wave for systemswhere the space
has been discretized using more qubits. Otherwise, the
wave is approximated to the state containing a flipped
qubit on the position of the particle After this prepara-
tion, one can start implementing the time evolution with
the use of the Suzuki–Trotter approximation. The Kinetic
and Potential energy operators are implemented in steps
2–5, which represent a single time increment.

Step 2: The QFT is applied to the quantum circuit. As men-
tioned in Section 2.2.2, one will first switch to momen-
tum space with the use of the QFT and then implement
the kinetic operator.

Step 3: The Kinetic Energy Operator is implemented. This can
be done either with or without ancilla qubits.

Step 4: Switching back to coordinate space is represented by the
Inverse QFT.

Step 5: Implementation of the Potential Energy Operator, as de-
scribed in Section 2.2.2.

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (6 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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(a) The implementation of kinetic and potential energy operators for two qubit systems. An ancilla qubit is used
to implement the kinetic energy operator. A phase gate is applied to the first qubit to create two wells of potential
by the potential energy operator.

(b) Implementation of a one timestep for a two qubit system. Initially, the QFT is employed to transition to the
momentum space. Subsequently, the kinetic energy operator is implemented. In order to return to coordinate
space, the potential energy operator is implemented, and the inverse QFT is applied.

Figure 3. Overview of two-qubit operator implementations.

Step 6: The last step is measuring the working register, which
provides the final state of the particle.

For implementation, qiskit was used, but since this is com-
piled to QASM, the code can be reused for other languages as
well. The representation of operators for a two-qubit example, as
presented in the first section, is shown in Figure 3.
A high-level view of the circuit for a two-qubit implemen-

tation, where an ancilla qubit is used for the kinetic energy
implementation, is present in Figure 3b following the scheme
presented in Section 2.2.2 with ancilla qubits.[27]

This circuit can be employed to simulate quantum tunneling
in small systems after an overview of the final circuit has been
discussed. The circuit developed in the preceding sections will
be employed in the subsequent section to conduct a four-qubit
simulation, and the results will be presented. The subsequent
section will provide a comprehensive discussion of the necessary
details for an efficient hardware execution following this simula-
tion.

2.2.6. Four Qubit Quantum Tunneling Simulation

The results of the four qubit quantum tunneling simulation
in a noiseless environment are presented in this section. By
examining these results, we can gain a more comprehensive
understanding of the quantum tunneling phenomena and
emphasize the manner in which the components previously
discussed converge to create a quantum tunneling simulation.
Since this is a noise-free environment, the simulator employed
does not account for possible errors, which are inevitable with
today’s quantum computers. Leveraging qiskit, this simulator

is accessible via Aer, providing users with the option to select
between noiseless and noisy simulation modes.
Regarding implementation, our approach incorporated the ki-

netic energy operator using an auxiliary qubit. The potential and
QFT are implemented as discussed in earlier sections.
The setup of the experiments is summarized in Table 1. Poten-

tial type refers to positions in our simulation that have a non-null
potential attributed to them in the potential landscape. The x
matches for either 0 or 1. For example, for the two well simula-
tion which has a potential type of x11x, we can see in Figure 5b
that there is non zero potential (represented by the yellow box)
at positions: 0110, 0111, 1110, 1111. The wall and multiple
wells potential are discussed in the part regarding the Potential
Energy operator in Section 2.2.2. Potential type x11x can be
achieved through a filter-type gate, as suggested in ref. [17]. This
is rather intuitive, since we need to apply a phase corresponding
to this operator to the states that have a non-zero potential in our
modeling. This can be achieved through controlled gates using
the auxiliary qubit. It can be observed that the ancilla qubit is
convenient in this type of simulation since it can be used for
both the potential operator and the kinetic energy operator. The
implementation of the x11x barrier is presented in Figure 4. The
results are presented in Figure 5, and for 5 and 5c tunneling is
observed between the wells of potential. We also point out that
in Figure 5b we can see that there is less tunneling between
the wells in the first timesteps, since the potential barrier is
also larger. Running the simulation with the circuit discussed
for different timesteps, one manages to gather the results pre-
sented in Figure 5. As anticipated, the initial experiment does
not demonstrate any tunneling, as there is a potential wall that
prevents the particle from tunneling due to the size and width
of the barrier. Figure 5a illustrates the results of the simulation

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (7 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH

 25119044, 2025, 1, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/qute.202400163 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [03/09/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advquantumtech.com


www.advancedsciencenews.com www.advquantumtech.com

Table 1. Experiments Setup for four qubit quantum tunneling simulation.

Type of potential Initial wave Δt Number of time steps Potential type

Wall Potential Gaussian wave centered at |0100⟩ 0.1 20 1xxx

Two wells Gaussian wave centered at |0100⟩ 0.1 40 x11x

Multiple wells |1000⟩ 0.1 20 xxx1

across multiple time steps. We emphasize that the diagram vi-
sually illustrates the probability of the particle being at a specific
position (represented on the x-axis) by varying the color intensity.
When one sets upmultiple wells, as in Figure 5b,c, tunneling can
be observed. By this, we mean that the particle is able to “tunnel”
from onewell to the other, even though there is a potential barrier
separating the two. In Figure 5b, one can see a particle traveling
to the right and after reaching the potential barrier, it can be seen
“tunneling” through the other well. The probability of transmis-
sion through the potential barrier is, of course, dependent on the
potential. The transmission wave and the reflected wave are also
observable. In Figure 5c, multiple wells have been implemented,
and the simulation results are illustrated. The tunneling of the
particle can be observed in this image as well. We mention
that the starting position of the particle is represented by the
statevector |1000⟩. In this section, we gathered a better under-
standing of what a noiseless quantum tunneling simulation
reveals, studying different potentials and analyzing the results
within the context of a four qubit simulation. Nonetheless, upon
transitioning to actual hardware, numerous considerations
arise that necessitate attention, thereby warranting adjustments
before achieving satisfactory results. These considerations will
be thoroughly discussed in the next section.

2.3. Running on Hardware

After discussing the implementation of the quantum tunneling
simulation, it is possible to begin considering the critical fac-
tors and adjustments required for the circuit to operate on ac-
tual hardware. In order to obtain precise results, it is necessary
to consider the various complexities of the actual run, which will
be elaborated upon in this section.

2.3.1. Aspects of Hardware Execution

When running on hardware, multiple factors need to be consid-
ered. We are still in the NISQ era, and therefore we need to make

Figure 4. Implementation of x11x type potential.

our circuit as tolerant to error as possible, which would mean in-
cluding everything from modifying the circuit, to choosing the
right layout and routing techniques.
The first thing one has to do is choose a backend. Part of the

experiments were done on one of the three seven-qubit quan-
tum computers part of the Falcon r5.11H chip and three 128-
qubit quantum computers using the Eagle r3 chip. Simulations
were run on the seven-qubit quantum computer Nairobi, Jakarta,
and the 128-qubit quantum computer Osaka. Apart from IBM’s
superconducting quantum computers, others could have also
been considered, such as IQM’s trapped ions quantum comput-
ers. Certain advantages and disadvantages may be identified for
each architecture.
Once a quantum computer is chosen, we have access to the

basis gates of such computer (for our case, ECR, ID, RZ, SX, X)
and the chip layout (in the case of superconducting circuits).
The layout is important since the connectivity in supercon-

ducting quantum computers is not all-to-all. For example, when
two virtual qubits that partake in different two-qubit gates are
mapped to physical qubits that are not connected, this might
translate into less efficiency, since one of them will need to be
swapped next to the other one (therefore adding three two-qubit
gates to the circuit that introduce noise). Also, since our circuit is
most of the time not entirely composed of basis gates, but also of
composed gates, we need to transform our circuit to contain only
allowed gates. This operation is done by the transpiler, which
has a similar role to other languages’ compiler. The transpiler
works by applying multiple passes to the circuit, each executing
different operations meant to optimize, layout, reduce depth
and transform the circuit to run on the backend. However,
we have to keep in mind that the transpiler does not always
provide the best option available for a given circuit, and even
more for a given statevector. What we seek to imply by this is
that two identical circuits, yielding the same statevector, may
exhibit distinct implementations leading to variations in circuit
depths which are not “solved” by the transpiler. To illustrate
this, in Figure 8, in the abstract circuit section, we can observe
two circuits that eventually produce the same statevector. How-
ever, we can also notice that the implementation is different,
and, therefore, depending on the backend chosen, we can see
how the layout can influence circuit depth. For example, on
ibm_auckland we can see that the transpiled circuit of the sec-
ond implementation has a lower depth than that of the first one.
Reducing two-qubit gates plays an important role in ensuring
the circuit is error-prone. However, on ibm_nairobi, the layout
of the transpiled first circuit has a lower depth. The observation
that choosing the hardware-aware implementation of a certain
problem is essential when it comes to superconducting circuits
must be considered when designing algorithms to be run on

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (8 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 5. Each diagram represents a four qubit noiseless simulation. The bottom image presents the profile of the potential, along with the initial
position of the wave that can also be observed at timestep 0 of the diagram.

superconducting architectures. One can also notice how depth
is increased by using several swap gates that were required to
map the circuit to the layout, as observed in the example from
Figure 7 as well. This process, responsible for adding swap
gates to ensure connectivity adherence, constitutes the routing
passes.
Apart from the layout, one has to consider the coupling map

as well. The coupling map was symmetric for earlier chips,
such as the Falcon r5.11H. This means that we could apply
controlled two-qubit gates regardless of which physical qubit
was chosen as the control or target. However, connectivity is
not symmetric on the newer chips (Eagle r3). Illustrations for
coupling maps for the Falcon chip (more specifically, the Nairobi
quantum computer) and the Eagle chip (the Osaka quantum
computer) are presented in Figure 6. This means that, for
example, the swap gate is implemented in a different way, not
only because of the different basis gate (on the Eagle r3) but
also due to the coupling map. We also remind that the ECR gate
(part of the basis set on the Eagle r3 chip) is an echoed-cross
resonance gate, equivalent to CX gate up to single qubit pre
-rotations.

2.3.2. The Transpiler

The primary component utilized in preparing an abstract quan-
tum circuit for running on a real quantum computer is the tran-
spiler, as previously mentioned. This component is sometimes
named compiler, depending on the programming language used,
and played an important role in the optimization of the circuit
analyzed in this study. Therefore, we summarize the main com-
ponents, as implemented by qiskit, the library we chose for im-
plementation:

1) Decomposing the custom gates into one and two-qubit
gates—one step here is unfolding; for our quantum simula-
tion circuit, this means unfolding the kinetic energy operator
and the potential energy operator

2) Layout - finding the best physical qubits our virtual qubits will
be mapped to. Another tool we used for this pass was mapo-
matic for a more detailed look into the layout scoring process.

3) Routing—inserting swap gate in order to respect the connec-
tivity

(a) Coupling map for the 7-qubit quantum
computer Nairobi. It can be seen that this
coupling map is symmetric.

(b) Coupling map for 128-qubit quantum
computer Osaka. Here, the coupling map is
not symmetric.

Figure 6. Coupling maps of the IBM quantum computers used in the experiments.

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (9 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH

 25119044, 2025, 1, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/qute.202400163 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [03/09/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advquantumtech.com


www.advancedsciencenews.com www.advquantumtech.com

Figure 7. The transpilation process of a quantum circuit. Both the original circuit and the transpiled circuits are presented.

4) Translation (into basis gates—the native gates for the specific
backend)

5) Optimization—removing redundancies in the circuit, apply-
ing circuit identities in order to decrease the circuit depth. For
this pass, we also used the tket compiler.

6) Scheduling—this is an important pass for pulse-level con-
trol; but for this pass, we can also use different techniques
(Dynamical Decoupling is a pass that needs scheduling after-
ward)

Qiskit’s transpiler is not the only one that exists and is helpful.
For example, apart from this transpiler we also used tket compiler
that improved the circuit depth. This is due to different passes
being implemented by tket (such as the FullPeepholeOptimise
pass) that when applied to our circuit, proved efficient in mak-
ing it shallower (Figure 7). As mentioned earlier, one should also
consider that two circuits which in the end produce the same stat-
evector, depending on the implementation and layout of the cir-
cuit, would result in different final circuits of different depths.
Figure 8 presents one example that highlights this idea.
Apart from the alterations done by the transpiler in order to

make the circuit adhere to the instruction set architecture of the
specific hardware chosen and to optimize the circuit, another fac-
tor onemight consider is the integration of error mitigation tools
in the development process of the algorithm, considering NISQ

era devices. Consequently, the subsequent section provides a con-
cise overview of the function of errormitigation in quantum com-
putation and presents a few methodologies that one might con-
sider. Two of these were implemented in this investigation to ob-
tain precise results.

2.3.3. Error Mitigation

In the NISQ era, the objective of various techniques is tomitigate
noise rather than eliminate it. Consequently, the discipline of
quantum error mitigation has emerged. Multiple techniques
have been developed and they are now used in order to extract
useful information in real-world applications,[28] such as the ones
related to quantum chemistry.[14–16] Namely, some relevant tech-
niques are Zero Noise Extrapolation (ZNE), Probabilistic Error
Cancellation (PEC), Readout Error Mitigation (REM), Subspace
expansions and Symmetry contraints[29] and Clifford data re-
gression (CDR). Here, we will overview some of the relevant
error mitigation techniques and discuss their advantages and
disadvantages.

Probabilistic Error Cancellation

Probabilistic Error Cancellation (PEC) is an error mitigation
technique that is based on representing the ideal operators used

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (10 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 8. An example of how the depth of the circuit is influenced by the circuit design and backend. In this instance, the left and right circuits generate
identical states. Various transpiled circuits are produced with varying depths, based on the quantum computer and the physical qubits employed. As
implementation and hardware chosen both have an impact on the final circuits, it is necessary to implement hardware-aware design.

in the circuit by a linear combination of noisy operators.[6,30,31]

Specifically, each operator i of interest to our final circuit is
represented as a linear combination of noisy implementable
operators i, as shown in Equation 27, using the notations
in ref. [32]. Here, 𝜂i,𝛼 is a quasi-probability distribution repre-
senting the probabilities associated with respect to the index
𝛼. Therefore, it is assumed that the set of implementable
operations i is sufficiently large to represent the ideal
operators i.

[30]

i =
∑
𝛼

𝜂i,𝛼i,𝛼 (27)

The aim of PEC is therefore estimating the expectation value
of some observable, A, that would result in a noiseless environ-
ment. Rewriting the ideal expectation value (⟨A⟩ideal = tr[A (𝜌0)],
where  is the operator that acts on the density matrix and is
composed of the ideal operators ) in terms of noisy expectation
results, it can be observed that once the quasi-probability distri-
bution is learned, the ideal expectation value can be extracted.[30]

The formula for the ideal expectation is illustrated in Equa-
tion (28).

⟨A⟩ideal = ∑
𝛼⃗

𝜂𝛼⃗⟨A𝛼⃗⟩noisy (28)

where

𝜂𝛼⃗ = 𝜂t,𝛼t … 𝜂2,𝛼2𝜂1,𝛼1⟨A𝛼⃗⟩noisy = tr[AΦ𝛼⃗(𝜌0)]

Φ𝛼⃗ = t,𝛼t
◦… ◦2,𝛼2

◦1,𝛼1

However, since this sum grows exponentially with respect to
the number of gates, it becomes unfeasible to compute all the
corresponding expectations.[30] Therefore, one can choose to
use the Monte Carlo Approximation. That is, by sampling indi-
vidual gates one can effectively sample from the global quasi-
probability distribution. Using this sampling, one is able to re-
duce the overhead by measuring only a subset of all the terms
needed for approximating the noiseless value of the final re-
sult. In order to acquire the necessary information regarding

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (11 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Figure 9. Multiprogamming allows for multiple circuits to run on the same chip.

the noisy operators, in one implementation of PEC one would
have to perform gate set tomography to gain the knowledge
about. This would be done if one would need a comprehensive
representation of the operators with respect to the real noise
model present in the quantum computer. Of course, simpler
noise models can be considered as well along with vendor’s cal-
ibration data in order to extract the representation of the ideal
operators in terms of the noisy implementable ones with less
overhead.

Clifford Data Regression

Clifford Data Regression (CDR) is a technique that uses data
obtained from classically simulable circuits to train and therefore
extract the noiseless expectation value for a given circuit. It was
proposed in 2020, in ref. [33]. Simply put, a training set {Vi}i=1 is
constructed where each circuit is similar to the one of interest,U.
A simple way to construct these circuits of interest is by replacing
a subset of the gates in our original circuit,U, with Clifford gates
that are close in distance to the original gates, as proposed in the
initial article.[33] The need for using Clifford gates comes from
the requirement that the circuits must be efficiently simulated
by a classic computer (and circuits composed of Clifford gates fall

into this category, due to theGottesman–Knill theorem). After the
circuits are obtained, the expectation values of a given operator X
are evaluated using a classical computer. The noisy version of this
expectation value is also obtained from running the circuits con-
structed on a quantum computer. These two sets will be merged
and represent the training data set. Following the notation in ref.
[34], we will denote the space of noiseless and noisy expectation
values with 𝜀noiseless and 𝜀noisy respectively. The dataset obtained is
then used to train a function f : 𝜀noisy → 𝜀noiseless that can be used
to extract the approximated noiseless value for the given circuit
and observable. This technique can be integrated with the devel-
opment process by using mitiq.[32]

Readout Error Mitigation

Readout Error Mitigation is an umbrella term used for
multiple approaches to mitigating errors, most commonly by
means of a confusion matrix through applying its inverse to
the outcome probability distribution, as to extract the noiseless
distribution,[7,8] first proposed in ref. [35]. This confusion matrix
is a matrix that encodes the probabilities of measuring a pre-
pared state |u⟩ as another state, |v⟩. One can consider whether
the qubits’ results are correlated between qubits or not. When

Figure 10. Final workflow of the two-qubit quantum tunneling simulation. After the circuit is implemented and optimized for a given hardware, multiple
equivalent circuits with different depths are constructed (circuits modified in order to increase the noise level in the circuit). These circuits are then
mapped on the same quantum chip (multiprogramming the chip) and run. The results are then extracted and the zero noise value extrapolated.

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (12 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH

 25119044, 2025, 1, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/qute.202400163 by C

ochraneA
ustria, W

iley O
nline L

ibrary on [03/09/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

http://www.advancedsciencenews.com
http://www.advquantumtech.com


www.advancedsciencenews.com www.advquantumtech.com

Figure 11. The circuit diagram for the two-qubit simulation. The troterized implementation of the Hamiltonian can be observed across seven timesteps.
Namely, the implementation of kinetic energy operator (between the QFTs) and the potential energy operator (after each Inverse QFT) can be seen
across multiple timesteps.

correlated results are considered, for n qubits, the matrix will be
2n × 2n. However, if the noise is considered local, we will have
n matrices 2 × 2, one for each qubit. This is an important detail
to take into account especially when analyzing scalability, since
for a larger number of qubits, constructing and working with
the whole 2n × 2n matrix can become cumbersome. Therefore,
multiple optimizations have been proposed to ensure the scal-
ability of this technique in contexts with multiple qubits.[36,37]

Under the assumption that the dominant form of errors are
uncorrelated errors (or that there is minimal measurement
crosstalk), both[36] and[37] use the n 2 × 2 calibration matrices
in order to characterize the whole 2n × 2n matrix. Moreover,
matrix-free iterative techniques can also be implemented and
show convergence in (1) steps.[36] Ideally, regarding the type of
error that is considered, thesematrices will have one on themain
diagonal, and 0 everywhere else, meaning that, the state prepared
is always the same as the state measured. However, in a noisy en-
vironment this is not the case, therefore this matrix will encode
the effects of noise on the states of the system. One simple way
to construct this matrix is to prepare all the states |u⟩ and then
use the measurement distribution to construct its probabilities.
This technique is, however, circuit independent. This means
the circuit that will be run is not taken into consideration when
performing these measurements. To extract the noiseless prob-
ability distribution, usually the inverse of the confusion matrix,
when available, is calculated (theMoore–Penrose pseudoinverse)
and then applied to the extracted probability distribution. When
the full matrix is not available due to optimization concerns,
different techniques are used in order to extract the noiseless
results.[36,37]

Zero Noise Extrapolation

First introduced in 2017, Zero Noise Extrapolation is an
error mitigation technique based on trying to extrapolate the
noiseless result of a quantum circuit by analyzing the circuit in
different noise levels.[5,6,38] More technically, we need to estimate
the expectation value of some observable with respect to an
evolved state that is subject to noise. As the aforementioned
article explains, they used Richardson extrapolation in order to
extrapolate the zero-noise limit in short depth quantum circuits.
With this being said, let 𝜆 be the factor by which we increase

the noise level. Following the notation from,[32] we let 𝜏 quantify

the noise level in the circuit and let 𝜏 ′ = 𝜆𝜏 the scaled noise level.
We can, therefore, see that for 𝜆 = 1, the input circuit remains
unchanged. We let 𝜌(𝜏) be the density matrix representing the
state prepared by the noise scaled quantum circuit. The expec-
tation value of an observable A can therefore be represented as:

⟨E(𝜆)⟩ = Tr[𝜌(𝜆𝜏)A] (29)

Therefore, if we measure for different values of 𝜆 ≥ 1 we can
try to extrapolate the zero-noise limit. Different functions can be
used to extrapolate the result, the ones provided by[32] and that
were used in the experiments are Richardson Extrapolation based
and polynomial extrapolation. Noise amplification, that means
modifying the initial circuit for increased levels of 𝜆 can be done
through gate folding on a global or local scale.[5,39] We used lo-
cal folding for our circuits. Pulse level gate implementations can
also be used in order to control the noise introduced.[40,41]

Nevertheless, a drawback of employing the ZNE technique is
the additional computational burden caused by operating many
circuits to extract the pertinent data. An inefficient approach
would include executing these circuits one after another and
then estimating the expected value at zero noise limit. Nev-
ertheless, when running small circuits on chips with larger
quantum volumes (such as the 128 qubits quantum comput-
ers offered by IBM), the quantum chip exhibits a low utiliza-
tion rate for each run. Hence, it may be desirable to effec-
tively execute various circuits while simultaneously utilizing
the same quantum device. This work employed the concept
of multiprogramming to address the issue of underutilization
of hardware in small simulations. Hence, in the subsequent
part, we delineate the specific components and considerations
involved in incorporating this technique into the development
workflow.

Combining Error Mitigation Techniques

Since each error mitigation technique has its own unique ad-
vantages, different workflows that incorporate more than one er-
ror mitigation strategy have been developed. Such techniques
usually have the disadvantage of a bigger overhead, either due
to sampling or specific requirements, but nonetheless prove to
be useful in many applications. One example that conceptually

Adv. Quantum Technol. 2025, 8, 2400163 2400163 (13 of 23) © 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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(a) Plot of the 7 timesteps. The particle starts at
location |00〉 and then tunnels to location |10〉 by
timestep 7.

(b) Ideal distribution for 4000 shots. Quantum tun-
neling is visible from well |00〉 to |10〉.

Figure 12. Experimental results for end-to-end process.

unifies ZNE and CDR is variable-noise Clifford Data Regression
(vnCDR), proposed in ref. [42]. Here, the modification added to
the CDR technique is the use of noise amplification after the
initial alterations done to the initial circuit. We remind that the
modifications introduced by CDR are done by replacing subsets
of gates with Clifford gates, ensuring that the new circuits can be
efficiently simulated on a classical computer. After choosing the
noise levels, in the step of building the training set, these noise
levels are used to alter the CDR modified circuits and to obtain
the final data set, containing circuits similar to the initial circuit
modified by both clifford replacements and noise amplification
techniques. After the expectation values are extracted, these will
be used for training the function. The efficiency of this method
has been tested on multiple applications and yields results up to
33x more accurate then the unmitigated values, better by a fac-
tor of 2 compared to the constituent techniques used indepen-
dently. Noise-extended Probabilistic Error Cancellation (NEPEC)
proposed in ref. [30] is another example of a technique that in-
corporates multiple strategies. Here, both PEC and ZNE are em-
ployed in order to avoid the usage of gate set tomography and to
allow the user to obtain partially mitigated results at a lower sam-
pling cost. UsingNEPEC, the expectation value is estimated from
a general combination of circuits present at different noise levels
(also, the noise of each gate in the circuit can be scaled differ-
ently). Another example of a technique that incorporatesmultiple
error mitigation strategies is Unified Technique for Error Mitiga-
tion with Data (UNITED) proposed in ref. [34]. Here, Zero-noise
Extrapolation, Clifford-data regression and Virtual Distillation
are employed together in order to construct a framework that out-
performs each method. The sampling overhead is also to be con-
sidered here since more powerful methods usually require more
shots for optimal performance. Also, in order to use UNITED,
training is also necessary, as one might expect from CDR-based
strategies. The question then becomes what are the criteria one
has to consider when choosing the error mitigation strategy for
a given problem. First, a set of specifications for the best error
mitigation techniques can be taken into consideration.[43] Once
the requirements pertinent to the method are fulfilled, consid-
eration of application-specific variables can begin. Moreover, in
real applications one factor that must be taken into account is the

overhead of computation. For example, in our problem, wemight
consider a two-qubit simulation. Considering the quantum vol-
ume of current hardware, the chip is mostly unused. Therefore,
multiple simulations can be efficiently run simultaneously. This
means that if one were to choose for example ZNE, multiple cir-
cuits with different noise levels can be executed with little over-
head for the time the hardware is used (since they are run simul-
taneously, depending on scheduling, the time the chip is used
will be the time necessary for the circuit with the most depth to
run). There is, of course, an upper limit to the number of circuits
that can be run on the same chip, considering the limited number
of qubits and the gradual influence of crosstalk between qubits.
Also, the desired accuracy is also to be considered when estimat-
ing the overhead needed. For training based solutions, one has to
construct more circuits to reach desired accuracy. Also, when it
comes to CDR-based techniques, one has to consider that the cir-
cuits will be run on a classical computer as well, so the final data
set might require more resources to create. For our problem, we
chose to start by applying the ZNE strategy, a well known tech-
nique that proved efficient for a lot of NISQ era applications, and
optimize this solution in order to extract the best results. Follow-
ing the criteria devised in ref. [43], we can analyze part of the ben-
efits and drawbacks of the chosen technique. There are seven re-
quirements proposed for an ideal error mitigation method: accu-
rate result recovery, depth independence, the versatility of the er-
ror model, practically realizable, no necessity of additional hard-
ware, gate-set independence and no prior knowledge of the out-
put of the circuit being used.[43] It is clear that the majority of
these conditions are satisfied. Namely, ZNE helped us recover
accurate results and it is, in construction, independent of circuit
depth (however, the circuit depth becomes relevant when hard-
ware run is considered). Moreover, the method is practically real-
izable (indeed, the same hardware is used for running the origi-
nal circuit as well as the noise amplified circuits). Also, no addi-
tional hardware is used to performZNE. Criteria 6 and 7 from the
mentioned resource are also fulfilled, as the method is indepen-
dent of the gate set and does not rely on any prior knowledge of
the output for extrapolation. When considering the error model,
while ZNE does in theory help mitigate all types of errors, it can
underperform in cases in which the noise is not well understood
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(a) Results from backend run of each modified circuit. Quantum tunneling can be observed by the presence of
the particle in the well represented by the state |10〉.

(b) Inference on counts from noisy
simulators.

(c) Inference on noisy results from
backend.

Figure 13. Experimental Results for End-to-End Process with Noise.

and varies significantly over time. In this situations, the noise am-
plification along with the extrapolation can perform poorly and
give vastly different results depending on the technique chosen.
When these extreme cases are considered, one can choose amore
targeted technique, such as Folding-Free ZNE which proves ef-
ficient in cases of extreme noise (in which noise amplification
proves inefficient) and especially in cases where depolarizing and
decoherence noise is present.[44] Since the noise present in IBM
quantum computers is fairly stable and the size of our circuit al-
lowed efficient noise amplification, ZNE proved to be efficient for
our application. Also, the overhead of this technique was lower
compared to other methods and allowed us to couple this strat-
egy with an efficient use of the quantum chip, which will be dis-
cussed in the next session. By applying this technique, we were
able to obtain results 10x more accurate than the unmitigated re-
sults, and the final error obtained is satisfactory. Increasing this
accuracy would have come with a larger overhead imposed by
other techniques. For more complex simulations, one could take
into consideration more complex error mitigation strategies as
well.

2.3.4. Multiprogramming—An Efficient Use of the Quantum Chip

Whenever we want to run a certain experiment, one can take
into consideration the efficient use of the quantum chip.
Multiprogramming[45–48] is a technique used for tackling the
problem of hardware under-utilization in the NISQ era. Because

Table 2. Results on Noisy simulator and on Real Backend. The notations
are shown below. The effectiveness of the error mitigation approach can
be assessed in both cases by examining the reduced error.

Type T Trun E1 Tem
run E2

simulation 0.864 0.64 0.224 0.798 0.066

real run 0.864 0.802 0.062 0.870 0.006

the size of the circuit is currently restricted by hardware capa-
bilities, one might end up using only a small percentage of the
qubits available in one run. For example, when we use the two-
qubit experiment and we want to run it on the chip of 128 qubits
available through IBM, sending the experiments sequentially
would result in the utilization of hardware of just 1.25%. There-
fore, in our experiments, we chose to use multiprogramming
for this reason. The main idea of this technique is highlighted in
Figure 9.
Despite the advantages, there are also some disadvantages to

multiprogramming, one of which is interference. These interfer-
ences may occur due to the crosstalk introduced by additional
operations and qubit measurement operations. Different layout
strategies have been tested in order to limit this crosstalk. For
example, there is evidence that in practice, for concurrent runs,
crosstalk does not affect shorter circuits and for most runs,
a physical buffer of one qubit between circuits is enough to
reduce the effects of interference drastically if the circuit depth
doesn’t increase above 30 CX.[48] Layout strategies have been
developed to therefore increase the usage of a chip,[47] along
with scheduling algorithms that follow the same aim of reducing
crosstalk.[45,46] For count-experiments, extracting the result for
each circuit is straightforward. For statevector simulations,
one can trace out the qubits that are not needed with the use
of a partial trace over the density matrix of the system. If Q
is the register of interest and A are the qubits for the other
circuits, the density matrix of the system Q is extracted as in
Equation (30).

𝜌Q ≡ TrA[𝜌QA] (30)

To conclude this section, we outlined the theoretical context
needed for understanding and implementing a quantum tun-
neling simulation as well as thoroughly explained the imple-
mentation considerations and the intricacies involved when run-
ning on hardware. Specifically, we started from the Schrödinger
equation and the potential profile needed for observing the
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Figure 14. The diagram of the circuit used in this experiment.

phenomenon of quantum tunneling. Subsequently, Section 2.2
delved into the adaptations required for implementing the theo-
retical framework in the context of quantum computing. A range
of possibilities for implementing the kinetic and potential energy
operators were examined, and the benefits and drawbacks were
carefully assessed. A four-qubit quantum simulation in a noise-
less environment was also performed and the results were inter-
preted, showing the presence of the phenomenon studied. The
last subsection detailed the complexities that must be taken into
account when running the abstract circuit on physical hardware.
It discussed the significance and function of the transpiler, the in-
corporation of error mitigation techniques, and the efficient use
of the quantum chip.
The following section will describe the results of three perti-

nent experiments, showcasing various features of the approaches
presented for a quantum tunneling simulation, after having cov-
ered the necessary algorithms and designed the workflow.

3. Results

The purpose of this section is to provide an overview of the out-
comes derived from numerous iterations of Quantum Tunnel-
ing simulations. In contrast to the experiment conducted in Sec-

Figure 15. Plot of the probabilities of the four timesteps. Quantum tun-
neling is visible from well |00⟩ to |10⟩.

tion 2.2.6, the initial two experiments discussed here will mostly
concentrate on hardware performance enhancements and er-
ror mitigation strategies. Section 3.1 will cover a comprehensive
workflow that includes implementing the circuit, preparing it
for hardware, using error mitigation approaches to improve ac-
curacy, and employing multiprogramming to efficiently utilize
a quantum chip. The simulation’s great accuracy is also men-
tioned. In Section 3.2, we will examine two additional experi-
ments that we consider detrimental to grasping the adaptability
and effectiveness of the tools used in quantum tunneling simu-
lations.

3.1. End to End Run

This experiment aims to simulate quantum tunneling on a two-
qubit system. The barriers are placed on the highest order qubit,
and the desired result is to see quantum tunneling between
the two wells created. Moreover, we aim to optimize the circuit
for running on hardware and use error mitigation techniques
(ZNE in this case) to extract the best result possible of tunneling
through the barrier. The multiprogramming paradigm was em-
ployed to optimize hardware chip utilization. The steps of this
experiment are illustrated in Figure 10.

Methodology

For implementation, we used qiskit along with the tket com-
piler. For error mitigation techniques, we used mitiq.[32] For
this experiment, the space was discretized using two qubits. We
chose seven timesteps and Δt of 0.1. As hardware, the 128-qubit
ibm_osaka was used.

Experimental Process

Figure 11 presents the abstract circuit diagram. Here the
QuantumFourier Transformoperationswere grouped in the gate
QFT, the same for the inverse Fourier Transform. The single Rz
operator in between barriers represents the potential operator,
and it implements the potential barrier. Mathematically, this op-
erator is represented by (presented in part Potential Energy Op-
erator from section 2.2.2):

V̂ = e−iv𝜎
0
zΔt = I⊗ e−iv𝜎zΔt (31)
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(a) Count distribution after the 4 timesteps. (b) Sampler output of the simulation.

Figure 16. Experimental results for the two-qubit experiment in noiseless environment.

Here, since we use qiskit for implementation, we opted for qiskit
ordering. This means that qubit 0 is the least-important qubit
(uses little-endian convention). Therefore, this implements a po-
tential barrier at |01⟩ and |11⟩.
We can see the implemented evolution of the system in

Figure 12. Tunneling is visible from well |00⟩ to |10⟩ (the particle
starts at |00⟩). This diagram shows the expected ideal output—it
was calculated based on the density operators obtained by the
statevectors taken at each timestep (based on ideal calculations,
not noisy simulation or count distribution). Our wavefunc-
tion can now be written as |𝜓⟩ = ∑3

i=0 𝛼i |ki⟩, where ki is the
statevector representing the binary representation of in-
dex i and therefore the probability of being at a given ki
is 𝛼2i .
After the implementation of the original circuit, we needed to

apply the noise amplification technique. In this experiment, we
opted for local folding and after conducting experiments with vari-
ous factors, we determined scaling factors of [1.0, 1.5, 2.0, 2.5, 3.0]
to bemost effective. Regarding the layout technique formultipro-
gramming, we choose to allocate a buffer of at least one physical
qubit, based on actual findings from previous investigations.[48]

We will also mention that the circuit has been compiled and pre-

Figure 17. Results of backend run of the circuit. While tunneling can be
observed between the two wells, |00⟩ and |10⟩, caused by the barriers |01⟩
and |11⟩, noise can also be observed in the erroneous counts on these
states.

pared for backend run with the use of qiskit as well as tket com-
piler.

Analysis of Experimental Results

Following the run on ibm_osaka, the results for each noise am-
plified circuit are extracted and then used for inference of the
zero noise limit. Results on noisy simulators are presented in
Figure 13, along with the results from the circuits. Moreover, the
results are concisely presented in Table 2.
Where the following notations have been used:

T = the ideal probability of transmission; this entails finding the
particle at location |10⟩

Trun = The result for the run (either on a noisy simulator or on
the backend)

E1 = unmitigated error, this is T − Trun
Tem
run = the transmission probability resulted from applying the
error mitigation technique

E2 = The final error resulting after applying error mitigation, this
is |T − Tem

run|
Thus, it is clear that error mitigation resulted in a substantial en-
hancement compared to the uncontrolled run, as we can see that
the estimated expectation value of our observable is only 0.006
away from the desired value. The importance of error prevention
was evident in both simulated and real scenarios.Within the sim-
ulated scenarios, the error rate decreased significantly from 0.224
to 0.066, representing a reduction of three-quarters compared to
the initial error. During the actual test, the error reduced from
0.062 to 0.006, demonstrating another significant improvement.
One can also acknowledge the precision of the acquired trans-
mission probability. In addition, by employing themultiprogram-
ming paradigm, the chip was optimally utilized. Rather than uti-
lizing only 2 out of the 128 qubits, the same device was used for
five consecutive tests.

3.2. Extended Experimental Examination

The setup described in this article showcases its versatility, and
we are confident that conducting further experiments will deepen
our grasp of result interpretation and the different components
of the indicated procedure. Hence, we carried out two further
experiments, which will be elucidated in this part. The initial
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(a) Results from the backend run on the Nairobi
quantum computer.

(b) Results from the backend run on the Osaka
quantum computer.

Figure 18. Experimental results for two-qubit simulation without error mitigation.

Figure 19. Experimental results for two-qubit simulation with REM.

experiment involves simulating a system with two qubits while
employing Readout Error Mitigation. The subsequent experi-
ment entails simulating a system with six qubits in a noise-free
setting, utilizing the Hadamard Test to enhance comprehension
of the wavefunction during quantum tunneling. First, a diagram
of probabilities step by step will be supplied for each experiment
reported. A statevector simulator is used to precisely determine
the probability at each time step. Once the statevector from
each timestep has been obtained, the probabilities are retrieved
as well.

3.2.1. Two-Qubit Simulation Using REM

The objective of the first experiment is to simulate quantum tun-
neling on a two-qubit system. The barriers are placed on the high-

est order qubit, and the desired result is to see quantum tunnel-
ing between the two wells created. Moreover, we aim to optimize
the circuit for running on hardware and compare the different
optimization procedures for this experiment. Concisely, this ex-
periment follows:

1) simulates quantum tunneling on a two-qubit system
2) observe tunneling between the two wells
3) optimize and run on hardware
4) analyze the results

Theoretical Foundation: Relevant Theoretical Concepts for the
Experiment

For this example, implementation of the QFT, the potential
and kinetic energy operators were needed. We employed the

Figure 20. Hadamard test implementation.
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Figure 21. Plot of the initial wavepacket used to model the initial state
of the system. Both imaginary and real parts are plotted. Based on the
discretization of this function, the circuit will be initialized in this state.

momentum operator implementation without using an addi-
tional qubit in order to avoid increasing the circuit’s depth with
swap gates necessary to replicate a three-qubit all-to-all connec-
tivity.

Experiment Setup: Hardware, Software, and Key Parameters

As hardware, we used the ibm_belem, ibm_nairobi and
ibm_osaka quantum computers, which have 5, 7, and 127 qubits,
respectively. As of the 29th of November, the first two systems
are retired, but we believe the results are still relevant due to the
small-size experiment. For the implementation, we used qiskit as
the main SDK for implementing the operators discussed, along
with the tket compiler for further optimization and mapomatic
for a more detailed result of the layout and mapping scores of
the circuit.

Discussion and Implications of Experimental Results

First, we implemented the circuit with the help of qiskit.
Figure 14 presents the abstract circuit diagram. Here the Quan-
tum Fourier Transform operations were grouped in the gate QFT,
the same for the inverse Fourier Transform. The single Rz oper-
ator in between barriers represents the potential operator, and it
implements the potential barrier. Mathematically, this operator is
represented by (presented in part Potential Energy Operator from
section 2.2.2):

V̂ = I⊗ e−iv𝜎
0
zΔt (32)

Here, since we use qiskit for implementation we used qiskit or-
dering. This means that qubit 0 is the least-important qubit (uses
little-endian convention). Therefore, this implements a potential
barrier at |01⟩ and |11⟩.
The evolution of the implemented system is illustrated in

Figure 15. Tunneling is visible from well |00⟩ to |10⟩ (the par-
ticle starts at |00⟩). This diagram shows the expected ideal output
- it was calculated based on the density operators obtained by the
statevectors taken at each timestep (based on ideal calculations,
not noisy simulation or count distribution). Our wavefunction

can now be written as |𝜓⟩ = ∑3
i=0 𝛼i |ki⟩, where ki is the statevec-

tor representing the binary representation of index i and there-
fore the probability of being at a given ki is 𝛼

2
i .

Analysis of Experimental Results

Count distribution and probabilities from running on the
qasm_simulator and Sampler primitive are presented in
Figure 16. Measurements were made only after all steps had
been executed, as seen in the circuit diagram in Figure 14, so
represented below are the probabilities of the last step. There-
fore, we see that the particle has tunneled from well |00⟩ to |10⟩
by the probability given for state |10⟩.
First, we tried running our circuit on the qiskit backendwithout

further intervention in the transpilation process. The hardware
used in this experiment was the five-qubit quantum computer
named ibm_belem (which has been retired) and the 127 quan-
tum computer ibm_osaka. The results of this run are presented
in Figure 17.
We can now notice the difference between simulations and

running on hardware in Figures 16 and 17. Running the circuit
on quantum computers has the disadvantage of being affected
by error, since we are now in the NISQ era of quantum com-
puting. The error can be observed in the results, for instance, as
erroneous counts on states |01⟩ and |11⟩. Errors can have mul-
tiple causes, ranging from external noise affecting the states of
the qubit to the routing and layout chosen by the transpiler not
being the optimal solution for the given circuit. Because of this,
we can try to optimise this circuit in order to make it less prone to
errors. As presented in section 2.3.2, we can further optimize the
passes presented. For this experiment, we chose to use the tket
compiler as an add-on to the qiskit optimization passes in order
to further optimize the circuit. Moreover, for the layouting tech-
nique, we used themapomatic library and the routing from qiskit.
By applying this optimization, the result presented in Figure 18
is obtained.
Upon applying the same optimization for another backend,

for example, for the 127-qubit Osaka quantum computer, the
result in Figure 18b is obtained. It is clear from Figure 18
that the results have improved after finetuning the compilation
process.

Readout Error Mitigation

An error mitigation technique that can be used in practice
is Readout Error Mitigation. It is based on constructing an
assignment matrix similar to a confusion matrix, meaning
it is constructed in order to show how often a result is mea-
sured wrongly when, in reality, the true outcome should be
different. Local and Correlated readout error mitigators can
be used, but here we chose to use Correlated readout error
mitigators. Both the confusion matrix and the comparison
are presented in Figure 19. The confusion matrix observed
in Figure 19a has been constructed with the use of simple
circuits (by this, we mean minimal in-depth, by using only
additional X gates when needed) preparing each possible two-
qubit state. Figure 19b shows the results of the mitigated run.
While the difference is not substantial, improvements can still
be observed, for example, in positions where barriers should
be.
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Figure 22. Implementation of Hadamard test. The working register q is of size 6. These are the qubits for which the operators were used. The auxiliary
register contains one qubit a, which is used for the implementation of the momentum operator, and a qubit h needed for the Hadamard test - depending
on this value, the operator or the conjugate operator was applied in order to extract the real/imaginary part. cr are the classical bits that hold the
measurements of the six qubits. hc is of size 1. This holds the value of the auxiliary qubit h. Based on this value, we know whether we measured the
imaginary or real part of the wavefunction.

3.2.2. Six-Qubit Quantum Tunneling Simulation using the
Hadamard Test

The objective of the experiment is to simulate quantum tunnel-
ing in a six-qubit system. Here, the Hadamard test was used in
order to “extract” (estimate) the real and imaginary part of the
wavefunction rather than the probability of said wavefunction.
Concisely, the objectives of the experiment were:

1) to implement the simulation circuit in a bigger six-qubit sys-
tem

2) to extract probability counts, and observe tunneling
3) to extract real and imaginary part counts, and observe how

they evolve

Theoretical Foundation: Relevant Theoretical Concepts for the
Experiment

Apart from the QFT, potential, and kinetic energy operators,
the Hadamard test is also needed for this experiment. Therefore,
in order to simulate in one run and interpret the result, familiar-
ity with how the Hadamard test works is needed.

Hadamard Test

The Hadamard test is used when we want to extract the dis-
tribution of Re{𝜓(x, t)}2 and Im{𝜓(x, t)}2 separately. This is done
with the help of controlled operations. Suppose we have a state
of superposition:

|𝜓⟩ = ∑
i

𝛼i |ki⟩ (33)

where 𝛼i is, of course, a complex number and |k⟩ represent the
base states. LetW be the operator that takes the state from |0⟩⊗n

to |𝜓⟩, that being |𝜓⟩ = W |0⟩⊗n. In order to extract the distribu-
tion of the real and imaginary parts, we will also use the complex
conjugate of the operatorW,W∗. An auxiliary qubit is also added.
The Hadamard test is therefore represented:

1) Initialize the system in the state |𝜓0⟩ = |0⟩ |0⟩⊗n

2) Apply Hadamard to ancillary qubit: |𝜓1⟩ = |+⟩ |0⟩⊗n

3) Apply Controlled W operator: |𝜓2⟩ = 1√
2
(|0⟩W |0⟩⊗n +

|1⟩ |0⟩⊗n) = 1√
2
(|0⟩ |𝜓⟩ + |1⟩ |0⟩⊗n)

4) Apply Not gate on ancillary qubit |𝜓3⟩ = 1√
2
(|1⟩ |𝜓⟩ +

|0⟩ |0⟩⊗n)
5) Apply Controlled W∗ operator: |𝜓4⟩ = 1√

2
(|1⟩ |𝜓⟩ +

|0⟩W∗ |0⟩⊗n) = 1√
2
(|1⟩ |𝜓⟩ + |0⟩ |𝜓∗⟩), where W∗ |0⟩⊗n =|𝜓∗⟩

6) Apply Hadamrd operator again |𝜓5⟩ = 1
2
(|0⟩ |𝜓⟩ − |1⟩ |𝜓⟩ +|0⟩ |𝜓∗⟩ + |1⟩ |𝜓∗⟩) = 1

2
(|0⟩ (|𝜓⟩ + |𝜓∗⟩) + |1⟩ (|𝜓∗⟩ − |𝜓⟩))

7) Measuring the qubits, it can be observed that if the ancilla
qubit is measured as 0, then the result from the second reg-
ister defines Re{𝜓(x, t)}2, while if the ancilla qubit is 1, the
Im{𝜓(x, t)}2 distribution can be extracted.

Schematically, the implementation is represented in Figure 20

Experiment Setup: Hardware, Software, and Key Parameters

Here we used qiskit for implementation. Moreover, we did not
need the tket compiler for hardware optimisation, since the depth
of the circuit would not allow for current free available quantum
computers to run. Since the space here allows it, we will use the
Gaussian function as the initial wavefunction. Since the depth of
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(a) Counts probability distribution. This is the outcome that can be readily achieved without utilizing
the Hadamard test.

(b) Real and imaginary count distributions. By utilizing the Hadamard test, it is possible
to access these distributions individually, rather than being limited to simply the final
probability distribution.

Figure 23. Experimental results for Hadamard test experiment.

this circuit is large, we reached no further than simulating it on
qasm_simulator. The initial wavepacket is represented as:

|𝜓⟩ = 1√
2𝜋0.8

e−
1
2
( x+2.25
0.032

)2e−300ix (34)

That is to say, the potential of the wave is 300. This number was
chosen because we wanted a wave that traveled to the right. The
mean and standard deviations were chosen for the wavefunction
to start before the barrier and not extend beyond it. The initial
wavepacket is presented in Figure 21.
Discussion and Implications of Experimental Results

As presented in the Hadamard test section, the implementa-
tion of this type of function requires controlled operations and
also an auxiliary qubit as the control qubit. The implementation
of the state preparation, QFT, IQFT, potential and kinetic energy
operators were grouped into the gate time_evo. We should men-
tion that this includes all the timesteps from the troterrized form.
The implementation of the momentum operator followed the

schema with the auxiliary qubit, here noted as a. The circuit is
presented in Figure 22.

Analysis of Experimental Results

The simulation was conducted using the qasm_simulator.
Figure 23 displays the probability distribution as well as the dis-
tribution of imaginary and real counts for the evolved state. The
potential barrier is placed at positions xxx11x (the implementa-
tion of this potential barrier is discussed in Section 2.2.6), and
we can clearly see tunneling of the wavepacket after the potential
barrier.Moreover, we can observe the real and imaginary distribu-
tions in Figure 23b. The transmission wave is clearly illustrated
in this image, and through these larger simulations in terms of
qubits used, whichmeans amore fine discretization of space, one
can try to approach real simulations more accurately.

4. Conclusion

This article presents the main steps required for translating the
quantum mechanical challenge of simulating the Schrödinger
equation into one that is compatible with a quantum computing
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framework. That is, we began by examining the theoretical im-
plications of simulating quantum tunneling and then discussed
various approaches for implementing the operators. Further-
more, our focus was on identifying the changes needed to ensure
the efficient and accurate running of the abstract circuit on an
actual backend. In our discussion, we explored the details of
the transpilation process and the continued need for hardware-
aware design in the NISQ era, specifically in relation to super-
conducting designs. Various compilers were used to optimize
the circuit for the selected backend, and they demonstrated
effective optimization capabilities. Additionally, error mitigation
techniques such as Zero Noise Extrapolation (ZNE) and Readout
Error Mitigation (REM) have been employed to improve the
accuracy of the simulation outcomes. To tackle the issue of
underutilization in today’s chip hardware, multiprogramming
was employed to efficiently execute the circuit. This was done
in conjunction with noise-amplified circuits and the aforemen-
tioned error mitigation strategies. Hadamard tests for six-qubit
systems were also simulated to enrich the understanding of the
topic. The outcomes of our research have various and complex
implications. By effectively simulating quantum tunneling in
a comprehensive workflow, we obtain accurate outcomes in a
2-qubit simulation. We suggest that this flexible methodology
provides substantial value in various simulation scenarios,
thereby delivering universal advantages to researchers.
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