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of iterates, a fixed point of the associated fractal operator, called an attractor of the system. We also establish
a structure result for the attractors and a theorem concerning the continuous dependence of the attractor on

Ultimately, we provide some examples which illustrate our main results.

1. Introduction

The concept of iterated function systems (IFSs), which was first
introduced by Hutchinson [1] in 1981 and became known through
Barnsley [2], holds an important role in the study and analysis of
fractal sets. We call an iterated function system on a metric space
(X.d), a finite family of continuous functions f,..., f, X - X,
n € N, which are usually contractions. Such a system is denoted as
S = ((X ), {1}, S ) The classical Hutchinson-Barnsley theorem
states that when the underlying metric space is complete, the fractal
operator Fg : P,,(X) — P, (X) associated with S, defined as

n
Fs(K) = /,(K),

i=1
for every K € P,,(X), where P,,(X) denotes the family of all nonempty
and compact subsets of X, is a Picard operator, hence it generates a
unique fixed point called an attractor or a Hutchinson-Barnsley fractal.

Iterated function systems play an important role in fractal image
compression, but they also have various applications in domains such
as engineering sciences, medicine, forestry, economy, human anatomy
and physics.

The concept under discussion has been generalized in several direc-
tions. In this paper, we are concerned with generalized iterated function
systems (GIFSs) of order m € N, i.e. we consider a finite family of
maps that are defined on a Cartesian product of m spaces, rather than
self-maps. Such systems were first studied by Miculescu and Mihail
in [3,4]. See also [5,6]. A significant tool within this generalization is

* Corresponding author.

represented by the generalized code space, which has been developed
in [7].

It is worth pointing out that GIFSs constitute a genuine extension
of the classical IFSs. In [8], it was shown that for any natural number
m > 2, there exists a subset of the plane which can be represented as
the attractor of some GIFS of order m, but is not the attractor of any
GIFS of order m — 1. See also [9].

In addition to the research regarding the attractors of GIFSs, there
have also been studies relating to the Hutchinson measure associated
with such systems. In [10], the Hutchinson measure was studied for
GIFSs of order two consisting of a countable number of mappings,
in [11] its existence was proven for GIFS of order two with place
dependent probabilities, and, in [12], its existence was ascertained for
GIFS of order m € N.

Another direction of research involved considering fuzzy GIFSs
(see [13]) and GIFSs consisting of F-contractions, rather than usual
Banach contractions (see [14]).

These generalized systems were also studied in the case when the
framework is different. In [15], GIFSs were considered on Banach
spaces, in [16] we find GIFSs in the more general framework of topo-
logical spaces and, in [17], GIFSs were studied when the underlying
space is a b-metric space.

Using a-dense curves, in [18], the attractor of a GIFS of order m € N
was approximated using a sequence of finite sets. We also mention that
there are a number of papers [19-21] that deal with the representations
of the images of attractors of GIFSs.
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In this paper, we introduce a wider class of generalized iterated
function systems, called relational generalized iterated function systems
(RGIFSs). We replace the classical contraction condition for functions
defined on product spaces by a weaker one, which involves an equiv-
alence relation. If we particularize the equivalence relation, namely
if we consider the total equivalence relation, we recover the classical
generalized iterated function systems.

A RGIFS involves a complete metric space (X,d), a family of con-
tinuous mappings f; : X?> — X, i € I, where I is a finite set of
indices, and a closed equivalence relation R defined on X. We define
the fractal operator Fg p @ P (X )2 = P, »(X) associated with the RGIFS
S=((X,d),{fi},c;-R) as

Fsp(KiK) = |J £ ((Kinlx))x (Kyn[x]))

iel, xeX
for any K;,K, € P,,(X) such that {[x] : x€ K} = {[x] : x€K,},
i.e. K| and K, are equivalent. Via this operator, we define the set
function Gg : P,,(X) = P,,(X) by

Gg(K)=Fs g (K,K),

for any K € P,,(X). The main result of this paper states that G is
weakly Picard (see Theorems 4 and 7). So, each compact subset K €
P.,(X) generates, by means of the sequence of iterates Gg’](K ) v
a fixed point of the associated fractal operator Ag € P,,(X), called an
attractor of the system. We also prove a structure result concerning the
attractors, i.e. Ay = J,ex 4 (x} (see Theorem 5), and, moreover, we
present a result related to the continuous dependence of the attractors
on the associated compact set (see Theorem 6).

In the second part of our paper, we are concerned with iterations
of a more general kind, i.e. we consider two equivalent compact sets

K, K, € P.,(X) and define the sequence of iterations (K, ), by

Kn+2 = FS,R(KrH—l ’ Kn)

for every n € N. We prove that (K,)
associated with K. (see Theorem 9).

At last, we provide some examples which illustrate our main results.
The examples highlight the fact that RGIFSs constitute an extension of
GIFSs and we also show that there exist RGIFSs which are not GIFSs.

We emphasize that, regardless of the fact that we consider mappings
defined only on X2, our results remain valid for the more general case
of mappings defined on X™, m € N.

sen Converges to the attractor

2. Preliminaries

By N we mean the set {1,2,...}.

If Xisanyset, f : X - X and n € N, by f"l we mean the
composition of f by itself n times. By f[° we mean the identity function
Idy : X - X, Id(x) = x for all x € X.

Definition 1. Let (X,d) and (Y, p) be two metric spaces. The mapping

f : X - Y is called a contraction if there exists ¢ € [0, 1) such that

Pf), f(») S c-d(x,y),

for all x,y € X.
The Lipschitz constant of f is

Lip(f)=inf {¢ >0 : p(f(x), f(¥)) < cd(x,y) for all x,y € X}.

Definition 2.
called:

Let (X, d) be a metric space. A selfmap f : X — X is

(i) a Picard operator if f has a unique fixed point, i.e. there exists a
unique element x, € X such that f(x,) = x(, and, for any x € X,
the sequence of iterates (fI"I(x)) _ converges to x.

(ii) a weakly Picard operator if for any x € X, the sequence
(f™(x)) oy converges to a fixed point of f.
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Theorem 1 (Banach’s Fixed Point Theorem). If (X, d) is a complete metric
space and f : X — X is a contraction, then f is a Picard operator.

For a metric space (X, d) by:

* P, . (X) we mean the family of all nonempty, bounded and closed
subsets of X.

* P, (X) we mean the family of all nonempty and compact subsets
of X.

2.1. The Hausdorff-Pompeiu metric

Definition 3. Let (X, d) be a metric space. The function &, : P, ,(X)x
P, ./(X) = [0, o), or simply # when no confusion should arise, defined
by

h;(A, B) =max { D(A, B), D(B,A)},

where D(A, B) = sup,¢ 4 inf ¢ d(x, y) for all A, B € P, ,(X), is a metric,
called the Hausdorff-Pompeiu metric on P, ;(X).

Theorem 2 ([2]). If (X.d) is complete, then (P, ,(X),h) and (P,,(X). h)
are likewise complete.

Remark 1. Let (X,d) be a metric space and 4, B € P, ,(X). If A C B,
then D(A, B) = 0.

Proposition 1 ([22]). Let (X,d) be a metric space and (A;);c;,(B);er €
P, . /(X) such that | J,c; Ai.U,ep Bi € Pyoy(X). Then

h (U AU B,.> < sup h(A,, B)).

iel iel

Remark 2. Let (X,d) be a metric space, A,B € P, (X) and a € A.
Then, for any € > 0, there exists b, € B such that

d(a,b,) < h(A, B) +&.

Proposition 2 ([23]). Let (X,d) be a metric space, (A,),en C P.,(X) and
A € P,,(X) such that lim, h(A,, A) = 0. Then

n—o0o

JAuaer,x.

neN

2.2. Iterated function systems

Definition 4. A pair S = ((X, d), (f,-)iE,), where (X, d) is a complete
metric space, [ is a finite set and f; : X — X, i € I, is a finite family of
contractions, is called an iterated function system on X (for short IFS).

Such a system induces a set function Fg : P,,(X) — P, (X), called
the fractal or the Hutchinson operator associated with S, given by

Fs(K) = | fi(K),
i€l
for all K € P,(X).
The set function Fg turns out to be a contraction on the complete
metric space (Pc (XD, h), therefore, according to Banach’s Fixed Point
Theorem, there exists a unique set Ag € P,,(X) such that

As = Fs(4s) = | fi(As),

iel

and, for any K € P.,(X), the sequence of iterates (F["](K)) con-
. b S neN
verges to Ag, i.e.

Jim A (FYK), A5) = 0.

The set A is called the attractor of S.
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2.3. Generalized iterated function systems

Let (X, d) be a metric space. Then the Cartesian product space X2 =
X x X is a metric space under the maximum metric:

dmax ((xhyl)’ (x25 y2)) = max {d(xl; Xz), d(yla yz)} 5

for all x;, y;,x,, 3, € X.
If (X, d) is complete, then (X?2,d
The following theorem is the corresponding of Banach’s Fixed Point
Principle for mappings defined on a Cartesian product of metric spaces.

nax) i likewise complete.

Theorem 3 ([24]). Let (X, d) be a complete metric space and f : X> — X
a contraction. Then there exists a unique x* € X such that

fGF X =x"
and, for every x,,x, € X, the sequence (x,),cy, defined by x,., =
f(x,,x,,1) for all n € N, has the property that

lim x, = x*.
n—oo

Concerning the speed of convergence, we have the following estimation:
3

1-
for every n € N, where ¢ = Lip(f).

d(x,,x")<2

. max {d(xl,xz),d(xz,x3)} ,

Definition 5. A pair S = ((X2,d),(f;);cs), wWhere (X,d) is a complete
metric space, [ is a finite set and f; : X x X — X, i € I, is a finite
family of contractions, is called a generalized iterated function system
(for short GIFS) of order 2 on X.

Such a system induces a set function Fg : P, (X)X Poy(X) = P, (X),
called the fractal or the Hutchinson operator associated with S, given
by

Fs(Ky, Ky) = | £i(K, x K),
iel
for all K|, K, € P,,(X).
The set function Fs turns out to be a contraction on the complete
metric space P,,(X) x P,,(X), therefore, according to Theorem 3, there
exists a unique set Ag € P,,(X) such that

As = Fs(Ag, As) = | fi(As x Ag),

i€l
and, for any K,,K, € P,(X), the sequence (K,),ey, described by
K,.» = Fs(K,,,K,) for every n € N, converges to Ag, i.e.

lim 4 (K,, Ag) = 0.
n—0o0

We have the following estimation for the speed of convergence:
n

[51]
h(K,, As) < 2& -max {h(K}, K»), h(K5, K3)} ,

for all n € N, where ¢ = max,¢; Lip(f;).
The set A is called the attractor of S.
We refer the reader to [4] for more details.

2.4. The code space for GIFS of order 2

In this subsection we present the generalized code space related to
GIFSs of order 2. Our notation is based on that given in [7].

Let I be a nonempty finite set and let us define inductively the
following sequence of sets:

I =1
s Ii=I_ xIi_jforkeN, k>2.
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For k € N, the family of k-words (words of length k) is

I =1y X Iy X oo X I

Ifa = (a,2,...,0;) € ;1 and m < k, m € N, then we denote
= (@1, ).
_ _ 12 1,2
For a = (al,az,...,ak) = (a],(a2,a2),...,(ak,ak)) € I, where

k €N, k > 2, the two left shifts of a are defined as

a(i) = (a;,(x;,... ,a;{) €11,

where i € {1,2}.
For a metric space (or any set) X, define the following sequence of
sets:

« X, =X?
c Xy =X XX, forkeN, k>2.

Starting from the finite family f; : X?> — X, i € I, we define

inductively the generalized compositions of functions from this family
foi X=X, a=(a),,....0;) €1, where k €N, as

foa(x1,x2) = fa] (fa(1)(x1)y fa(z)(xz)) s

for all (x;,x,) € X;.

Let us now define inductively a natural isometry &, : X>' —» X, n €
N, that places elements of X2", i.e. elements that have 2" components,
into brackets such that they belong to X,,.

First, for x = (x1, %3, ..., Xmt1) € X2 and i € (1,2}, denote by
x(i) = (Xg_pynrg1s - » Xion) the ith block of x. Note that x(i) € X%".

Now set

hy(xy,%y) = (x1,%,)
for (x,,x,) € X? and
hy(x) = (B, (x(1)), b, (x(2)))

forxe X* andneN, n>2.

3. Relational generalized iterated function systems

Definition 6. A triplet S = ((X,d),{f;},,>R), where (X,d) is a
complete metric space, I is an arbitrarily chosen finite set, R is a closed
equivalence relation on X and f; : X?> — X is continuous for any
i € I, is called a relational generalized iterated function system (for
short RGIFS) if:

(i) there exists ¢ € [0, 1) such that

d (f;Ge1.31)s fi(x2.92)) < ¢ -max {d(x;, %)), d(y;. )},

for any x;,y;,x,, ¥, € X such that x;Rx,, y;Ry, and i € I.
(ii) for any x,,x, € X and i € I, if x; Rx,, then f;(x,x,)Rx;.

Remark 3. On the one hand, if the constitutive functions of a RGIFS are
contractions, then condition (i) from Definition 6 is obviously fulfilled.
On the other hand, as we can see in the second example from Section 5,
the constitutive functions of a RGIFS need not be Lipschitz. Moreover,
although they may be Lipschitz, their Lipschitz constant can be 1.

Remark 4. In the framework of Definition 6, if (x,),ey and (v,),en
are two sequences of elements from X such that

@) x,Ry, for every n € N;
(ii) there exist x,y € X such that lim,_,, x,, = x and lim,_, y, =y,

then xRy.



I. Abraham et al.

Let S = ((X,d),{f;},.;»R) be a RGIFS. We shall use the following
notation:

» Sometimes, we denote xRy by x ~ y, where x,y € X.
* [x] ={y € X : xRy}, where x € X.

* [K]={[x] : x € K}, where K € P,,(X).

« K*=Kn|[x], where x€ X and K € P, (X).

- K; R K, if [Ky] = [K,], where K, K, € P, (X).

¢ My = {(K1. Ky) € Py(X) X Poy(X) £ Ky = Kz}.

* Fsp (K. Ky) = Uier, xex fi (Kf XK3) = User, xek, fi (K} x K5)
=Uier, xek, fi (K{ X K3), for any (K|, K;) € Mp.

cR= {H €P,X): HY K}, where K € P,,(X).
- Cx =diam (K UU,e; £(K X K)) for any K € P,,(X).

iel
Lemma 1. For K|, K, € P,,(X), the following statements are equivalent:

W K, 2K,
(i) For any x € X the following equivalence is valid:

Kinxl#0 & K,n[x] #0.

Proof. (i) = (ii) Let K, K, € P,,(X) be such that K, Lk, ie. [Ki] =
[K,]. If x € X is such that K; n[x] # @, then there exists y € K; such
that [x] = [y]. Hence [y] € [K;] = [K;], so there exists z € K, such that
z € [y] = [x], therefore K, n[x] # @. The reverse implication can be
proved in a similar manner. (ii) = (i) For y € K, we have K; n[y] # 8
and the hypothesis implies K, N [y] # #, so there exists z € K, such
that z € [y]. Hence [z] = [y] € [K;]. Consequently, we proved that
[K,] € [K;]. The reverse inclusion can be proved in a similar way. []

Remark 5. Note that

fi (Ix]x [x]) € [x],
forany x € X and i € I.

Proposition 3. Fg (K, K;) € P.,(X) for any (K, K,) € M.

Proof. Claim. .ok, f; (K X K3) is compact for any i € I and
(K, K,) € Mp.

Justification of Claim: Fix i € I, (K{,K,) € My and let (x,),en C
Usek, fi (K¥ X K}). Then, for any n € N, there exist y, € Ky, u} €
Kin [y,,] ,u? € K, N [y,] such that

1 2 Remark 5
Xy = fiw) € fi (X ]) € [wl-

Since K, K, € P,,(X), we deduce that

(i) there exists (u) )ien € (u,),en and u; € K such that lim_ u,
(ii) there exists (uﬁk )pen C (“,%k)keN and u, € K, such that lim,_ "»ka

— u2; P P
(iii) there exists (y"kpq Jgen € (y,,kp ey and y € K; such that

lim,_ ., n, =V
Since

lim u!
g—>00 k —00

_ : _ 1
=up, limy, =y, u, € [y,,k ] ,for every g € N,
Pq a Pq Pq Pq

via Remark 4, we deduce that u; € K; n[y].
Similarly we have that u, € K, n[y].
Finally, since f; is continuous, we see that

lim x, = lim £, <u‘ P ):f[(ul,uz)e U fi (KF X K3).
g—0o0 kpq g—0oo nk”q nk”‘l x€K)

So U,e & i (K X K;) is sequentially compact, hence compact, for
each (K|,K,) € My and i € I, and the justification of the Claim is
done.
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Consequently,

Claim & I finite

FsrKp K= | £ (K xK5)

iel, xeK,

for any (K, K;) € Mz. [

Py(X),

Therefore, we can define the function Fgz
follows:

Fsp(Ki. K= | fi(KfxkK3),
iel, xeX

for any (K, K;) € Mg.
We can also define the function G :

P Mp = P,(X) as

P.,(X) = P.,(X), given by
Gs(K)=Fsr(K.K),

for any K € P,(X).
For any K € P.,(X) we consider the sequence (Gg'J(K)) s
neNU{0}

where G?](K) =K.

Remark 6. We have

GsK)= |J Fsr({xi}.{x}) =

x1,X €K

U SHil({x} nbl) x ({x2} niy1))

x1,X €K, i€l, yeX

U {fi(Xl»xz)} B

x1.X2€K, x1~xp, i€l

for all K € P, (X).

4. Main results

Throughout this section let S = ((X,d),{f;},.,.R) be a RGIFS.

iel
Theorem 4. For any K € P, (X) there exists Ag € P,(X) such that
lim GY(K) = Ay
n—0o0
and

n
h (64w, a¢) < T Cx.

forallneN.

Proof. Let K € P,,(X) be fixed, but arbitrarily chosen.
Claim1.

GY(K) = U {fu)},
YyeK, x€lyl,nK,, a€, 1
for all n € N.
Justification of Claim 1: The above assertion is true for n = 1 since
{fi0} = {fitx1.x)} =
yeK, x€[y]|nKy, i€l yeK, x1,x,€KY, iel
Remark 6
= U {(fixx)} = G(K).
x1,X €K, xy~Xp, i€I
(€]
Suppose now that the assertion is true for n € N.
On the one hand, we have
Gk ¢ U {fa(0} . @)
YEK, x€[ylp41nK,p1, @€y I
Indeed, observe first that
1)
Gy = G5 (G4m0 = U (i)}

Y192€GU K. yy~yy. i€l
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If y,» € Gg'J(K) are such that y; ~ y,, then there exist a,f € ,I,
up,uy € K, x; € [u1,nK, and x, € [u,1,nK, such that y; = f5, o)1)
and y, = Sy X2)- Since y, ~ y,, via Definition 6, (ii), we deduce
that [u;] = [u,]. For all i € I, we have

= Sy By ) X1 X2) = for (%),

where 0 = (i, (a1, ), ..., (@,, 8,)) € ;11 and x = (x1,x;) € [u1],41NK, 415
so

fox) € U

YEK, xE[yly11NKyy 1. €y 1

{fa},

and the justification of (2) is done.
On the other hand, we have

U {f.(0} € GIT(K). 3

VEK, xEYlyt1 NK 1> a€ppy I

Indeed, if u € Uex, vepy,, nK,,,, a7 1fa()}, then there exist

a = (aj,....%,41) € I, y € K and x = (x1,%,) € [y],4; N K41 such

that

u= fo(x)= fal (fa(1)(xl), fa(z)(xz)) .

Taking into account that x;,x, € [y], N K, a(1),a(2) € ,I, f,1)(x)),
fay(x2) € GUNK) and f,1)(x)) ~ fu2)(xy), We infer that

TS U

{f)} = Gs (641K ) = G4,
Y1REGYNK), v~y i€l

and the justification of (3) is complete.

In view of (2) and (3), we conclude that the assertion is true for
n+ 1, so the justification of Claim 1 is done.

Claim2. For any K € P,(X), y € X,n €N, x,y1,y, € [y], nK,,
(ay,...,a,) € I and y € I, we have

Justification of Claim 2: The assertion is true for n = 1 since
d (fixrx. £ (1,00 £,00) )
< emax {dGx. £, ) dGy, £,00) } < e

foralli €I, y = (j1,jp) € I, y € X and x = (x1,x,), ¥1,», € ], N K;.
Suppose now that the assertion is true for n € N. Then

d (f(al,,..,a,,,a,,+l)(xl 2 X)), f(al,,..,a,,“,y)(yl > y2)> =
=d (o, (fiapoat D22 ).
Jur (f(n;,___%,yl . f(a;___ﬂif]’yz)(}’z))) <

<c - max {d (f(a; ,11“)()(1), f(a;“_”al 71)(3/1)) ,

""" n+1”

n+l
<c ‘ CK,

forall y e X, x = (x1,x),y1,¥2 € [¥],41 N K,p15 (g, ...
y € I, so the justification of Claim 2 is complete.
Claim3. For any K € P,,(X) and n € N, we have

’an+l) € n+l I and

n (65w, 65K ) < e e
Justification of Claim 3: On the one hand, we have
(64w, 64 w0) <" o @

Indeed, for z; € Gg’](K ), according to Claim 1, there exist y € K,
x=(x1,xy) € [¥],nK, and a = (ay, ..., a,) € ,I such that

z1 = fo(x1,%7).
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Setting

Claim 1
— [n+1]
22 = Sfay...apapan) ((xl,xz),(xl,xz)) € Gsn (K),
we get

Claim 2

d (zl,Gg””(K)) <d(z.zy) < " Cg.

On the other hand, we have
D (Gg“”(K),Gg”(K)) < Cy. 5)

Indeed for z, € G[S"+]](K), taking into account Claim 1, there exist
y € K and (uy,u,), (vy, v,) € [y, N K,, such that

20 = fay g,y (142 (01, 0)) -

Then

and

Claim 2

d(z1,zp) < " Ckg.

In view of (4) and (5), the justification of Claim 3 is complete.
Now, for any n,pe N and K € P, (X), we deduce that

ntp-l Claim 3 "%P7!
n (64 K.65ME)) < ¥, h(6¥w, 6 K)) s k. Cy =
k=n k=n
1= cr "
:c"l_cc-CK<1c_c~CK. (6)

Aslim,_, ICTKEACK = 0, we infer that (Gg'](K)>

N is a Cauchy sequence,
so there exists Ag € P,,(X) such that

ne

: [n] —
nll)rgo Gy (K) = Ag.
Moreover, note that, in view of 4, we obtain that
n
h (G5 Ay ) < 7 -

forany K € P,,(X)and neN. []

Lemma 2. Suppose that (A,),en C P.,(X) and A € P,,(X) are such that
lim,_,, h(A,, A) = 0. If B € P,;(X) has the property that A, C B for every
n€N, then AC B.

Proof. Aslim,_ . h(A,, A) =0, we have

lim d(x,A,) =0,
n—oo

for every x € A.
Note that

A,CB
d(x,B) < d(x,A,),

for every n € Nand x € X.
Hence, we deduce that d(x,B) = 0, i.e. x € B for every x € A,
therefore A C B. []

Lemma 3. For any x € X, we have

Agy CIx1.

Proof. Fix n € N and observe that, via Claim 1 from the proof of
Theorem 4, we have

GY(x) = U

ye{x}, uelyl,n{x},. ac,

{few} = {fur,0} %)
I I

ag,

where X, = (x,x,...,x) € X2,
Now, since

GY({x}) C Ixl,
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for any n € N, in view of Lemma 2, we conclude that

lim G¢'((x})) = Ay € [x]. O

n—co

Lemma 4. For any x,y € X, the following statements are equivalent:

D A=Ay
(i) [x] =Dyl
Proof. Let x,y € X be fixed, but arbitrarily chosen.

(i) = (ii) Since A, C [x] and Ay, C [y], we deduce that [x]n[y] # ¥,
hence [x] = [y]. (ii) = (i) On the one hand, we have

Proposition 1
h (A Agy) 2 lim h ( U (£t} U {mmm}) .

< Jim sup d (£,00, G Sulhy 5,0) -
On the other hand, f(;r every n €N and a = (qy, ...
d (fo(hyG). o by ) =
=d(fuy (fuv s G Sy (racs G
Sy (Lo Gom) Sy (raa Go)) ) <
< c-max {d (£ (Puet1 G D) Sagty Puci Gos1))) 5
d (fu) et Gom)s fayPucy Gt ) } <

<<t d(x,y).

,a,) € ,I, we have

Consequently
lim sup d (fa(hyGD)s foulhyp)) =0,
ag,

hence

Lemma 5. The functiont : X — P,,(X), given by

1(x) = Aryy»

for dll x € X, is continuous on each K € P,,(X).

Proof. Claiml. f, : X, — X is continuous for every « € ;I and k € N.
Justification of Claim 1: For k = 1 the assertion is trivially true, since
fi * X* > X is continuous for any i € I.
Suppose that the assertion is valid for k € N. For a = (e}, ..., ;1) €
el (x, =(xr1,,xﬁ))neN C X4 and x = (x[,x;) € X, such that
lim,_, ,, x, = x, we have

ak+l)(x") = nlggo fal (fa(l)(x:,)» fa(Z)(xi)) =
= fuy (Jim, Juc () Jim, fun0)) =
= fay (fay&D: fa)(%2)) = fia,

Hence the assertion is also true for k + 1 and the justification of
Claim 1 is done.
Let us define 7, : X — P.,(X), n € N, as follows

“k+1)(x)'

1,(0) = G ({x}).

for all x € X.

Claim2. The sequence (7,),cy converges uniformly to 7 on each K €
P.,(X).

Justification of Claim 2: Let K € P,,(X) and note that

Theorem 4

(0160 = h (G (). Ay ) <

for all x € K and n € N.
Hence

cﬂ

l—c'c(x]<

n
sup h(t,(x), 1(x)) < —— - Cx.,
xeK 1-c¢
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for every n € N.
Consequently

lim sup h (1,(x),#(x)) =0
n—oo xeK

and the justification of Claim 2 is complete.

Claim3. ¢, is continuous for every n € N.

Justification of Claim 3: Let n € N and x € X be fixed, but arbitrarily
chosen. Note that if (x,,),,eny € X is such that lim,,_,  x,, = x, then we
have

B (1, Gep)s 1,(x)) = h (G[S"] ({xn}).GY ({x}))
(U {5 ()} U b
< glg)l(d (fa (hn <(x_m)”)),f(, (hy (x_n))) ’

for every n € N and, by passing to limit as m — oo in the above relation,
using Claim 1, we deduce that

%)

IN

lim 1,(x,,) = ,(x).
m—0o0

Thus the justification of Claim 3 is complete.
In view of Claim 2 and Claim 3, the proof of Lemma 5 is done. []

Remark 7. Taking into account Lemma 5, Theorem 2.1 from [25] and
the diagram on page 396 of [26], we infer that

U 1(x) = U Afy) € Pp(X).

x€K x€K

for every K € P, ,(X).

Theorem 5. We have

Ac=J A

x€K

for every K € P,.,(X).

Proof. Let K € P,,(X) be fixed, but arbitrarily chosen.
Claim.

lim h (Gg’](x), U Gf;’]({x})> =0.
x€K

Justification of Claim: Using Claim 1 from the proof of Theorem 4,
we deduce that

h (GE:](K>, U GE;']({x}))

x€K

Proposition 1
- h< U (r.m).U G§”({x})> "

xeK, ye[x],nK,, a€,l x€K

sup h ( U
yelx]

K
x€ ZNK,, a1

Proposition 1
= sup h( U {fa(y)} ’ U {fa(hn(x—n))}> " <

xek yelx],nK,, ag, 1 ag,l

sip (Y {fa<y>},{fa<hn(m}>R"’“‘ir“

ek, a€, 1 <yE[xJ,,ﬂK,,

sup D( U

x€K, ag, I yelxI,nK,

(1.0} ,GE:%{x})) 2

IA

IN

(7.0} {mm@»}) : ®)

for all n € N, where X, = (x,x,...,x) € X%".
For u = f,(y), where a = (ay,...,a,) € ,I, y = (y;,») € [x], N K,
and x € K, we obtain that

A, fulh G = d (fuy (Fay 00 La0D)
fal (fa(l)(hnfl (m)), fa(2)(hnfl (xnfl)))) <
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< ¢ - max {d (fa(l)(YI)7 f«(l)(h"_] x”_l))) ’
d (fa@ 2 )yt Gym)) } <
< <c"-diam(K),
SO
sup D< U {rno} {famn(m}) <" diam (K)
xeK, ag, I yelx],nK,

for all n € N, and, via 5, the justification of the Claim is done.
Note that

Remark 7
UA4m P.,(X).
xeK
Now, as
h <GE§J(K), U Am> <h <G}:J(K), U G}:J({xn)
x€K x€K

+

Proposition 1
h<U G, Am> <
xeK xeK
<h (Gg”(K), U Gg“({x}))

xeK
Theorem 4

+ sup A (G[S"]({x}),A(x,) <

x€K

<h <Gg"1<1<>, U G[;]({x})) + g

x€K

for every n € N, via the Claim, and the fact that

— 1 [n]
h<AK, U A(x)> = nlggh(Gs" «). A[X)>,

xeK x€K

we deduce that

h(AK, U A(X}> =0,
xeK

and the conclusion follows. []

Theorem 6. The function f : P,,(X) — P.,(X), given by

f (K> = AK7

for every K € P,,(X), is continuous.

Proof. We shall prove that f is sequentially continuous. To this end, we

consider (K,),en € P.,(X) and K € P,,(X) such that lim,_,, A(K,, K) =
0. We will prove that

Tim A (f(K,), f(K)) =0,

Le. lim,_ h (AKK, Ag) =0.

Let us consider ¢ > 0 fixed, but arbitrarily chosen. Since, in view of
Proposition 2

Lemma 5, ¢ is uniformly continuous on K U J,cn K, P.,(X),
there exists §, > 0 such that
h(1(x),1(y)) <&, ©)]

for every x,y € K U {J,ey K,, having the property that d(x, y) < é,.
Moreover, as lim,_, ., h(K,,, K) = 0, there exists n, € N such that

h(K,,K) <6, (10)

forallneN, n>n,.
The following Claim will finish the proof.
Claim. We have

h (AKn,AK> <e

forevery n e N, n > n,.
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Justification of Claim: Let us consider a fixed, but arbitrarily chosen

n € N such that n > n,.
Theorem 5
For every u € Ag, =

that u € #(x,).
Since

Usrek, 1(x), there exists x, € K, such

(10)
d(x,, K) < D(K,, K) < h(K,,K) < 8.,

there exists y, € K such that

d(x,,y,) <6, 1)
so

(9)&(11)
du,1(y,) < D(t(x,), 1(y,)) < h(1(x,),1(y,)) < &,

Th

and consequently we can find v € 1(y,) € U ek 4(x) coem S 4 x such
that
d(u,v) < e. (12)

Therefore we see that
(12)
du,Ag) <du,v) < e.
As u € A was arbitrarily chosen, it follows that
D(Ag,. Ag) <&
One can prove similarly that
D(A](»AKH) <e,

hence the justification of the Claim is complete. []

Theorem 7. For every K € P,,(X), we have
Gs(Ag) = Ak,

50 Gg @ P, (X) = P.,(X) is weakly Picard.

Proof. Let K € P,,(X) be fixed, but arbitrarily chosen.
In view of Lemma 3, we have

A{y} C [yl

hence, we deduce that

Ay if [x] = [y]

. B Lemma 4 [ Ay, if [x] = [¥]
Ay = A NI = { g, if [x] # [y] N {

@, if [x] # [y] ’

13)

for any x,y € X.

We have

(13)
Gsapp= U £ (A{x} x A{x)) = UA (A xA)- (14)
i€l, yeX i€l

Claim.
Gs (Ax)) = A
for any x € X.

Justification of Claim: Since
£ (65 xn x 65l )
@) —
= f; << U {fa(hn<x—n>>}> x < U {fa(hn<xn))})> =

a€,l a€,l

= U £ (rmeE@) G = U ARG,

a,pE, I v€npr L vl =i
for every i € I and n € N, by passing to limit as n — o0, we get
filApy xAg) =lim ) £ G, as)

r€ni1 L v1=i
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for every i € I.

Thus
(14) (15) .
Gs(Any) = U Ji (A xAy) = U,}Hgo U G =
iel i€l v€pt L v =i
o (Z) . [n] _
—nlggc €Ulfy(h,,ﬂ(xnﬂ)) = ’}LHJOGS {x}) = Ay,
Y€nt1

for any x € X and the justification of the Claim is done.
Finally, since

. Theorem 5 Ay, if [x] € [K]
A= Aot = (g n) = { bl g Kl

yeK
we have
Gs(Ag) = U fi (A x AY) = fi (A[X)XA(X))
iel, xeX iel, xeX., [xJelK]
a4 Claim
= Gs(Ay) =
xeX. [xelK]
Lemma 4 Theorem 5
= W= UAw = a4 O
xeX, [x]€[K] xeK
Lemma 6. Let K|,K, € P, (X) be such that [K,| = [K,| and set

K; = Fg p(K}. Ky). Then [K;] = [K|] = [K,].

Proof. On the one hand, we have [K;] C [K|].

Indeed, for ¢ € Kj there existi € I, x € X, a € K, b € K, such that
a,b € [x] and ¢ = fi(a,b). Then ¢ € [x] = [a] € [K{], s0 [c] € [K,].

On the other hand, we have [K|] C [K;].

Indeed, for a € K, since K, N [a] # @, there exists b € K, N [a].
Therefore, considering ¢ = f;(a,b) € [a], for some i € I, we have

aclcl=ld € [K;]. O

Proposition 4. (E , h) is complete for every K € P,,(X).

Proof. Since P,,(X) is complete, it suffices to prove that for every
(H,)uen € K and H € P, (X) such that lim,_,, h(H,, H) = 0, we have

H X K, i.e., in view of Lemma 1,
Kn[x]#0 e Hn[x]#0,

for any x € X.

€ = ¢ Let us fix x € X such that K n[x] # §. Since [H,] = [K], there
exists x,, € H,n[x] for each n € N. For any n € N, in view of Remark 2,
there exists y, € H such that

1
d(x,,y,) <h(H,,H)+ P
Since H is compact, there exists y € H and (y, ), € (), such that
limy _, Y, =V Then, since

1
A 3) < Ay 3) + Ao 3) < B (Hyy H )+ o T A0

for all k € N, we deduce that lim;_, Xy =V € [x]. Therefore y €
H N |[x],so HnN[x]#8.

e « ¢ Let x € X be such that H n [x] # @. Then there exists
y € H n[x], so [x] = [y]. For each n € N we find y, € H, such that

1
d(y,,y) <h(H,,H) + Py

hence lim,_,, y, = y. Since [H,] = [K], there exists z, € K such that
[z,] = [y,] for each n € N. As K is compact, there exist (Zy ren S

(z)nen and z € K such that lim;_  z, = z. Using the fact that R is
closed and since

k

;}i”; Y, =9 klggo z, =zand [y, 1=1z,]

for all k € N, taking into account Remark 4, we deduce that [x] = [y] =
[z], so z € K N [x], therefore KN [x]# 8. [
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Theorem 8. We have that
[Ak] = [K]

for any K € P, ,(X).

Proof. Using Lemma 6, we deduce that

[K1= [65(K)] = [65'K)] = - = [640)]

for any n € N, and, in view of Proposition 4, we conclude that
[4k] = K1,

for any K € P,(Xx). O

Proposition 5.
equivalent:

For any K,,K, € P,,(X), the following statements are

@ Ax, = Ag;
@ [K] = [K,].

Proof. (i) = (ii) Let K;,K, € P, (X) be such that Ak, = Ak,
ie., in view of Theorem 5, {J,ex, Ay} = Uyex, 4(x)- Let x € K. Then
Aty € Usek, A(x)> which implies, via Lemmas 3 and 4, that there exists
y € K, such that [x] = [y]. Hence we proved that [x] € [Kz] Since
x € K, was arbitrarily chosen, we conclude that [K;] C [K,]|. The
reverse inclusion can be proved in a similar way. (ii) = (i) Suppose
now that [K,| = [K;| and let x € K. Then there exists y € K, such that
[x] = [y]. Making use of Lemma 4, we infer that Ay = Ay therefore,
in view of Theorem 5, we have that A(,, C Ag,. Since x € K; was
arbitrarily chosen, based on Theorem 5, we conclude that Ag, C Ak, .
The reverse inclusion can be proved in a similar way. []

For x € X let us consider the GIFS S, = (([x].d), (/)
S [x]1x [x] = [x] is given by

[, 0) = fi(u,v),

forallu,ve[x]and i€ I.
Note that, based on Remark 5, the functions f;* are well defined.
Let us consider the fractal operator associated with S,, namely
Fg P, (Ix]) X P.,(Ix]) — P, ([x]) given by

el ), where

Fs (K, K) = f{ (K x K),
iel
for all K € P,,([x]).

According to the results presented in Subsection 2.3, there exists a
unique A s, € P,y(IxD such that

st (Asxa Asx) = Asx,

and, for every K, K, € P,,([x]) and n € N, we have

(51
h(Knas,) < 2 - diam (K; UK, UK;). 16)

where the sequence (K,) _. is defined by

neN
Kn+2 = FSX (KnJrl ) Kn)

for every n € N, so

ASX = nlLrEO K,.
Note that
A = 1im 6" (xp L 4 )
(x) = im Gy = As,

for every x € X.
Let us now consider K, K, € P,.,(X) such that K, L K, ie [K|]=
[K,], and the sequence (K,),, defined by

K12 = Fs Ky 1, Ky,
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for every n € N.
Note that, in view of Lemma 6, we have

[Ki]=[Ky] = - = [K,]. 18

for every n € N, so the sequence (K),),cy is well-defined.

Lemma 7. We have

, =Fg (K7, K,

n+l1’

= U K, and K)‘
n+

x€K;

for every n e N and x € K.

Proof. Let us fix n € N.
On the one hand, we have

U k= U (K.nix]) €K,
x€K; x€K|
On the other hand, we have

K, c |J k5

x€K;

Indeed, let us consider y € K,,. Since [Kl]

such that y € [x]. Therefore y € K C |J
Hence K, = U, ek, K-

Next, observe that for any x € K; we have

[K ], there exists x € K

xEKl

Ky o = Kypo N[x] = Fs p(Kyp1, K N [x]

n+2
= ( U s(K. XKi)) nixl=
i€l, yekK,
= Ufi (Ko X K5) = Ufix (K, X K;)) =Fs, (K Ky) . O
il i€l
Lemma 8. (K,),cn is convergent.

Proof. It suffices to show that (K,),cy is Cauchy.
Let us first note that

Lemma 7
h(Kp3. Kin) = < U 3 U Lz) = SE“IE h(KnJrz’KnJrz)
xeK

x€K| x€K;

. (16)
(h (Kn+3’AS ) +th (Asx’ Kn+2>> =

2y, 142 :
(c 2 +c 2 )~d1am(K1UK2UK3)§

A
2
=
o

IA

(31 diam (K, UK, UK;), 19)

for every n € N.
Hence

(19)
<

h (Kn+p’Kn+2) <h (Kn Kn+p—l) +t+h (Kn+3’Kn+2)

+p?

n+p=3 n
_14 (c[ 2 ]+---+c§> diam (K; UK, UK;3) <
—-c

mtp=3 n
14 (c 2 71+--~+c§71>~diam(K1UK2UK3)=
-c

_ P2
4 cifll—c dlam(KluKZUK3)

l—cz

1-c¢

< 3 diam (K UK, UK,)

(l—c)(l—c%)

for any n,p € N, and this means that (K,,),cy is Cauchy. [

Theorem 9. We have

lim K, = Ag = Ag,.

n—oo
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Proof. Let us first note that since [K;] = [K,], we can assert that
Theorem 5 Lemma 4 Theorem 5
Aq, = UAan = Uan = T4
x€K; xeK,

Now, according to Lemma 8, there exists Ay 1Ky € Pep(X) such that

lim K, = Ag g,

n—co

The proof will be complete once we show that Ag, x, = Ak,
Let us note that

Theorem 5
h(K,, Ag) = k| K | A

x€K;

Lemma 7 Proposition 1
= h( U« U A(x)> <

x€K; x€K)
17)
xeK; xeK; *

ae) 5]
<

26

-diam (K; UK, UK3), (20)

for any n € N.
By taking limits as n — oo in (20), we deduce that

lim K, = Ag,,

n—co 1

so

AKI,KZ = Akl = AKZ- O

5. Examples

In this section we present four examples which illustrate our re-
sults. The first example shows us that RGIFSs are generalizations of
the classical GIFSs, in the sense that every GIFS is a RGIFS when
one considers a particular equivalence relation, while the other three
examples highlight the fact that the generalization is effective, since the
fractal operator in these three cases is not Picard, but weakly Picard,
because it admits more than one fixed point.

I. Let us consider the RGIFS S = ((X,d), {fi}ia ,R), where, for
x,y € X, we consider xRy if and only if d(x,y) < oo. It is
straightforward to verify that R is an equivalence relation on X.
For x € X, we have [x] = X, therefore R is a closed equivalence
relation and R = X x X.

Note that condition (i) from Definition 6 implies the existence of
¢ € [0, 1) such that

d (f,'(xpy]),f,'(xz,h)) < ¢ - max {d(xl,xz),d(yl,yz)} >

for any x,, y,x,,y, € X and i € I, while condition (if) is trivially
satisfied.
In view of Proposition 5, the attractor of S is unique.
Hence, in this case we obtain the classical GIFS of order 2.

II. Let us consider two complete metric spaces (X,d), (Y,p) and a
finite, nonempty set of indices I.
For each i € I we consider a continuous function g;
such that

X2 X

gi(x, x) = X,

for every x € X.
For each i € I let us also consider a continuous function H; :

XxY? - Y such that for every x € X, the function ;, : Y? > Y,
given by
hix(y1,¥2) = Hi(x,y1,¥2)

for all y;, y, € Y, has the property that there exists ¢ € [0, 1) such
that

ph; (uy,up), by (01, 02)) < ¢ -max {p(uy, v)), Py, vy) } ,
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for all uy,uy,v,,0, €Y.
For every x € X let us denote by A* the attractor of S, =

((Y’ ), (hi,x)iel )
On X xY we consider the following closed equivalence relation:

(x1, YD R(xp, y2) © X1 = x5.

For each i € I, let us define the function f; : (X X Y)? > X XY,
given by

S (G130 2o 9) = (800 %), gy 0159 )

for each (x, ), (x5, ;) € X X Y.

Then S = (X XY, (f;);cs R) is a RGIFS.

Indeed, let us verify the two conditions from Definition 6.

In order to check the first condition, let us consider (x,y,),
(x1,up)y (X9, ¥2), (xp,u5) € X XY and note that

dXxY (fi((xp yl), (Xza )’2))» f,‘((xla u])» (xzy Uz))) =
=dyyy ((gi(xlvxz)a hi,g,(xl‘xz)(yhyZ)) , (gi(xl’XZ)’ hx,g‘(xl,xz)(u]vuz))) =
=0 (Big ey ey 10 925 Pigy e (15 12)) < € - max {p(yy, ), p(yy ) } =
=c¢-max {dXXy((Xl’yl)» Geps 1)), dysy (X2, 32)s (XZ»uz))} .
As for the second condition, let (x,y;),(x,y,) € X XY and note
that
FAGe 0,3 = (85030, g 019 )

= (%, by x(y1,32)) RCx, y)R(x, )

foralli e I.
Now, let x € X and note that

A8 A = (x FY (0m)),

foreveryneNand yeY.
Therefore, we have

Ay = (X} x A%
for every (x, y) € X XY, which, based on Theorem 5, implies that
A(x}XK ={x} x A",
for any K € P,,(Y), and
Ak = | (x) x 49
x€H

for any H € P,,(X) and K € P, (Y).

Let us mention that if (X,d) = (Y,p) = (R, |.]), for any i € I, we
can consider g; : R? - R given by

X +x

gixpx) = ===+

for any x;,x, € R and H; : R* — R given by

Y1ty
H;(x,y1,9,) = % +a;x
for any x,y;,y, € R, where q; € R.
If (X,d) = ([0,0),].), (Y,p) = (R,|.]) for any i € I, we can
consider g; : [0, 0)? = [0, %) given by

gi(x1,x) = VX1X2,

for any x,,x, > 0 and H, : [0,00) x R? — R given by

ity
H;(x,y1, ) = g tax

for any x > 0, y;,», € R, where q; € R.

III. Let us consider the triplet S = ((X, d), {f,}iel . R), where

+ (X,d) = (R?,d), d being the Euclidean distance
. I=({1,2}

10
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* f1.f> : R”2xR? = R? are given by

+ +
F1 (G y)s (32, 30)) = (u u)

2 7 4
and
X[ +X, Y1+ a(xy,x,)
fa ((Xl»)ﬁ),(xzs)’z)):( 12 2, 14 2 + 12 2 s

for all x,,y,,x,,», € R, where a : R? — R is a continuous
function.
* (x1,¥1)R(x,, y,) if and only if x; = x, for all x;, y;,x,,», €

R.

Then S = ((X,d),{/;},.;-R) is a RGIFS.
It is straightforward to verify that R is an equivalence relation
on R?, and, since

(0] = {w0) €R® : x =u},

for all x,y € R, we infer that it is closed.
For x, yy,y,, 2z, w;,w, € R we have

d (f] ((x, y1)s (2, wl)) i ((xv ¥2), (2, Wz)))

—g(xz Y+ w X+2z Yot _
B 27 4 N2 4 B

_|ntwr »mtw
4 4

1 1
SZ|y1 —Y2|+Z|W1 —W2|

1
< Emax{|y1 = nal-Jwy —wy|} =
1

= 5 max {d (01, (%,12)) . d (2 w0), (z.w2) }

and, similarly,

d (f5 (G y)szow)) s fo (), (z.w,))) =

+z »i+w  alx,z) x+2z Mtw, alx,z)
—a (X020 MD) (xtz nri ARD)) o
(( 2 4 + 2 ) < 2 4 * 2 ))

1

- 'M - 22 L {d (G () o (20 )

4 4

Thus we deduce that condition (i) from Definition 6 is fulfilled
for ¢ = % As for condition (ii) from Definition 6, note that

+
F1(G ), (% p2) = (x, y‘4—y2> R(x, y)

and

Yty | alxx)
=24
4 2

So((x, y1), (X, 02)) = (x ) R(x, ),

for all x,y,y,,y, €R.
For x € R we consider S, = ((R’l'l)’(hi»x)i€(12)>’ where
hyy hy, : R? > R are given by

Yi+»n
hy 1, 3) = T
and

Vit | alxx)
hy (1, ) = Y + —

for every y;,y, € R.

Since [0, a(x, x)] € P,,(R) and

Fe_ (10, a(x, 0)]. [0, a(x, )]) =

= hy, ([0, a(x, x)] X [0, a(x, x)]) U hy , ([0, a(x, x)] X [0, a(x, x)]) =

_ a(x, x) a(x, x) _
—[O, ) ]U[ ) ,a(x,x)]—

=10, a(x, )],

we infer that

ASX = [0, a(x, x)] .
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As

G A = (x) X F (). o).

for every x, y € R and every n € N, by passing to limit as n — oo,
we conclude that

Ay = 1x} X [0, a(x, )]

for every x,y € R.
In view of Theorem 5,

Ak = U Ay = (x) X [0, a(x, )]
yeK

for any x € R, K € P,,(R), so

Apxk = [J (x) x 10, a(x, )
xeH
for any H,K € P,,(R).

IV. Let us consider the triplet S = ((X,d),{f;} R), where

iel
* (X,d) = (R?,d), d being the Euclidean distance
< 1={1,2}

* f1, > : R”ZxR? - R? are given by

X+ X J’1+Y2>

fi ((xlvyl),(xz,yz)) = ( > , :

and

Fo (1, v, Gge ) = <X1 +X yit+»m + a(xl,xz)>

2 76 2

for all x,,y,,x,,y, € R, where a : R? — R is a continuous
function.

* (x1,¥1)R(x,, y,) if and only if x| = x,, for all x;,y;,x,, ¥, €
R.

Similarly to the previous example, it can be shown that S
(X, d),{fi},c; - R) is a RGIFS.

As in the previous example, for every x € R we consider S, =
((R, LD, (hl'vx)ie{l,Z})’ where hy ., h,, : R? > R are given by

Y1+
h1,x(y1,y2) = ITZ
and

yit+y | alx,x)
hy (1, ¥2) = % + —

for every y;,y, € R and we get that

_ a(x, x) a(x,x) 3a(x,x)
(252 g2 2]

Consequently we have
, %) 3a(x,
e e (52 s 252

x€H

for every H,K € P.,(R).

6. Conclusions

In this paper, we studied a new class of generalized iterated func-
tion systems, in which we imposed a contractive condition upon the
functions in the system that involves an equivalence relation defined
on the underlying metric space. We called such systems relational
generalized iterated function systems (RGIFSs) and proved through
some examples that they constitute a real generalization of the usual
generalized iterated function systems (GIFSs), in the sense that a par-
ticular equivalence relation in the frame of a RGIFS yields the classical
contractive condition corresponding to GIFSs and there exist RGIFSs
where the associated fractal operator is only weakly Picard, which
means that they are not GIFSs.
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