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A B S T R A C T

In this paper, we introduce a wider class of generalized iterated function systems, called relational generalized
iterated function systems. More precisely, the classical contraction condition for functions defined on product
spaces is weakened by means of an equivalence relation. In particular, if we consider the total equivalence
relation, we recover the classical generalized iterated function systems.

Our main result states that each compact subset of the underlying metric space generates, via a sequence
of iterates, a fixed point of the associated fractal operator, called an attractor of the system. We also establish
a structure result for the attractors and a theorem concerning the continuous dependence of the attractor on
the associated compact set.

Ultimately, we provide some examples which illustrate our main results.
1. Introduction

The concept of iterated function systems (IFSs), which was first
introduced by Hutchinson [1] in 1981 and became known through
Barnsley [2], holds an important role in the study and analysis of
fractal sets. We call an iterated function system on a metric space
(𝑋, 𝑑), a finite family of continuous functions 𝑓1,… , 𝑓𝑛 ∶ 𝑋 → 𝑋,
𝑛 ∈ N, which are usually contractions. Such a system is denoted as
 =

(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈{1,…,𝑛}

)

. The classical Hutchinson–Barnsley theorem
states that when the underlying metric space is complete, the fractal
operator 𝐹 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋) associated with , defined as

𝐹 (𝐾) =
𝑛
⋃

𝑖=1
𝑓𝑖(𝐾),

for every 𝐾 ∈ 𝑃𝑐𝑝(𝑋), where 𝑃𝑐𝑝(𝑋) denotes the family of all nonempty
and compact subsets of 𝑋, is a Picard operator, hence it generates a
unique fixed point called an attractor or a Hutchinson–Barnsley fractal.

Iterated function systems play an important role in fractal image
compression, but they also have various applications in domains such
as engineering sciences, medicine, forestry, economy, human anatomy
and physics.

The concept under discussion has been generalized in several direc-
tions. In this paper, we are concerned with generalized iterated function
systems (GIFSs) of order 𝑚 ∈ N, i.e. we consider a finite family of
maps that are defined on a Cartesian product of 𝑚 spaces, rather than
self-maps. Such systems were first studied by Miculescu and Mihail
in [3,4]. See also [5,6]. A significant tool within this generalization is
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E-mail addresses: izabella.abraham@student.unitbv.ro (I. Abraham), radu.miculescu@unitbv.ro (R. Miculescu), alex_m@fmi.unibuc.ro (A. Mihail).

represented by the generalized code space, which has been developed
in [7].

It is worth pointing out that GIFSs constitute a genuine extension
of the classical IFSs. In [8], it was shown that for any natural number
𝑚 ≥ 2, there exists a subset of the plane which can be represented as
the attractor of some GIFS of order 𝑚, but is not the attractor of any
GIFS of order 𝑚 − 1. See also [9].

In addition to the research regarding the attractors of GIFSs, there
have also been studies relating to the Hutchinson measure associated
with such systems. In [10], the Hutchinson measure was studied for
GIFSs of order two consisting of a countable number of mappings,
in [11] its existence was proven for GIFS of order two with place
dependent probabilities, and, in [12], its existence was ascertained for
GIFS of order 𝑚 ∈ N.

Another direction of research involved considering fuzzy GIFSs
(see [13]) and GIFSs consisting of F-contractions, rather than usual
Banach contractions (see [14]).

These generalized systems were also studied in the case when the
framework is different. In [15], GIFSs were considered on Banach
spaces, in [16] we find GIFSs in the more general framework of topo-
logical spaces and, in [17], GIFSs were studied when the underlying
space is a b-metric space.

Using 𝛼-dense curves, in [18], the attractor of a GIFS of order 𝑚 ∈ N
was approximated using a sequence of finite sets. We also mention that
there are a number of papers [19–21] that deal with the representations
of the images of attractors of GIFSs.
960-0779/© 2024 Elsevier Ltd. All rights reserved.
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In this paper, we introduce a wider class of generalized iterated
function systems, called relational generalized iterated function systems
(RGIFSs). We replace the classical contraction condition for functions
defined on product spaces by a weaker one, which involves an equiv-
alence relation. If we particularize the equivalence relation, namely
if we consider the total equivalence relation, we recover the classical
generalized iterated function systems.

A RGIFS involves a complete metric space (𝑋, 𝑑), a family of con-
tinuous mappings 𝑓𝑖 ∶ 𝑋2 → 𝑋, 𝑖 ∈ 𝐼 , where 𝐼 is a finite set of
ndices, and a closed equivalence relation 𝑅 defined on 𝑋. We define
he fractal operator 𝐹 ,𝑅 ∶ 𝑃𝑐𝑝(𝑋)2 → 𝑃𝑐𝑝(𝑋) associated with the RGIFS
 =

(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

as

𝐹 ,𝑅
(

𝐾1, 𝐾2
)

=
⋃

𝑖∈𝐼, 𝑥∈𝑋
𝑓𝑖

((

𝐾1 ∩ [𝑥]
)

×
(

𝐾2 ∩ [𝑥]
))

for any 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) such that
{

[𝑥] ∶ 𝑥 ∈ 𝐾1
}

=
{

[𝑥] ∶ 𝑥 ∈ 𝐾2
}

,
i.e. 𝐾1 and 𝐾2 are equivalent. Via this operator, we define the set
function 𝐺 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋) by

𝐺 (𝐾) = 𝐹 ,𝑅 (𝐾,𝐾) ,

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋). The main result of this paper states that 𝐺 is
weakly Picard (see Theorems 4 and 7). So, each compact subset 𝐾 ∈
𝑃𝑐𝑝(𝑋) generates, by means of the sequence of iterates

(

𝐺[𝑛]
 (𝐾)

)

𝑛∈N
,

a fixed point of the associated fractal operator 𝐴𝐾 ∈ 𝑃𝑐𝑝(𝑋), called an
attractor of the system. We also prove a structure result concerning the
attractors, i.e. 𝐴𝐾 =

⋃

𝑥∈𝐾 𝐴{𝑥} (see Theorem 5), and, moreover, we
present a result related to the continuous dependence of the attractors
on the associated compact set (see Theorem 6).

In the second part of our paper, we are concerned with iterations
of a more general kind, i.e. we consider two equivalent compact sets
𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) and define the sequence of iterations

(

𝐾𝑛
)

𝑛∈N by

𝐾𝑛+2 = 𝐹 ,𝑅(𝐾𝑛+1, 𝐾𝑛)

for every 𝑛 ∈ N. We prove that
(

𝐾𝑛
)

𝑛∈N converges to the attractor
associated with 𝐾1. (see Theorem 9).

At last, we provide some examples which illustrate our main results.
The examples highlight the fact that RGIFSs constitute an extension of
GIFSs and we also show that there exist RGIFSs which are not GIFSs.

We emphasize that, regardless of the fact that we consider mappings
defined only on 𝑋2, our results remain valid for the more general case
of mappings defined on 𝑋𝑚, 𝑚 ∈ N.

2. Preliminaries

By N we mean the set {1, 2,…}.
If 𝑋 is any set, 𝑓 ∶ 𝑋 → 𝑋 and 𝑛 ∈ N, by 𝑓 [𝑛] we mean the

composition of 𝑓 by itself 𝑛 times. By 𝑓 [0] we mean the identity function
𝐼𝑑𝑋 ∶ 𝑋 → 𝑋, 𝐼𝑑(𝑥) = 𝑥 for all 𝑥 ∈ 𝑋.

Definition 1. Let (𝑋, 𝑑) and (𝑌 , 𝜌) be two metric spaces. The mapping
𝑓 ∶ 𝑋 → 𝑌 is called a contraction if there exists 𝑐 ∈ [0, 1) such that

𝜌(𝑓 (𝑥), 𝑓 (𝑦)) ≤ 𝑐 ⋅ 𝑑(𝑥, 𝑦),

for all 𝑥, 𝑦 ∈ 𝑋.
The Lipschitz constant of 𝑓 is

𝐿𝑖𝑝(𝑓 ) = inf {𝑐 > 0 ∶ 𝜌(𝑓 (𝑥), 𝑓 (𝑦)) ≤ 𝑐𝑑(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋} .

Definition 2. Let (𝑋, 𝑑) be a metric space. A selfmap 𝑓 ∶ 𝑋 → 𝑋 is
called:

(i) a Picard operator if 𝑓 has a unique fixed point, i.e. there exists a
unique element 𝑥0 ∈ 𝑋 such that 𝑓 (𝑥0) = 𝑥0, and, for any 𝑥 ∈ 𝑋,
the sequence of iterates

(

𝑓 [𝑛](𝑥)
)

𝑛∈N converges to 𝑥0.
(ii) a weakly Picard operator if for any 𝑥 ∈ 𝑋, the sequence

(

𝑓 [𝑛](𝑥)
)

converges to a fixed point of 𝑓 .
2

𝑛∈N
Theorem 1 (Banach’s Fixed Point Theorem). If (𝑋, 𝑑) is a complete metric
space and 𝑓 ∶ 𝑋 → 𝑋 is a contraction, then 𝑓 is a Picard operator.

For a metric space (𝑋, 𝑑) by:

• 𝑃𝑏,𝑐𝑙(𝑋) we mean the family of all nonempty, bounded and closed
subsets of 𝑋.

• 𝑃𝑐𝑝(𝑋) we mean the family of all nonempty and compact subsets
of 𝑋.

2.1. The Hausdorff–Pompeiu metric

Definition 3. Let (𝑋, 𝑑) be a metric space. The function ℎ𝑑 ∶ 𝑃𝑏,𝑐𝑙(𝑋)×
𝑃𝑏,𝑐𝑙(𝑋) → [0,∞), or simply ℎ when no confusion should arise, defined
by

ℎ𝑑 (𝐴,𝐵) = max {𝐷(𝐴,𝐵), 𝐷(𝐵,𝐴)} ,

where 𝐷(𝐴,𝐵) = sup𝑥∈𝐴 inf𝑦∈𝐵 𝑑(𝑥, 𝑦) for all 𝐴,𝐵 ∈ 𝑃𝑏,𝑐𝑙(𝑋), is a metric,
called the Hausdorff–Pompeiu metric on 𝑃𝑏,𝑐𝑙(𝑋).

Theorem 2 ([2]). If (𝑋, 𝑑) is complete, then
(

𝑃𝑏,𝑐𝑙(𝑋), ℎ
)

and
(

𝑃𝑐𝑝(𝑋), ℎ
)

are likewise complete.

Remark 1. Let (𝑋, 𝑑) be a metric space and 𝐴,𝐵 ∈ 𝑃𝑏,𝑐𝑙(𝑋). If 𝐴 ⊆ 𝐵,
then 𝐷(𝐴,𝐵) = 0.

Proposition 1 ([22]). Let (𝑋, 𝑑) be a metric space and (𝐴𝑖)𝑖∈𝐼 , (𝐵𝑖)𝑖∈𝐼 ⊆
𝑃𝑏,𝑐𝑙(𝑋) such that ⋃𝑖∈𝐼 𝐴𝑖,

⋃

𝑖∈𝐼 𝐵𝑖 ∈ 𝑃𝑏,𝑐𝑙(𝑋). Then

ℎ

(

⋃

𝑖∈𝐼
𝐴𝑖,

⋃

𝑖∈𝐼
𝐵𝑖

)

≤ sup
𝑖∈𝐼

ℎ(𝐴𝑖, 𝐵𝑖).

Remark 2. Let (𝑋, 𝑑) be a metric space, 𝐴,𝐵 ∈ 𝑃𝑏,𝑐𝑙(𝑋) and 𝑎 ∈ 𝐴.
Then, for any 𝜀 > 0, there exists 𝑏𝜀 ∈ 𝐵 such that

𝑑(𝑎, 𝑏𝜀) < ℎ(𝐴,𝐵) + 𝜀.

Proposition 2 ([23]). Let (𝑋, 𝑑) be a metric space, (𝐴𝑛)𝑛∈N ⊆ 𝑃𝑐𝑝(𝑋) and
𝐴 ∈ 𝑃𝑐𝑝(𝑋) such that lim𝑛→∞ ℎ

(

𝐴𝑛, 𝐴
)

= 0. Then
⋃

𝑛∈N
𝐴𝑛 ∪ 𝐴 ∈ 𝑃𝑐𝑝(𝑋).

2.2. Iterated function systems

Definition 4. A pair  =
(

(𝑋, 𝑑), (𝑓𝑖)𝑖∈𝐼
)

, where (𝑋, 𝑑) is a complete
metric space, 𝐼 is a finite set and 𝑓𝑖 ∶ 𝑋 → 𝑋, 𝑖 ∈ 𝐼 , is a finite family of
contractions, is called an iterated function system on 𝑋 (for short IFS).

Such a system induces a set function 𝐹 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋), called
the fractal or the Hutchinson operator associated with , given by

𝐹 (𝐾) =
⋃

𝑖∈𝐼
𝑓𝑖(𝐾),

for all 𝐾 ∈ 𝑃𝑐𝑝(𝑋).
The set function 𝐹 turns out to be a contraction on the complete

metric space
(

𝑃𝑐𝑝(𝑋), ℎ
)

, therefore, according to Banach’s Fixed Point
Theorem, there exists a unique set 𝐴 ∈ 𝑃𝑐𝑝(𝑋) such that

𝐴 = 𝐹 (𝐴 ) =
⋃

𝑖∈𝐼
𝑓𝑖(𝐴 ),

and, for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋), the sequence of iterates
(

𝐹 [𝑛]
 (𝐾)

)

𝑛∈N
con-

verges to 𝐴 , i.e.

lim
𝑛→∞

ℎ
(

𝐹 [𝑛]
 (𝐾), 𝐴𝑆

)

= 0.

The set 𝐴 is called the attractor of .

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2.3. Generalized iterated function systems

Let (𝑋, 𝑑) be a metric space. Then the Cartesian product space 𝑋2 =
𝑋 ×𝑋 is a metric space under the maximum metric:

𝑑𝑚𝑎𝑥
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

= max
{

𝑑(𝑥1, 𝑥2), 𝑑(𝑦1, 𝑦2)
}

,

for all 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ 𝑋.
If (𝑋, 𝑑) is complete, then (𝑋2, 𝑑𝑚𝑎𝑥) is likewise complete.
The following theorem is the corresponding of Banach’s Fixed Point

Principle for mappings defined on a Cartesian product of metric spaces.

Theorem 3 ([24]). Let (𝑋, 𝑑) be a complete metric space and 𝑓 ∶ 𝑋2 → 𝑋
a contraction. Then there exists a unique 𝑥∗ ∈ 𝑋 such that

𝑓 (𝑥∗, 𝑥∗) = 𝑥∗

and, for every 𝑥1, 𝑥2 ∈ 𝑋, the sequence (𝑥𝑛)𝑛∈N, defined by 𝑥𝑛+2 =
𝑓 (𝑥𝑛, 𝑥𝑛+1) for all 𝑛 ∈ N, has the property that

lim
→∞

𝑥𝑛 = 𝑥∗.

oncerning the speed of convergence, we have the following estimation:

(𝑥𝑛, 𝑥∗) ≤ 2 𝑐
[

𝑛
2

]

1 − 𝑐
max

{

𝑑(𝑥1, 𝑥2), 𝑑(𝑥2, 𝑥3)
}

,

for every 𝑛 ∈ N, where 𝑐 = 𝐿𝑖𝑝(𝑓 ).

Definition 5. A pair  =
(

(𝑋2, 𝑑), (𝑓𝑖)𝑖∈𝐼
)

, where (𝑋, 𝑑) is a complete
metric space, 𝐼 is a finite set and 𝑓𝑖 ∶ 𝑋 × 𝑋 → 𝑋, 𝑖 ∈ 𝐼 , is a finite
family of contractions, is called a generalized iterated function system
(for short GIFS) of order 2 on 𝑋.

Such a system induces a set function 𝐹 ∶ 𝑃𝑐𝑝(𝑋)×𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋),
called the fractal or the Hutchinson operator associated with , given
by

𝐹 (𝐾1, 𝐾2) =
⋃

𝑖∈𝐼
𝑓𝑖(𝐾1 ×𝐾2),

for all 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋).
The set function 𝐹 turns out to be a contraction on the complete

metric space 𝑃𝑐𝑝(𝑋) × 𝑃𝑐𝑝(𝑋), therefore, according to Theorem 3, there
exists a unique set 𝐴 ∈ 𝑃𝑐𝑝(𝑋) such that

𝐴 = 𝐹 (𝐴 , 𝐴 ) =
⋃

𝑖∈𝐼
𝑓𝑖(𝐴 × 𝐴 ),

and, for any 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋), the sequence (𝐾𝑛)𝑛∈N, described by
𝐾𝑛+2 = 𝐹 (𝐾𝑛+1, 𝐾𝑛) for every 𝑛 ∈ N, converges to 𝐴 , i.e.

lim
𝑛→∞

ℎ
(

𝐾𝑛, 𝐴
)

= 0.

We have the following estimation for the speed of convergence:

ℎ
(

𝐾𝑛, 𝐴
)

≤ 2 𝑐[
𝑛
2 ]

1 − 𝑐
⋅max

{

ℎ(𝐾1, 𝐾2), ℎ(𝐾2, 𝐾3)
}

,

for all 𝑛 ∈ N, where 𝑐 = max𝑖∈𝐼 𝐿𝑖𝑝(𝑓𝑖).
The set 𝐴 is called the attractor of .
We refer the reader to [4] for more details.

2.4. The code space for GIFS of order 2

In this subsection we present the generalized code space related to
GIFSs of order 2. Our notation is based on that given in [7].

Let 𝐼 be a nonempty finite set and let us define inductively the
following sequence of sets:

• 𝐼1 = 𝐼
• 𝐼 = 𝐼 × 𝐼 for 𝑘 ∈ N, 𝑘 ≥ 2.
3

𝑘 𝑘−1 𝑘−1 t
For 𝑘 ∈ N, the family of 𝑘-words (words of length 𝑘) is

𝑘𝐼 = 𝐼1 × 𝐼2 ×⋯ × 𝐼𝑘.

If 𝛼 =
(

𝛼1, 𝛼2,… , 𝛼𝑘
)

∈ 𝑘𝐼 and 𝑚 ≤ 𝑘, 𝑚 ∈ N, then we denote
𝛼|𝑚 =

(

𝛼1, 𝛼2,… , 𝛼𝑚
)

.
For 𝛼 =

(

𝛼1, 𝛼2,… , 𝛼𝑘
)

=
(

𝛼1, (𝛼12 , 𝛼
2
2 ),… , (𝛼1𝑘, 𝛼

2
𝑘)
)

∈ 𝑘𝐼 , where
𝑘 ∈ N, 𝑘 ≥ 2, the two left shifts of 𝛼 are defined as

𝛼(𝑖) =
(

𝛼𝑖2, 𝛼
𝑖
3,… , 𝛼𝑖𝑘

)

∈ 𝑘−1𝐼,

where 𝑖 ∈ {1, 2}.
For a metric space (or any set) 𝑋, define the following sequence of

sets:

• 𝑋1 = 𝑋2

• 𝑋𝑘 = 𝑋𝑘−1 ×𝑋𝑘−1 for 𝑘 ∈ N, 𝑘 ≥ 2.

Starting from the finite family 𝑓𝑖 ∶ 𝑋2 → 𝑋, 𝑖 ∈ 𝐼 , we define
inductively the generalized compositions of functions from this family
𝑓𝛼 ∶ 𝑋𝑘 → 𝑋, 𝛼 =

(

𝛼1, 𝛼2,… , 𝛼𝑘
)

∈ 𝑘𝐼 , where 𝑘 ∈ N, as

𝑓𝛼(𝑥1, 𝑥2) = 𝑓𝛼1
(

𝑓𝛼(1)(𝑥1), 𝑓𝛼(2)(𝑥2)
)

,

for all (𝑥1, 𝑥2) ∈ 𝑋𝑘.
Let us now define inductively a natural isometry ℎ𝑛 ∶ 𝑋2𝑛 → 𝑋𝑛, 𝑛 ∈

N, that places elements of 𝑋2𝑛 , i.e. elements that have 2𝑛 components,
into brackets such that they belong to 𝑋𝑛.

First, for 𝑥 =
(

𝑥1, 𝑥2,… , 𝑥2𝑛+1
)

∈ 𝑋2𝑛+1 and 𝑖 ∈ {1, 2}, denote by
𝑥(𝑖) =

(

𝑥(𝑖−1)2𝑛+1,… , 𝑥𝑖2𝑛
)

the 𝑖th block of 𝑥. Note that 𝑥(𝑖) ∈ 𝑋2𝑛 .
Now set

ℎ1(𝑥1, 𝑥2) = (𝑥1, 𝑥2)

for (𝑥1, 𝑥2) ∈ 𝑋2 and

ℎ𝑛(𝑥) =
(

ℎ𝑛−1(𝑥(1)), ℎ𝑛−1(𝑥(2))
)

for 𝑥 ∈ 𝑋2𝑛 and 𝑛 ∈ N, 𝑛 ≥ 2.

3. Relational generalized iterated function systems

Definition 6. A triplet  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

, where (𝑋, 𝑑) is a
complete metric space, 𝐼 is an arbitrarily chosen finite set, 𝑅 is a closed
equivalence relation on 𝑋 and 𝑓𝑖 ∶ 𝑋2 → 𝑋 is continuous for any
𝑖 ∈ 𝐼 , is called a relational generalized iterated function system (for
short RGIFS) if:

(i) there exists 𝑐 ∈ [0, 1) such that

𝑑
(

𝑓𝑖(𝑥1, 𝑦1), 𝑓𝑖(𝑥2, 𝑦2)
)

≤ 𝑐 ⋅max
{

𝑑(𝑥1, 𝑥2), 𝑑(𝑦1, 𝑦2)
}

,

for any 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ 𝑋 such that 𝑥1𝑅𝑥2, 𝑦1𝑅𝑦2 and 𝑖 ∈ 𝐼 .
(ii) for any 𝑥1, 𝑥2 ∈ 𝑋 and 𝑖 ∈ 𝐼 , if 𝑥1𝑅𝑥2, then 𝑓𝑖(𝑥1, 𝑥2)𝑅𝑥1.

emark 3. On the one hand, if the constitutive functions of a RGIFS are
ontractions, then condition (𝑖) from Definition 6 is obviously fulfilled.

On the other hand, as we can see in the second example from Section 5,
the constitutive functions of a RGIFS need not be Lipschitz. Moreover,
although they may be Lipschitz, their Lipschitz constant can be 1.

emark 4. In the framework of Definition 6, if (𝑥𝑛)𝑛∈N and (𝑦𝑛)𝑛∈N
re two sequences of elements from 𝑋 such that

(i) 𝑥𝑛𝑅𝑦𝑛 for every 𝑛 ∈ N;
(ii) there exist 𝑥, 𝑦 ∈ 𝑋 such that lim𝑛→∞ 𝑥𝑛 = 𝑥 and lim𝑛→∞ 𝑦𝑛 = 𝑦,
hen 𝑥𝑅𝑦.
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𝐺

f

𝑦

𝐺

Let  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

be a RGIFS. We shall use the following
notation:

• Sometimes, we denote 𝑥𝑅𝑦 by 𝑥 ∼ 𝑦, where 𝑥, 𝑦 ∈ 𝑋.
• [𝑥] = {𝑦 ∈ 𝑋 ∶ 𝑥𝑅𝑦}, where 𝑥 ∈ 𝑋.
• [𝐾] = {[𝑥] ∶ 𝑥 ∈ 𝐾}, where 𝐾 ∈ 𝑃𝑐𝑝(𝑋).
• 𝐾𝑥 = 𝐾 ∩ [𝑥], where 𝑥 ∈ 𝑋 and 𝐾 ∈ 𝑃𝑐𝑝(𝑋).
• 𝐾1

𝑅∼ 𝐾2 if
[

𝐾1
]

=
[

𝐾2
]

, where 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋).
• 𝑅 =

{

(𝐾1, 𝐾2) ∈ 𝑃𝑐𝑝(𝑋) × 𝑃𝑐𝑝(𝑋) ∶ 𝐾1
𝑅∼ 𝐾2

}

.

• 𝐹 ,𝑅
(

𝐾1, 𝐾2
)

=
⋃

𝑖∈𝐼, 𝑥∈𝑋 𝑓𝑖
(

𝐾𝑥
1 ×𝐾𝑥

2
)

=
⋃

𝑖∈𝐼, 𝑥∈𝐾1
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

=
⋃

𝑖∈𝐼, 𝑥∈𝐾2
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

, for any (𝐾1, 𝐾2) ∈ 𝑅.
• 𝐾 =

{

𝐻 ∈ 𝑃𝑐𝑝(𝑋) ∶ 𝐻 𝑅∼ 𝐾
}

, where 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

• 𝐶𝐾 = 𝑑𝑖𝑎𝑚
(

𝐾 ∪
⋃

𝑖∈𝐼 𝑓𝑖(𝐾 ×𝐾)
)

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

Lemma 1. For 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋), the following statements are equivalent:

(i) 𝐾1
𝑅∼ 𝐾2.

(ii) For any 𝑥 ∈ 𝑋 the following equivalence is valid:

𝐾1 ∩ [𝑥] ≠ ∅ ⇔ 𝐾2 ∩ [𝑥] ≠ ∅.

Proof. (𝑖) ⇒ (𝑖𝑖) Let 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) be such that 𝐾1
𝑅∼ 𝐾2, i.e.

[

𝐾1
]

=
[

𝐾2
]

. If 𝑥 ∈ 𝑋 is such that 𝐾1 ∩ [𝑥] ≠ ∅, then there exists 𝑦 ∈ 𝐾1 such
that [𝑥] = [𝑦]. Hence [𝑦] ∈ [𝐾1] = [𝐾2], so there exists 𝑧 ∈ 𝐾2 such that
𝑧 ∈ [𝑦] = [𝑥], therefore 𝐾2 ∩ [𝑥] ≠ ∅. The reverse implication can be
proved in a similar manner. (𝑖𝑖) ⇒ (𝑖) For 𝑦 ∈ 𝐾1 we have 𝐾1 ∩ [𝑦] ≠ ∅
and the hypothesis implies 𝐾2 ∩ [𝑦] ≠ ∅, so there exists 𝑧 ∈ 𝐾2 such
that 𝑧 ∈ [𝑦]. Hence [𝑧] = [𝑦] ∈ [𝐾2]. Consequently, we proved that
[𝐾1] ⊆ [𝐾2]. The reverse inclusion can be proved in a similar way. □

Remark 5. Note that

𝑓𝑖 ([𝑥] × [𝑥]) ⊆ [𝑥],

for any 𝑥 ∈ 𝑋 and 𝑖 ∈ 𝐼 .

Proposition 3. 𝐹 ,𝑅(𝐾1, 𝐾2) ∈ 𝑃𝑐𝑝(𝑋) for any (𝐾1, 𝐾2) ∈ 𝑅.

Proof. Claim. ⋃

𝑥∈𝐾1
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

is compact for any 𝑖 ∈ 𝐼 and
(𝐾1, 𝐾2) ∈ 𝑅.

Justification of Claim: Fix 𝑖 ∈ 𝐼 , (𝐾1, 𝐾2) ∈ 𝑅 and let (𝑥𝑛)𝑛∈N ⊆
⋃

𝑥∈𝐾1
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

. Then, for any 𝑛 ∈ N, there exist 𝑦𝑛 ∈ 𝐾1, 𝑢1𝑛 ∈
𝐾1 ∩

[

𝑦𝑛
]

, 𝑢2𝑛 ∈ 𝐾2 ∩
[

𝑦𝑛
]

such that

𝑥𝑛 = 𝑓𝑖(𝑢1𝑛, 𝑢
2
𝑛) ∈ 𝑓𝑖

(

[𝑦𝑛] × [𝑦𝑛]
)

Remark 5
⊆

[

𝑦𝑛
]

.

Since 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋), we deduce that

(i) there exists (𝑢1𝑛𝑘 )𝑘∈N ⊆ (𝑢1𝑛)𝑛∈N and 𝑢1 ∈ 𝐾1 such that lim𝑘→∞ 𝑢1𝑛𝑘
= 𝑢1;

(ii) there exists (𝑢2𝑛𝑘𝑝 )𝑝∈N ⊆ (𝑢2𝑛𝑘 )𝑘∈N and 𝑢2 ∈ 𝐾2 such that lim𝑝→∞ 𝑢2𝑛𝑘𝑝= 𝑢2;
(iii) there exists (𝑦𝑛𝑘𝑝𝑞

)𝑞∈N ⊆ (𝑦𝑛𝑘𝑝 )𝑝∈N and 𝑦 ∈ 𝐾1 such that
lim𝑞→∞ 𝑦𝑛𝑘𝑝𝑞

= 𝑦.

Since

lim
𝑞→∞

𝑢1𝑛𝑘𝑝𝑞
= 𝑢1, lim

𝑞→∞
𝑦𝑛𝑘𝑝𝑞

= 𝑦, 𝑢1𝑛𝑘𝑝𝑞
∈
[

𝑦𝑛𝑘𝑝𝑞

]

, for every 𝑞 ∈ N,

via Remark 4, we deduce that 𝑢1 ∈ 𝐾1 ∩ [𝑦].
Similarly we have that 𝑢2 ∈ 𝐾2 ∩ [𝑦].
Finally, since 𝑓𝑖 is continuous, we see that

lim
𝑞→∞

𝑥𝑛𝑘𝑝𝑞
= lim

𝑞→∞
𝑓𝑖

(

𝑢1𝑛𝑘𝑝𝑞
, 𝑢2𝑛𝑘𝑝𝑞

)

= 𝑓𝑖(𝑢1, 𝑢2) ∈
⋃

𝑥∈𝐾1

𝑓𝑖
(

𝐾𝑥
1 ×𝐾𝑥

2
)

.

So ⋃

𝑥∈𝐾1
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

is sequentially compact, hence compact, for
each (𝐾1, 𝐾2) ∈ 𝑅 and 𝑖 ∈ 𝐼 , and the justification of the Claim is
done.
4

Consequently,

𝐹 ,𝑅(𝐾1, 𝐾2) =
⋃

𝑖∈𝐼, 𝑥∈𝐾1

𝑓𝑖
(

𝐾𝑥
1 ×𝐾𝑥

2
) Claim & 𝐼 finite

∈ 𝑃𝑐𝑝(𝑋),

for any (𝐾1, 𝐾2) ∈ 𝑅. □

Therefore, we can define the function 𝐹 ,𝑅 ∶ 𝑅 → 𝑃𝑐𝑝(𝑋) as
follows:

𝐹 ,𝑅(𝐾1, 𝐾2) =
⋃

𝑖∈𝐼, 𝑥∈𝑋
𝑓𝑖

(

𝐾𝑥
1 ×𝐾𝑥

2
)

,

for any (𝐾1, 𝐾2) ∈ 𝑅.
We can also define the function 𝐺 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋), given by

𝐺 (𝐾) = 𝐹 ,𝑅 (𝐾,𝐾) ,

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋).
For any 𝐾 ∈ 𝑃𝑐𝑝(𝑋) we consider the sequence

(

𝐺[𝑛]
 (𝐾)

)

𝑛∈N∪{0}
,

where 𝐺[0]
 (𝐾) = 𝐾.

Remark 6. We have

𝐺 (𝐾) =
⋃

𝑥1 ,𝑥2∈𝐾
𝐹 ,𝑅

({

𝑥1
}

,
{

𝑥2
})

=

=
⋃

𝑥1 ,𝑥2∈𝐾, 𝑖∈𝐼, 𝑦∈𝑋
𝑓𝑖(

({

𝑥1
}

∩ [𝑦]
)

×
({

𝑥2
}

∩ [𝑦]
)

)

=
⋃

𝑥1 ,𝑥2∈𝐾, 𝑥1∼𝑥2 , 𝑖∈𝐼

{

𝑓𝑖(𝑥1, 𝑥2)
}

,

for all 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

4. Main results

Throughout this section let  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

be a RGIFS.

Theorem 4. For any 𝐾 ∈ 𝑃𝑐𝑝(𝑋) there exists 𝐴𝐾 ∈ 𝑃𝑐𝑝(𝑋) such that

lim
𝑛→∞

𝐺[𝑛]
 (𝐾) = 𝐴𝐾

and

ℎ
(

𝐺[𝑛]
 (𝐾), 𝐴𝐾

)

≤ 𝑐𝑛

1 − 𝑐
⋅ 𝐶𝐾 ,

for all 𝑛 ∈ N.

Proof. Let 𝐾 ∈ 𝑃𝑐𝑝(𝑋) be fixed, but arbitrarily chosen.
𝐂𝐥𝐚𝐢𝐦𝟏.

[𝑛]
 (𝐾) =

⋃

𝑦∈𝐾, 𝑥∈[𝑦]𝑛∩𝐾𝑛 , 𝛼∈𝑛𝐼

{

𝑓𝛼(𝑥)
}

,

or all 𝑛 ∈ N.
Justification of Claim 1: The above assertion is true for 𝑛 = 1 since

⋃

∈𝐾, 𝑥∈[𝑦]1∩𝐾1 , 𝑖∈𝐼

{

𝑓𝑖(𝑥)
}

=
⋃

𝑦∈𝐾, 𝑥1 ,𝑥2∈𝐾𝑦 , 𝑖∈𝐼

{

𝑓𝑖(𝑥1, 𝑥2)
}

=

=
⋃

𝑥1 ,𝑥2∈𝐾, 𝑥1∼𝑥2 , 𝑖∈𝐼

{

𝑓𝑖(𝑥1, 𝑥2)
} Remark 6

= 𝐺 (𝐾).

(1)

Suppose now that the assertion is true for 𝑛 ∈ N.
On the one hand, we have

[𝑛+1]
 (𝐾) ⊆

⋃

𝑦∈𝐾, 𝑥∈[𝑦]𝑛+1∩𝐾𝑛+1 , 𝛼∈𝑛+1𝐼

{

𝑓𝛼(𝑥)
}

. (2)

Indeed, observe first that

𝐺[𝑛+1]
 (𝐾) = 𝐺

(

𝐺[𝑛]
 (𝐾)

) (1)
=

⋃

𝑦 ,𝑦 ∈𝐺[𝑛](𝐾), 𝑦 ∼𝑦 , 𝑖∈𝐼

{

𝑓𝑖(𝑦1, 𝑦2)
}

.

1 2  1 2
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If 𝑦1, 𝑦2 ∈ 𝐺[𝑛]
 (𝐾) are such that 𝑦1 ∼ 𝑦2, then there exist 𝛼, 𝛽 ∈ 𝑛𝐼 ,

𝑢1, 𝑢2 ∈ 𝐾, 𝑥1 ∈ [𝑢1]𝑛∩𝐾𝑛 and 𝑥2 ∈ [𝑢2]𝑛∩𝐾𝑛 such that 𝑦1 = 𝑓(𝛼1 ,…,𝛼𝑛)(𝑥1)
and 𝑦2 = 𝑓(𝛽1 ,…,𝛽𝑛)(𝑥2). Since 𝑦1 ∼ 𝑦2, via Definition 6, (𝑖𝑖), we deduce
that [𝑢1] = [𝑢2]. For all 𝑖 ∈ 𝐼 , we have

𝑓𝑖(𝑦1, 𝑦2) = 𝑓𝑖
(

𝑓(𝛼1 ,…,𝛼𝑛)(𝑥1), 𝑓(𝛽1 ,…,𝛽𝑛)(𝑥2)
)

=

= 𝑓(𝑖,(𝛼1 ,𝛽1),…,(𝛼𝑛 ,𝛽𝑛))(𝑥1, 𝑥2) = 𝑓𝜔(𝑥),

where 𝜔 = (𝑖, (𝛼1, 𝛽1),… , (𝛼𝑛, 𝛽𝑛)) ∈ 𝑛+1𝐼 and 𝑥 = (𝑥1, 𝑥2) ∈ [𝑢1]𝑛+1∩𝐾𝑛+1,
so

𝑓𝜔(𝑥) ∈
⋃

𝑦∈𝐾, 𝑥∈[𝑦]𝑛+1∩𝐾𝑛+1 , 𝛼∈𝑛+1𝐼

{

𝑓𝛼(𝑥)
}

,

and the justification of (2) is done.
On the other hand, we have

⋃

𝑦∈𝐾, 𝑥∈[𝑦]𝑛+1∩𝐾𝑛+1 , 𝛼∈𝑛+1𝐼

{

𝑓𝛼(𝑥)
}

⊆ 𝐺[𝑛+1]
 (𝐾). (3)

Indeed, if 𝑢 ∈
⋃

𝑦∈𝐾, 𝑥∈[𝑦]𝑛+1∩𝐾𝑛+1 , 𝛼∈𝑛+1𝐼
{

𝑓𝛼(𝑥)
}

, then there exist
𝛼 = (𝛼1,… , 𝛼𝑛+1) ∈ 𝑛+1𝐼 , 𝑦 ∈ 𝐾 and 𝑥 = (𝑥1, 𝑥2) ∈ [𝑦]𝑛+1 ∩ 𝐾𝑛+1 such
that

𝑢 = 𝑓𝛼(𝑥) = 𝑓𝛼1
(

𝑓𝛼(1)(𝑥1), 𝑓𝛼(2)(𝑥2)
)

.

Taking into account that 𝑥1, 𝑥2 ∈ [𝑦]𝑛 ∩ 𝐾𝑛, 𝛼(1), 𝛼(2) ∈ 𝑛𝐼 , 𝑓𝛼(1)(𝑥1),
𝑓𝛼(2)(𝑥2) ∈ 𝐺[𝑛]

 (𝐾) and 𝑓𝛼(1)(𝑥1) ∼ 𝑓𝛼(2)(𝑥2), we infer that

𝑢 ∈
⋃

𝑦1 ,𝑦2∈𝐺
[𝑛]
 (𝐾), 𝑦1∼𝑦2 , 𝑖∈𝐼

{

𝑓𝑖(𝑦1, 𝑦2)
}

= 𝐺

(

𝐺[𝑛]
 (𝐾)

)

= 𝐺[𝑛+1]
 (𝐾),

and the justification of (3) is complete.
In view of (2) and (3), we conclude that the assertion is true for

𝑛 + 1, so the justification of Claim 1 is done.
𝐂𝐥𝐚𝐢𝐦𝟐. For any 𝐾 ∈ 𝑃𝑐𝑝(𝑋), 𝑦 ∈ 𝑋, 𝑛 ∈ N, 𝑥, 𝑦1, 𝑦2 ∈ [𝑦]𝑛 ∩ 𝐾𝑛,

(𝛼1,… , 𝛼𝑛) ∈ 𝑛𝐼 and 𝛾 ∈ 𝐼𝑛+1 we have

𝑑
(

𝑓(𝛼1 ,…,𝛼𝑛)(𝑥), 𝑓(𝛼1 ,…,𝛼𝑛 ,𝛾)(𝑦1, 𝑦2)
)

≤ 𝑐𝑛 ⋅ 𝐶𝐾 .

Justification of Claim 2: The assertion is true for 𝑛 = 1 since

𝑑
(

𝑓𝑖(𝑥1, 𝑥2), 𝑓𝑖
(

𝑓𝑗1 (𝑦1), 𝑓𝑗2 (𝑦2)
))

≤ 𝑐 ⋅max
{

𝑑(𝑥1, 𝑓𝑗1 (𝑦1)), 𝑑(𝑥2, 𝑓𝑗2 (𝑦2))
}

≤ 𝑐 ⋅ 𝐶𝐾 ,

for all 𝑖 ∈ 𝐼 , 𝛾 = (𝑗1, 𝑗2) ∈ 𝐼2, 𝑦 ∈ 𝑋 and 𝑥 = (𝑥1, 𝑥2), 𝑦1, 𝑦2 ∈ [𝑦]1 ∩𝐾1.
Suppose now that the assertion is true for 𝑛 ∈ N. Then

𝑑
(

𝑓(𝛼1 ,…,𝛼𝑛 ,𝛼𝑛+1)(𝑥1, 𝑥2), 𝑓(𝛼1 ,…,𝛼𝑛+1 ,𝛾)(𝑦1, 𝑦2)
)

=

=𝑑
(

𝑓𝛼1
(

𝑓(𝛼12 ,…,𝛼1𝑛+1)
(𝑥1), 𝑓(𝛼22 ,…,𝛼2𝑛+1)

(𝑥2)
)

,

𝑓𝛼1
(

𝑓(𝛼12 ,…,𝛼1𝑛+1 ,𝛾
1)(𝑦1), 𝑓(𝛼22 ,…,𝛼2𝑛+1 ,𝛾

2)(𝑦2)
))

≤

≤𝑐 ⋅max
{

𝑑
(

𝑓(𝛼12 ,…,𝛼1𝑛+1)
(𝑥1), 𝑓(𝛼12 ,…,𝛼1𝑛+1 ,𝛾

1)(𝑦1)
)

,

𝑑
(

𝑓(𝛼22 ,…,𝛼2𝑛+1)
(𝑥2), 𝑓(𝛼22 ,…,𝛼2𝑛+1 ,𝛾

2)(𝑦2)
)}

≤

≤𝑐𝑛+1 ⋅ 𝐶𝐾 ,

for all 𝑦 ∈ 𝑋, 𝑥 = (𝑥1, 𝑥2), 𝑦1, 𝑦2 ∈ [𝑦]𝑛+1 ∩𝐾𝑛+1, (𝛼1,… , 𝛼𝑛+1) ∈ 𝑛+1𝐼 and
𝛾 ∈ 𝐼𝑛+2, so the justification of Claim 2 is complete.

𝐂𝐥𝐚𝐢𝐦𝟑. For any 𝐾 ∈ 𝑃𝑐𝑝(𝑋) and 𝑛 ∈ N, we have

ℎ
(

𝐺[𝑛]
 (𝐾), 𝐺[𝑛+1]

 (𝐾)
)

≤ 𝑐𝑛 ⋅ 𝐶𝐾 .

Justification of Claim 3: On the one hand, we have

𝐷
(

𝐺[𝑛]
 (𝐾), 𝐺[𝑛+1]

 (𝐾)
)

≤ 𝑐𝑛 ⋅ 𝐶𝐾 . (4)

Indeed, for 𝑧1 ∈ 𝐺[𝑛]
 (𝐾), according to Claim 1, there exist 𝑦 ∈ 𝐾,

𝑥 = (𝑥1, 𝑥2) ∈ [𝑦]𝑛 ∩𝐾𝑛 and 𝛼 = (𝛼1,… , 𝛼𝑛) ∈ 𝑛𝐼 such that
5

𝑧1 = 𝑓𝛼(𝑥1, 𝑥2).
Setting

𝑧2 = 𝑓(𝛼1 ,…,𝛼𝑛 ,(𝛼𝑛 ,𝛼𝑛))
(

(𝑥1, 𝑥2), (𝑥1, 𝑥2)
) Claim 1

∈ 𝐺[𝑛+1]
 (𝐾),

we get

𝑑
(

𝑧1, 𝐺
[𝑛+1]
 (𝐾)

)

≤ 𝑑(𝑧1, 𝑧2)
Claim 2

≤ 𝑐𝑛 ⋅ 𝐶𝐾 .

On the other hand, we have

𝐷
(

𝐺[𝑛+1]
 (𝐾), 𝐺[𝑛]

 (𝐾)
)

≤ 𝑐𝑛 ⋅ 𝐶𝐾 . (5)

Indeed for 𝑧2 ∈ 𝐺[𝑛+1]
 (𝐾), taking into account Claim 1, there exist

𝑦 ∈ 𝐾 and (𝑢1, 𝑢2), (𝑣1, 𝑣2) ∈ [𝑦]𝑛 ∩𝐾𝑛 such that

𝑧2 = 𝑓(𝛼1 ,𝛼2 ,…,𝛼𝑛+1)
(

(𝑢1, 𝑢2), (𝑣1, 𝑣2)
)

.

Then

𝑧1 = 𝑓(𝛼1 ,…,𝛼𝑛)(𝑢1, 𝑢2)
Claim 1

∈ 𝐺[𝑛]
 (𝐾)

and

𝑑(𝑧1, 𝑧2)
Claim 2

≤ 𝑐𝑛 ⋅ 𝐶𝐾 .

In view of (4) and (5), the justification of Claim 3 is complete.
Now, for any 𝑛, 𝑝 ∈ N and 𝐾 ∈ 𝑃𝑐𝑝(𝑋), we deduce that

ℎ
(

𝐺[𝑛]
 (𝐾), 𝐺[𝑛+𝑝]

 (𝐾)
)

≤
𝑛+𝑝−1
∑

𝑘=𝑛
ℎ
(

𝐺[𝑘]
 (𝐾), 𝐺[𝑘+1]

 (𝐾)
) Claim 3

≤
𝑛+𝑝−1
∑

𝑘=𝑛
𝑐𝑘 ⋅ 𝐶𝐾 =

= 𝑐𝑛 1 − 𝑐𝑝

1 − 𝑐
⋅ 𝐶𝐾 < 𝑐𝑛

1 − 𝑐
⋅ 𝐶𝐾 . (6)

As lim𝑛→∞
𝑐𝑛

1−𝑐 ⋅𝐶𝐾 = 0, we infer that
(

𝐺[𝑛]
 (𝐾)

)

𝑛∈N
is a Cauchy sequence,

o there exists 𝐴𝐾 ∈ 𝑃𝑐𝑝(𝑋) such that

lim
→∞

𝐺[𝑛]
 (𝐾) = 𝐴𝐾 .

oreover, note that, in view of 4, we obtain that
(

𝐺[𝑛]
 (𝐾), 𝐴𝐾

)

≤ 𝑐𝑛

1 − 𝑐
⋅ 𝐶𝐾

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋) and 𝑛 ∈ N. □

Lemma 2. Suppose that (𝐴𝑛)𝑛∈N ⊆ 𝑃𝑐𝑝(𝑋) and 𝐴 ∈ 𝑃𝑐𝑝(𝑋) are such that
im𝑛→∞ ℎ(𝐴𝑛, 𝐴) = 0. If 𝐵 ∈ 𝑃𝑐𝑙(𝑋) has the property that 𝐴𝑛 ⊆ 𝐵 for every
∈ N, then 𝐴 ⊆ 𝐵.

roof. As lim𝑛→∞ ℎ(𝐴𝑛, 𝐴) = 0, we have

lim
→∞

𝑑(𝑥,𝐴𝑛) = 0,

or every 𝑥 ∈ 𝐴.
Note that

(𝑥, 𝐵)
𝐴𝑛⊆𝐵
≤ 𝑑(𝑥,𝐴𝑛),

or every 𝑛 ∈ N and 𝑥 ∈ 𝑋.
Hence, we deduce that 𝑑(𝑥, 𝐵) = 0, i.e. 𝑥 ∈ 𝐵 for every 𝑥 ∈ 𝐴,

herefore 𝐴 ⊆ 𝐵. □

emma 3. For any 𝑥 ∈ 𝑋, we have

{𝑥} ⊆ [𝑥].

roof. Fix 𝑛 ∈ N and observe that, via Claim 1 from the proof of
heorem 4, we have
[𝑛]
 ({𝑥}) =

⋃

𝑦∈{𝑥}, 𝑢∈[𝑦]𝑛∩{𝑥}𝑛 , 𝛼∈𝑛𝐼

{

𝑓𝛼(𝑢)
}

=
⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

, (7)

where 𝑥𝑛 = (𝑥, 𝑥,… , 𝑥) ∈ 𝑋2𝑛 .
Now, since

𝐺[𝑛]( 𝑥 ) ⊆ [𝑥],
 { }
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ℎ

for any 𝑛 ∈ N, in view of Lemma 2, we conclude that

lim
→∞

𝐺[𝑛]
 ({𝑥}) = 𝐴{𝑥} ⊆ [𝑥]. □

Lemma 4. For any 𝑥, 𝑦 ∈ 𝑋, the following statements are equivalent:

(i) 𝐴{𝑥} = 𝐴{𝑦};
(ii) [𝑥] = [𝑦].

Proof. Let 𝑥, 𝑦 ∈ 𝑋 be fixed, but arbitrarily chosen.
(𝑖) ⇒ (𝑖𝑖) Since 𝐴{𝑥} ⊆ [𝑥] and 𝐴{𝑥} ⊆ [𝑦], we deduce that [𝑥]∩[𝑦] ≠ ∅,

hence [𝑥] = [𝑦]. (𝑖𝑖) ⇒ (𝑖) On the one hand, we have

ℎ
(

𝐴{𝑥}, 𝐴{𝑦}
) (7)
= lim

𝑛→∞
ℎ

(

⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

,
⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑦𝑛))
}

)

Proposition 1
≤

≤ lim
𝑛→∞

sup
𝛼∈𝑛𝐼

𝑑
(

𝑓𝛼(ℎ𝑛(𝑥𝑛)), 𝑓𝛼(ℎ𝑛(𝑦𝑛))
)

.

On the other hand, for every 𝑛 ∈ N and 𝛼 = (𝛼1,… , 𝛼𝑛) ∈ 𝑛𝐼 , we have
(

𝑓𝛼(ℎ𝑛(𝑥𝑛)), 𝑓𝛼(ℎ𝑛(𝑦𝑛))
)

=

= 𝑑
(

𝑓𝛼1
(

𝑓𝛼(1)(ℎ𝑛−1(𝑥𝑛−1)), 𝑓𝛼(2)(ℎ𝑛−1(𝑥𝑛−1))
)

,

𝑓𝛼1
(

𝑓𝛼(1)(ℎ𝑛−1(𝑦𝑛−1)), 𝑓𝛼(2)(ℎ𝑛−1(𝑦𝑛−1))
)

)

≤

≤ 𝑐 ⋅max
{

𝑑
(

𝑓𝛼(1)(ℎ𝑛−1(𝑥𝑛−1)), 𝑓𝛼(1)(ℎ𝑛−1(𝑦𝑛−1))
)

,

𝑑
(

𝑓𝛼(2)(ℎ𝑛−1(𝑥𝑛−1)), 𝑓𝛼(2)(ℎ𝑛−1(𝑦𝑛−1))
)}

≤

≤ ⋯ ≤ 𝑐𝑛 ⋅ 𝑑(𝑥, 𝑦).

onsequently

lim
→∞

sup
𝛼∈𝑛𝐼

𝑑
(

𝑓𝛼(ℎ𝑛(𝑥𝑛)), 𝑓𝛼(ℎ𝑛(𝑦𝑛))
)

= 0,

ence

{𝑥} = 𝐴{𝑦}. □

emma 5. The function 𝑡 ∶ 𝑋 → 𝑃𝑐𝑝(𝑋), given by

(𝑥) = 𝐴{𝑥},

or all 𝑥 ∈ 𝑋, is continuous on each 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

Proof. 𝐂𝐥𝐚𝐢𝐦𝟏. 𝑓𝛼 ∶ 𝑋𝑘 → 𝑋 is continuous for every 𝛼 ∈ 𝑘𝐼 and 𝑘 ∈ N.
Justification of Claim 1: For 𝑘 = 1 the assertion is trivially true, since

𝑓𝑖 ∶ 𝑋2 → 𝑋 is continuous for any 𝑖 ∈ 𝐼 .
Suppose that the assertion is valid for 𝑘 ∈ N. For 𝛼 = (𝛼1,… , 𝛼𝑘+1) ∈

𝑘+1𝐼 ,
(

𝑥𝑛 = (𝑥1𝑛, 𝑥
2
𝑛)
)

𝑛∈N ⊆ 𝑋𝑘+1 and 𝑥 = (𝑥1, 𝑥2) ∈ 𝑋𝑘+1 such that
lim𝑛→∞ 𝑥𝑛 = 𝑥, we have

lim
𝑛→∞

𝑓(𝛼1 ,…,𝛼𝑘+1)(𝑥𝑛) = lim
𝑛→∞

𝑓𝛼1
(

𝑓𝛼(1)(𝑥1𝑛), 𝑓𝛼(2)(𝑥
2
𝑛)
)

=

= 𝑓𝛼1
(

lim
𝑛→∞

𝑓𝛼(1)(𝑥1𝑛), lim𝑛→∞
𝑓𝛼(2)(𝑥2𝑛)

)

=

= 𝑓𝛼1
(

𝑓𝛼(1)(𝑥1), 𝑓𝛼(2)(𝑥2)
)

= 𝑓(𝛼1 ,…,𝛼𝑘+1)(𝑥).

Hence the assertion is also true for 𝑘 + 1 and the justification of
Claim 1 is done.

Let us define 𝑡𝑛 ∶ 𝑋 → 𝑃𝑐𝑝(𝑋), 𝑛 ∈ N, as follows

𝑡𝑛(𝑥) = 𝐺[𝑛]
 ({𝑥}) ,

for all 𝑥 ∈ 𝑋.
𝐂𝐥𝐚𝐢𝐦𝟐. The sequence (𝑡𝑛)𝑛∈N converges uniformly to 𝑡 on each 𝐾 ∈

𝑃𝑐𝑝(𝑋).
Justification of Claim 2: Let 𝐾 ∈ 𝑃𝑐𝑝(𝑋) and note that

ℎ(𝑡𝑛(𝑥), 𝑡(𝑥)) = ℎ
(

𝐺[𝑛]
 ({𝑥}) , 𝐴{𝑥}

) Theorem 4
≤ 𝑐𝑛

1 − 𝑐
⋅ 𝐶{𝑥} ≤

𝑐𝑛

1 − 𝑐
⋅ 𝐶𝐾

or all 𝑥 ∈ 𝐾 and 𝑛 ∈ N.
Hence

sup ℎ(𝑡𝑛(𝑥), 𝑡(𝑥)) ≤
𝑐𝑛

⋅ 𝐶𝐾 ,
6

∈𝐾 1 − 𝑐
for every 𝑛 ∈ N.
Consequently

lim
𝑛→∞

sup
𝑥∈𝐾

ℎ
(

𝑡𝑛(𝑥), 𝑡(𝑥)
)

= 0

and the justification of Claim 2 is complete.
𝐂𝐥𝐚𝐢𝐦𝟑. 𝑡𝑛 is continuous for every 𝑛 ∈ N.
Justification of Claim 3: Let 𝑛 ∈ N and 𝑥 ∈ 𝑋 be fixed, but arbitrarily

chosen. Note that if (𝑥𝑚)𝑚∈N ⊆ 𝑋 is such that lim𝑚→∞ 𝑥𝑚 = 𝑥, then we
ave
(

𝑡𝑛(𝑥𝑚), 𝑡𝑛(𝑥)
)

= ℎ
(

𝐺[𝑛]


({

𝑥𝑚
})

, 𝐺[𝑛]
 ({𝑥})

) (7)
=

= ℎ

(

⋃

𝛼∈𝑛𝐼

{

𝑓𝛼
(

ℎ𝑛
(

(

𝑥𝑚
)

𝑛

))}

,
⋃

𝛼∈𝑛𝐼

{

𝑓𝛼
(

ℎ𝑛
(

𝑥𝑛
))}

)

≤

≤ max
𝛼∈𝑛𝐼

𝑑
(

𝑓𝛼
(

ℎ𝑛
(

(

𝑥𝑚
)

𝑛

))

, 𝑓𝛼
(

ℎ𝑛
(

𝑥𝑛
))

)

,

or every 𝑛 ∈ N and, by passing to limit as 𝑚 → ∞ in the above relation,
sing Claim 1, we deduce that

lim
→∞

𝑡𝑛(𝑥𝑚) = 𝑡𝑛(𝑥).

hus the justification of Claim 3 is complete.
In view of Claim 2 and Claim 3, the proof of Lemma 5 is done. □

emark 7. Taking into account Lemma 5, Theorem 2.1 from [25] and
he diagram on page 396 of [26], we infer that
⋃

∈𝐾
𝑡(𝑥) =

⋃

𝑥∈𝐾
𝐴{𝑥} ∈ 𝑃𝑐𝑝(𝑋),

or every 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

heorem 5. We have

𝐾 =
⋃

𝑥∈𝐾
𝐴{𝑥},

or every 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

roof. Let 𝐾 ∈ 𝑃𝑐𝑝(𝑋) be fixed, but arbitrarily chosen.
𝐂𝐥𝐚𝐢𝐦.

lim
→∞

ℎ

(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

= 0.

Justification of Claim: Using Claim 1 from the proof of Theorem 4,
e deduce that
(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

= ℎ

(

⋃

𝑥∈𝐾, 𝑦∈[𝑥]𝑛∩𝐾𝑛 , 𝛼∈𝑛𝐼

{

𝑓𝛼(𝑦)
}

,
⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

Proposition 1
≤

≤ sup
𝑥∈𝐾

ℎ

(

⋃

𝑦∈[𝑥]𝑛∩𝐾𝑛 , 𝛼∈𝑛𝐼

{

𝑓𝛼(𝑦)
}

, 𝐺[𝑛]
 ({𝑥})

)

(7)
=

= sup
𝑥∈𝐾

ℎ

(

⋃

𝑦∈[𝑥]𝑛∩𝐾𝑛 , 𝛼∈𝑛𝐼

{

𝑓𝛼(𝑦)
}

,
⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

)

Proposition 1
≤

≤ sup
𝑥∈𝐾, 𝛼∈𝑛𝐼

ℎ

(

⋃

𝑦∈[𝑥]𝑛∩𝐾𝑛

{

𝑓𝛼(𝑦)
}

,
{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

)

Remark 1
=

= sup
𝑥∈𝐾, 𝛼∈𝑛𝐼

𝐷

(

⋃

𝑦∈[𝑥]𝑛∩𝐾𝑛

{

𝑓𝛼(𝑦)
}

,
{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

)

, (8)

for all 𝑛 ∈ N, where 𝑥𝑛 = (𝑥, 𝑥,… , 𝑥) ∈ 𝑋2𝑛 .
For 𝑢 = 𝑓𝛼(𝑦), where 𝛼 = (𝛼1,… , 𝛼𝑛) ∈ 𝑛𝐼 , 𝑦 = (𝑦1, 𝑦2) ∈ [𝑥]𝑛 ∩ 𝐾𝑛

and 𝑥 ∈ 𝐾, we obtain that

𝑑(𝑢, 𝑓𝛼(ℎ𝑛(𝑥𝑛))) = 𝑑
(

𝑓𝛼1
(

𝑓𝛼(1)(𝑦1), 𝑓𝛼(2)(𝑦2)
)

,

𝑓
(

𝑓 (ℎ (𝑥 )), 𝑓 (ℎ (𝑥 ))
)

)

≤
𝛼1 𝛼(1) 𝑛−1 𝑛−1 𝛼(2) 𝑛−1 𝑛−1
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𝐷

O

𝐷
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𝐺
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P

𝐴

h

𝐴

f

𝐺

𝐺

f

𝑓

≤ 𝑐 ⋅max
{

𝑑
(

𝑓𝛼(1)(𝑦1), 𝑓𝛼(1)(ℎ𝑛−1(𝑥𝑛−1))
)

,

𝑑
(

𝑓𝛼(2)(𝑦2), 𝑓𝛼(2)(ℎ𝑛−1(𝑥𝑛−1))
)}

≤

≤ ⋯ ≤ 𝑐𝑛 ⋅ 𝑑𝑖𝑎𝑚 (𝐾) ,

o

sup
∈𝐾, 𝛼∈𝑛𝐼

𝐷

(

⋃

𝑦∈[𝑥]𝑛∩𝐾𝑛

{

𝑓𝛼(𝑦)
}

,
{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

)

≤ 𝑐𝑛 ⋅ 𝑑𝑖𝑎𝑚 (𝐾)

for all 𝑛 ∈ N, and, via 5, the justification of the Claim is done.
Note that

⋃

∈𝐾
𝐴{𝑥}

Remark 7
∈ 𝑃𝑐𝑝(𝑋).

Now, as
(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐴{𝑥}

)

≤ ℎ

(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

+ ℎ

(

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥}),

⋃

𝑥∈𝐾
𝐴{𝑥}

)

Proposition 1
≤

≤ ℎ

(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

+ sup
𝑥∈𝐾

ℎ
(

𝐺[𝑛]
 ({𝑥}), 𝐴{𝑥}

) Theorem 4
≤

≤ ℎ

(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐺[𝑛]
 ({𝑥})

)

+ 𝑐𝑛

1 − 𝑐
⋅ 𝐶𝐾 ,

for every 𝑛 ∈ N, via the Claim, and the fact that

ℎ

(

𝐴𝐾 ,
⋃

𝑥∈𝐾
𝐴{𝑥}

)

= lim
𝑛→∞

ℎ

(

𝐺[𝑛]
 (𝐾),

⋃

𝑥∈𝐾
𝐴{𝑥}

)

,

we deduce that

ℎ

(

𝐴𝐾 ,
⋃

𝑥∈𝐾
𝐴{𝑥}

)

= 0,

and the conclusion follows. □

Theorem 6. The function 𝑓 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋), given by

𝑓 (𝐾) = 𝐴𝐾 ,

for every 𝐾 ∈ 𝑃𝑐𝑝(𝑋), is continuous.

Proof. We shall prove that 𝑓 is sequentially continuous. To this end, we
consider (𝐾𝑛)𝑛∈N ⊆ 𝑃𝑐𝑝(𝑋) and 𝐾 ∈ 𝑃𝑐𝑝(𝑋) such that lim𝑛→∞ ℎ(𝐾𝑛, 𝐾) =
. We will prove that

lim
→∞

ℎ
(

𝑓 (𝐾𝑛), 𝑓 (𝐾)
)

= 0,

.e. lim𝑛→∞ ℎ
(

𝐴𝐾𝑛
, 𝐴𝐾

)

= 0.
Let us consider 𝜀 > 0 fixed, but arbitrarily chosen. Since, in view of

emma 5, 𝑡 is uniformly continuous on 𝐾 ∪
⋃

𝑛∈N 𝐾𝑛
Proposition 2

∈ 𝑃𝑐𝑝(𝑋),
here exists 𝛿𝜀 > 0 such that

(𝑡(𝑥), 𝑡(𝑦)) < 𝜀, (9)

or every 𝑥, 𝑦 ∈ 𝐾 ∪
⋃

𝑛∈N 𝐾𝑛 having the property that 𝑑(𝑥, 𝑦) < 𝛿𝜀.
Moreover, as lim𝑛→∞ ℎ(𝐾𝑛, 𝐾) = 0, there exists 𝑛𝜀 ∈ N such that

(𝐾𝑛, 𝐾) < 𝛿𝜀, (10)

or all 𝑛 ∈ N, 𝑛 ≥ 𝑛𝜀.
The following Claim will finish the proof.
𝐂𝐥𝐚𝐢𝐦. We have

(

𝐴𝐾𝑛
, 𝐴𝐾

)

≤ 𝜀,
7

or every 𝑛 ∈ N, 𝑛 ≥ 𝑛𝜀.
Justification of Claim: Let us consider a fixed, but arbitrarily chosen
∈ N such that 𝑛 ≥ 𝑛𝜀.

For every 𝑢 ∈ 𝐴𝐾𝑛

Theorem 5
=

⋃

𝑥∈𝐾𝑛
𝑡(𝑥), there exists 𝑥𝑛 ∈ 𝐾𝑛 such

hat 𝑢 ∈ 𝑡(𝑥𝑛).
Since

(𝑥𝑛, 𝐾) ≤ 𝐷(𝐾𝑛, 𝐾) ≤ ℎ(𝐾𝑛, 𝐾)
(10)
< 𝛿𝜀,

here exists 𝑦𝑛 ∈ 𝐾 such that

(𝑥𝑛, 𝑦𝑛) < 𝛿𝜀, (11)

o

(𝑢, 𝑡(𝑦𝑛)) ≤ 𝐷(𝑡(𝑥𝑛), 𝑡(𝑦𝑛)) ≤ ℎ(𝑡(𝑥𝑛), 𝑡(𝑦𝑛))
(9)&(11)

< 𝜀,

nd consequently we can find 𝑣 ∈ 𝑡(𝑦𝑛) ⊆
⋃

𝑥∈𝐾 𝐴{𝑥}
Theorem 5

= 𝐴𝐾 such
hat

(𝑢, 𝑣) < 𝜀. (12)

herefore we see that

(𝑢, 𝐴𝐾 ) ≤ 𝑑(𝑢, 𝑣)
(12)
< 𝜀.

s 𝑢 ∈ 𝐴𝐾𝑛
was arbitrarily chosen, it follows that

(𝐴𝐾𝑛
, 𝐴𝐾 ) ≤ 𝜀.

ne can prove similarly that

(𝐴𝐾 , 𝐴𝐾𝑛
) ≤ 𝜀,

ence the justification of the Claim is complete. □

heorem 7. For every 𝐾 ∈ 𝑃𝑐𝑝(𝑋), we have

 (𝐴𝐾 ) = 𝐴𝐾 ,

o 𝐺 ∶ 𝑃𝑐𝑝(𝑋) → 𝑃𝑐𝑝(𝑋) is weakly Picard.

roof. Let 𝐾 ∈ 𝑃𝑐𝑝(𝑋) be fixed, but arbitrarily chosen.
In view of Lemma 3, we have

{𝑦} ⊆ [𝑦],

ence, we deduce that

𝑥
{𝑦} = 𝐴{𝑦} ∩ [𝑥] =

{

𝐴{𝑦}, if [𝑥] = [𝑦]
∅, if [𝑥] ≠ [𝑦]

Lemma 4
=

{

𝐴{𝑥}, if [𝑥] = [𝑦]
∅, if [𝑥] ≠ [𝑦]

,

(13)

or any 𝑥, 𝑦 ∈ 𝑋.
We have

 (𝐴{𝑥}) =
⋃

𝑖∈𝐼, 𝑦∈𝑋
𝑓𝑖

(

𝐴𝑦
{𝑥} × 𝐴𝑦

{𝑥}

) (13)
=

⋃

𝑖∈𝐼
𝑓𝑖

(

𝐴{𝑥} × 𝐴{𝑥}
)

. (14)

𝐂𝐥𝐚𝐢𝐦.


(

𝐴{𝑥}
)

= 𝐴{𝑥},

or any 𝑥 ∈ 𝑋.
Justification of Claim: Since

𝑖

(

𝐺[𝑛]
 ({𝑥}) × 𝐺[𝑛]

 ({𝑥})
)

(7)
= 𝑓𝑖

((

⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

)

×

(

⋃

𝛼∈𝑛𝐼

{

𝑓𝛼(ℎ𝑛(𝑥𝑛))
}

))

=

=
⋃

𝛼,𝛽∈𝑛𝐼
𝑓𝑖

(

𝑓𝛼(ℎ𝑛(𝑥𝑛)), 𝑓𝛽 (ℎ𝑛(𝑥𝑛))
)

=
⋃

𝛾∈𝑛+1𝐼, 𝛾|1=𝑖
𝑓𝛾 (ℎ𝑛+1(𝑥𝑛+1)),

for every 𝑖 ∈ 𝐼 and 𝑛 ∈ N, by passing to limit as 𝑛 → ∞, we get

𝑓𝑖
(

𝐴{𝑥} × 𝐴{𝑥}
)

= lim
𝑛→∞

⋃

𝑓𝛾 (ℎ𝑛+1(𝑥𝑛+1)), (15)

𝛾∈𝑛+1𝐼, 𝛾|1=𝑖
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for every 𝑖 ∈ 𝐼 .
Thus

𝐺 (𝐴{𝑥})
(14)
=

⋃

𝑖∈𝐼
𝑓𝑖

(

𝐴{𝑥} × 𝐴{𝑥}
) (15)

=
⋃

𝑖∈𝐼
lim
𝑛→∞

⋃

𝛾∈𝑛+1𝐼, 𝛾|1=𝑖
𝑓𝛾 (ℎ𝑛+1(𝑥𝑛+1)) =

= lim
𝑛→∞

⋃

𝛾∈𝑛+1𝐼
𝑓𝛾 (ℎ𝑛+1(𝑥𝑛+1))

(7)
= lim

𝑛→∞
𝐺[𝑛]
 ({𝑥}) = 𝐴{𝑥},

or any 𝑥 ∈ 𝑋 and the justification of the Claim is done.
Finally, since

𝑥
𝐾 = 𝐴𝐾 ∩ [𝑥]

Theorem 5
=

⋃

𝑦∈𝐾

(

𝐴{𝑦} ∩ [𝑥]
)

=
{

𝐴{𝑥}, if [𝑥] ∈ [𝐾]
∅, if [𝑥] ∉ [𝐾]

,

e have

 (𝐴𝐾 ) =
⋃

𝑖∈𝐼, 𝑥∈𝑋
𝑓𝑖

(

𝐴𝑥
𝐾 × 𝐴𝑥

𝐾
)

=
⋃

𝑖∈𝐼, 𝑥∈𝑋, [𝑥]∈[𝐾]
𝑓𝑖

(

𝐴{𝑥} × 𝐴{𝑥}
)

(14)
=

⋃

𝑥∈𝑋, [𝑥]∈[𝐾]
𝐺

(

𝐴{𝑥}
) Claim

=

=
⋃

𝑥∈𝑋, [𝑥]∈[𝐾]
𝐴{𝑥}

Lemma 4
=

⋃

𝑥∈𝐾
𝐴{𝑥}

Theorem 5
= 𝐴𝐾 . □

emma 6. Let 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) be such that
[

𝐾1
]

=
[

𝐾2
]

and set
3 = 𝐹 ,𝑅(𝐾1, 𝐾2). Then

[

𝐾3
]

=
[

𝐾1
]

=
[

𝐾2
]

.

Proof. On the one hand, we have
[

𝐾3
]

⊆
[

𝐾1
]

.
Indeed, for 𝑐 ∈ 𝐾3 there exist 𝑖 ∈ 𝐼 , 𝑥 ∈ 𝑋, 𝑎 ∈ 𝐾1, 𝑏 ∈ 𝐾2 such that

𝑎, 𝑏 ∈ [𝑥] and 𝑐 = 𝑓𝑖(𝑎, 𝑏). Then 𝑐 ∈ [𝑥] = [𝑎] ∈
[

𝐾1
]

, so [𝑐] ∈
[

𝐾1
]

.
On the other hand, we have

[

𝐾1
]

⊆
[

𝐾3
]

.
Indeed, for 𝑎 ∈ 𝐾1, since 𝐾2 ∩ [𝑎] ≠ ∅, there exists 𝑏 ∈ 𝐾2 ∩ [𝑎].

Therefore, considering 𝑐 = 𝑓𝑖(𝑎, 𝑏) ∈ [𝑎], for some 𝑖 ∈ 𝐼 , we have
𝑎 ∈ [𝑐] = [𝑎] ∈

[

𝐾3
]

. □

Proposition 4.
(

𝐾, ℎ
)

is complete for every 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

Proof. Since 𝑃𝑐𝑝(𝑋) is complete, it suffices to prove that for every
(𝐻𝑛)𝑛∈N ⊆ 𝐾 and 𝐻 ∈ 𝑃𝑐𝑝(𝑋) such that lim𝑛→∞ ℎ(𝐻𝑛,𝐻) = 0, we have
𝐻 𝑅∼ 𝐾, i.e., in view of Lemma 1,

𝐾 ∩ [𝑥] ≠ ∅ ⇔ 𝐻 ∩ [𝑥] ≠ ∅,

for any 𝑥 ∈ 𝑋.
ε ⇒ ε Let us fix 𝑥 ∈ 𝑋 such that 𝐾 ∩ [𝑥] ≠ ∅. Since [𝐻𝑛] = [𝐾], there

exists 𝑥𝑛 ∈ 𝐻𝑛 ∩[𝑥] for each 𝑛 ∈ N. For any 𝑛 ∈ N, in view of Remark 2,
there exists 𝑦𝑛 ∈ 𝐻 such that

𝑑(𝑥𝑛, 𝑦𝑛) < ℎ(𝐻𝑛,𝐻) + 1
𝑛
.

ince 𝐻 is compact, there exists 𝑦 ∈ 𝐻 and (𝑦𝑛𝑘 )𝑘 ⊆ (𝑦𝑛)𝑛 such that
lim𝑘→∞ 𝑦𝑛𝑘 = 𝑦. Then, since

𝑑(𝑥𝑛𝑘 , 𝑦) ≤ 𝑑(𝑥𝑛𝑘 , 𝑦𝑛𝑘 ) + 𝑑(𝑦𝑛𝑘 , 𝑦) < ℎ
(

𝐻𝑛𝑘 ,𝐻
)

+ 1
𝑛𝑘

+ 𝑑(𝑦𝑛𝑘 , 𝑦),

or all 𝑘 ∈ N, we deduce that lim𝑘→∞ 𝑥𝑛𝑘 = 𝑦 ∈ [𝑥]. Therefore 𝑦 ∈
𝐻 ∩ [𝑥], so 𝐻 ∩ [𝑥] ≠ ∅.

ε ⇐ ε Let 𝑥 ∈ 𝑋 be such that 𝐻 ∩ [𝑥] ≠ ∅. Then there exists
∈ 𝐻 ∩ [𝑥], so [𝑥] = [𝑦]. For each 𝑛 ∈ N we find 𝑦𝑛 ∈ 𝐻𝑛 such that

𝑑(𝑦𝑛, 𝑦) < ℎ(𝐻𝑛,𝐻) + 1
𝑛
,

ence lim𝑛→∞ 𝑦𝑛 = 𝑦. Since [𝐻𝑛] = [𝐾], there exists 𝑧𝑛 ∈ 𝐾 such that
[𝑧𝑛] = [𝑦𝑛] for each 𝑛 ∈ N. As 𝐾 is compact, there exist (𝑧𝑛𝑘 )𝑘∈N ⊆
(𝑧𝑛)𝑛∈N and 𝑧 ∈ 𝐾 such that lim𝑘→∞ 𝑧𝑛𝑘 = 𝑧. Using the fact that 𝑅 is
closed and since

lim
𝑘→∞

𝑦𝑛𝑘 = 𝑦, lim
𝑘→∞

𝑧𝑛𝑘 = 𝑧 and [𝑦𝑛𝑘 ] = [𝑧𝑛𝑘 ],

for all 𝑘 ∈ N, taking into account Remark 4, we deduce that [𝑥] = [𝑦] =
8

[𝑧], so 𝑧 ∈ 𝐾 ∩ [𝑥], therefore 𝐾 ∩ [𝑥] ≠ ∅. □
Theorem 8. We have that
[

𝐴𝐾
]

= [𝐾]

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑋).

Proof. Using Lemma 6, we deduce that

[𝐾] =
[

𝐺 (𝐾)
]

=
[

𝐺[2]
 (𝐾)

]

= ⋯ =
[

𝐺[𝑛]
 (𝐾)

]

,

or any 𝑛 ∈ N, and, in view of Proposition 4, we conclude that

𝐴𝐾
]

= [𝐾] ,

or any 𝐾 ∈ 𝑃𝑐𝑝(𝑋). □

roposition 5. For any 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋), the following statements are
quivalent:

(i) 𝐴𝐾1
= 𝐴𝐾2

;
(ii)

[

𝐾1
]

=
[

𝐾2
]

.

roof. (𝑖) ⇒ (𝑖𝑖) Let 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) be such that 𝐴𝐾1
= 𝐴𝐾2

,
.e., in view of Theorem 5, ⋃𝑥∈𝐾1

𝐴{𝑥} =
⋃

𝑥∈𝐾2
𝐴{𝑥}. Let 𝑥 ∈ 𝐾1. Then

{𝑥} ⊆
⋃

𝑥∈𝐾2
𝐴{𝑥}, which implies, via Lemmas 3 and 4, that there exists

∈ 𝐾2 such that [𝑥] = [𝑦]. Hence we proved that [𝑥] ∈
[

𝐾2
]

. Since
∈ 𝐾1 was arbitrarily chosen, we conclude that

[

𝐾1
]

⊆
[

𝐾2
]

. The
everse inclusion can be proved in a similar way. (𝑖𝑖) ⇒ (𝑖) Suppose
ow that

[

𝐾1
]

=
[

𝐾2
]

and let 𝑥 ∈ 𝐾1. Then there exists 𝑦 ∈ 𝐾2 such that
𝑥] = [𝑦]. Making use of Lemma 4, we infer that 𝐴{𝑥} = 𝐴{𝑦}, therefore,
n view of Theorem 5, we have that 𝐴{𝑥} ⊆ 𝐴𝐾2

. Since 𝑥 ∈ 𝐾1 was
rbitrarily chosen, based on Theorem 5, we conclude that 𝐴𝐾1

⊆ 𝐴𝐾2
.

he reverse inclusion can be proved in a similar way. □

For 𝑥 ∈ 𝑋 let us consider the GIFS 𝑥 =
(

([𝑥], 𝑑),
(

𝑓𝑥
𝑖
)

𝑖∈𝐼
)

, where
𝑥
𝑖 ∶ [𝑥] × [𝑥] → [𝑥] is given by
𝑥
𝑖 (𝑢, 𝑣) = 𝑓𝑖(𝑢, 𝑣),

or all 𝑢, 𝑣 ∈ [𝑥] and 𝑖 ∈ 𝐼 .
Note that, based on Remark 5, the functions 𝑓𝑥

𝑖 are well defined.
Let us consider the fractal operator associated with 𝑥, namely

𝑥 ∶ 𝑃𝑐𝑝([𝑥]) × 𝑃𝑐𝑝([𝑥]) → 𝑃𝑐𝑝([𝑥]) given by

𝑥 (𝐾,𝐾) =
⋃

𝑖∈𝐼
𝑓𝑥
𝑖 (𝐾 ×𝐾),

or all 𝐾 ∈ 𝑃𝑐𝑝([𝑥]).
According to the results presented in Subsection 2.3, there exists a

nique 𝐴𝑥 ∈ 𝑃𝑐𝑝([𝑥]) such that

𝑥 (𝐴𝑥 , 𝐴𝑥 ) = 𝐴𝑥 ,

nd, for every 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝([𝑥]) and 𝑛 ∈ N, we have
(

𝐾𝑛, 𝐴𝑥

)

≤ 2 𝑐[
𝑛
2 ]

1 − 𝑐
⋅ 𝑑𝑖𝑎𝑚

(

𝐾1 ∪𝐾2 ∪𝐾3
)

, (16)

where the sequence
(

𝐾𝑛
)

𝑛∈N is defined by

𝐾𝑛+2 = 𝐹𝑥 (𝐾𝑛+1, 𝐾𝑛)

for every 𝑛 ∈ N, so

𝐴𝑥 = lim
𝑛→∞

𝐾𝑛.

Note that

𝐴{𝑥} = lim
𝑛→∞

𝐺[𝑛]
 ({𝑥})

(7)
= 𝐴𝑥 , (17)

for every 𝑥 ∈ 𝑋.
Let us now consider 𝐾1, 𝐾2 ∈ 𝑃𝑐𝑝(𝑋) such that 𝐾1

𝑅∼ 𝐾2, i.e. [𝐾1] =
[𝐾2], and the sequence

(

𝐾𝑛
)

𝑛∈N defined by
𝐾𝑛+2 = 𝐹 ,𝑅(𝐾𝑛+1, 𝐾𝑛),
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L

𝐾

f

P

𝑥

𝐾

I

f

T

𝑛

P

𝐴

N

𝑛

T

ℎ

for every 𝑛 ∈ N.
Note that, in view of Lemma 6, we have

[𝐾1] = [𝐾2] = ⋯ = [𝐾𝑛], (18)

for every 𝑛 ∈ N, so the sequence (𝐾𝑛)𝑛∈N is well-defined.

emma 7. We have

𝑛 =
⋃

𝑥∈𝐾1

𝐾𝑥
𝑛 and 𝐾𝑥

𝑛+2 = 𝐹𝑥 (𝐾
𝑥
𝑛+1, 𝐾

𝑥
𝑛 ),

or every 𝑛 ∈ N and 𝑥 ∈ 𝐾1.

roof. Let us fix 𝑛 ∈ N.
On the one hand, we have

⋃

∈𝐾1

𝐾𝑥
𝑛 =

⋃

𝑥∈𝐾1

(

𝐾𝑛 ∩ [𝑥]
)

⊆ 𝐾𝑛.

On the other hand, we have

𝑛 ⊆
⋃

𝑥∈𝐾1

𝐾𝑥
𝑛 .

ndeed, let us consider 𝑦 ∈ 𝐾𝑛. Since [𝐾1]
(18)
= [𝐾𝑛], there exists 𝑥 ∈ 𝐾1

such that 𝑦 ∈ [𝑥]. Therefore 𝑦 ∈ 𝐾𝑥
𝑛 ⊆

⋃

𝑥∈𝐾1
𝐾𝑥

𝑛 .
Hence 𝐾𝑛 =

⋃

𝑥∈𝐾1
𝐾𝑥

𝑛 .
Next, observe that for any 𝑥 ∈ 𝐾1 we have

𝐾𝑥
𝑛+2 = 𝐾𝑛+2 ∩ [𝑥] = 𝐹 ,𝑅(𝐾𝑛+1, 𝐾𝑛) ∩ [𝑥]

=

(

⋃

𝑖∈𝐼, 𝑦∈𝐾1

𝑓𝑖
(

𝐾𝑦
𝑛+1 ×𝐾𝑦

𝑛

)

)

∩ [𝑥] =

=
⋃

𝑖∈𝐼
𝑓𝑖

(

𝐾𝑥
𝑛+1 ×𝐾𝑥

𝑛
)

=
⋃

𝑖∈𝐼
𝑓𝑥
𝑖
(

𝐾𝑥
𝑛+1 ×𝐾𝑥

𝑛
)

= 𝐹𝑥
(

𝐾𝑥
𝑛+1, 𝐾

𝑥
𝑛
)

. □

Lemma 8. (𝐾𝑛)𝑛∈N is convergent.

Proof. It suffices to show that (𝐾𝑛)𝑛∈N is Cauchy.
Let us first note that

ℎ(𝐾𝑛+3, 𝐾𝑛+2)
Lemma 7

= ℎ

(

⋃

𝑥∈𝐾1

𝐾𝑥
𝑛+3,

⋃

𝑥∈𝐾1

𝐾𝑥
𝑛+2

)

≤ sup
𝑥∈𝐾1

ℎ
(

𝐾𝑥
𝑛+3, 𝐾

𝑥
𝑛+2

)

≤

≤ sup
𝑥∈𝐾1

(

ℎ
(

𝐾𝑥
𝑛+3, 𝐴𝑆𝑥

)

+ ℎ
(

𝐴𝑆𝑥
, 𝐾𝑥

𝑛+2

)) (16)
≤

≤ 2
1 − 𝑐

(

𝑐[
𝑛+3
2 ] + 𝑐[

𝑛+2
2 ]

)

⋅ 𝑑𝑖𝑎𝑚
(

𝐾1 ∪𝐾2 ∪𝐾3
)

≤

≤ 4
1 − 𝑐

𝑐[
𝑛
2 ] ⋅ 𝑑𝑖𝑎𝑚

(

𝐾1 ∪𝐾2 ∪𝐾3
)

, (19)

for every 𝑛 ∈ N.
Hence

ℎ
(

𝐾𝑛+𝑝, 𝐾𝑛+2
)

≤ ℎ
(

𝐾𝑛+𝑝, 𝐾𝑛+𝑝−1
)

+⋯ + ℎ
(

𝐾𝑛+3, 𝐾𝑛+2
)

(19)
≤

≤ 4
1 − 𝑐

(

𝑐[
𝑛+𝑝−3

2 ] +⋯ + 𝑐[
𝑛
2 ]
)

⋅ 𝑑𝑖𝑎𝑚
(

𝐾1 ∪𝐾2 ∪𝐾3
)

<

< 4
1 − 𝑐

(

𝑐
𝑛+𝑝−3

2 −1 +⋯ + 𝑐
𝑛
2−1

)

⋅ 𝑑𝑖𝑎𝑚
(

𝐾1 ∪𝐾2 ∪𝐾3
)

=

= 4
1 − 𝑐

𝑐
𝑛
2−1 1 − 𝑐𝑝−2

1 − 𝑐
1
2

⋅ 𝑑𝑖𝑎𝑚
(

𝐾1 ∪𝐾2 ∪𝐾3
)

<

< 4

(1 − 𝑐)
(

1 − 𝑐
1
2
)
𝑐
𝑛
2−1 ⋅ 𝑑𝑖𝑎𝑚

(

𝐾1 ∪𝐾2 ∪𝐾3
)

,

or any 𝑛, 𝑝 ∈ N, and this means that (𝐾𝑛)𝑛∈N is Cauchy. □

heorem 9. We have

lim 𝐾 = 𝐴 = 𝐴 .
9

→∞ 𝑛 𝐾1 𝐾2
roof . Let us first note that since [𝐾1] = [𝐾2], we can assert that

𝐾1

Theorem 5
=

⋃

𝑥∈𝐾1

𝐴{𝑥}
Lemma 4

=
⋃

𝑥∈𝐾2

𝐴{𝑥}
Theorem 5

= 𝐴𝐾2
.

ow, according to Lemma 8, there exists 𝐴𝐾1 ,𝐾2
∈ 𝑃𝑐𝑝(𝑋) such that

lim
→∞

𝐾𝑛 = 𝐴𝐾1 ,𝐾2
.

he proof will be complete once we show that 𝐴𝐾1 ,𝐾2
= 𝐴𝐾1

.
Let us note that

(𝐾𝑛, 𝐴𝐾1
)

Theorem 5
= ℎ

(

𝐾𝑛,
⋃

𝑥∈𝐾1

𝐴{𝑥}

)

Lemma 7
= ℎ

(

⋃

𝑥∈𝐾1

𝐾𝑥
𝑛 ,

⋃

𝑥∈𝐾1

𝐴{𝑥}

)

Proposition 1
≤

≤ sup
𝑥∈𝐾1

ℎ
(

𝐾𝑥
𝑛 , 𝐴{𝑥}

) (17)
= sup

𝑥∈𝐾1

ℎ
(

𝐾𝑥
𝑛 , 𝐴𝑥

)

(16)
≤ 2 𝑐[

𝑛
2 ]

1 − 𝑐
⋅ 𝑑𝑖𝑎𝑚

(

𝐾1 ∪𝐾2 ∪𝐾3
)

, (20)

for any 𝑛 ∈ N.
By taking limits as 𝑛 → ∞ in (20), we deduce that

lim
𝑛→∞

𝐾𝑛 = 𝐴𝐾1
,

so

𝐴𝐾1 ,𝐾2
= 𝐴𝐾1

= 𝐴𝐾2
. □

5. Examples

In this section we present four examples which illustrate our re-
sults. The first example shows us that RGIFSs are generalizations of
the classical GIFSs, in the sense that every GIFS is a RGIFS when
one considers a particular equivalence relation, while the other three
examples highlight the fact that the generalization is effective, since the
fractal operator in these three cases is not Picard, but weakly Picard,
because it admits more than one fixed point.

I. Let us consider the RGIFS  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

, where, for
𝑥, 𝑦 ∈ 𝑋, we consider 𝑥𝑅𝑦 if and only if 𝑑(𝑥, 𝑦) < ∞. It is
straightforward to verify that 𝑅 is an equivalence relation on 𝑋.
For 𝑥 ∈ 𝑋, we have [𝑥] = 𝑋, therefore 𝑅 is a closed equivalence
relation and 𝑅 = 𝑋 ×𝑋.
Note that condition (𝑖) from Definition 6 implies the existence of
𝑐 ∈ [0, 1) such that

𝑑
(

𝑓𝑖(𝑥1, 𝑦1), 𝑓𝑖(𝑥2, 𝑦2)
)

≤ 𝑐 ⋅max
{

𝑑(𝑥1, 𝑥2), 𝑑(𝑦1, 𝑦2)
}

,

for any 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ 𝑋 and 𝑖 ∈ 𝐼 , while condition (𝑖𝑖) is trivially
satisfied.
In view of Proposition 5, the attractor of  is unique.
Hence, in this case we obtain the classical GIFS of order 2.

II. Let us consider two complete metric spaces (𝑋, 𝑑), (𝑌 , 𝜌) and a
finite, nonempty set of indices 𝐼 .
For each 𝑖 ∈ 𝐼 we consider a continuous function 𝑔𝑖 ∶ 𝑋2 → 𝑋
such that

𝑔𝑖(𝑥, 𝑥) = 𝑥,

for every 𝑥 ∈ 𝑋.
For each 𝑖 ∈ 𝐼 let us also consider a continuous function 𝐻𝑖 ∶
𝑋×𝑌 2 → 𝑌 such that for every 𝑥 ∈ 𝑋, the function ℎ𝑖,𝑥 ∶ 𝑌 2 → 𝑌 ,
given by

ℎ𝑖,𝑥(𝑦1, 𝑦2) = 𝐻𝑖(𝑥, 𝑦1, 𝑦2)

for all 𝑦1, 𝑦2 ∈ 𝑌 , has the property that there exists 𝑐 ∈ [0, 1) such
that

{ }
𝜌(ℎ𝑖,𝑥(𝑢1, 𝑢2), ℎ𝑖,𝑥(𝑣1, 𝑣2)) ≤ 𝑐 ⋅max 𝜌(𝑢1, 𝑣1), 𝜌(𝑢2, 𝑣2) ,
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for all 𝑢1, 𝑢2, 𝑣1, 𝑣2 ∈ 𝑌 .
For every 𝑥 ∈ 𝑋 let us denote by 𝐴𝑥 the attractor of 𝑥 =
(

(𝑌 , 𝜌), (ℎ𝑖,𝑥)𝑖∈𝐼
)

.
On 𝑋 ×𝑌 we consider the following closed equivalence relation:

(𝑥1, 𝑦1)𝑅(𝑥2, 𝑦2) ⇔ 𝑥1 = 𝑥2.

For each 𝑖 ∈ 𝐼 , let us define the function 𝑓𝑖 ∶ (𝑋 × 𝑌 )2 → 𝑋 × 𝑌 ,
given by

𝑓𝑖
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

=
(

𝑔𝑖(𝑥1, 𝑥2), ℎ𝑖,𝑔𝑖(𝑥1 ,𝑥2)(𝑦1, 𝑦2)
)

,

for each (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑋 × 𝑌 .
Then  =

(

𝑋 × 𝑌 , (𝑓𝑖)𝑖∈𝐼 , 𝑅
)

is a RGIFS.
Indeed, let us verify the two conditions from Definition 6.
In order to check the first condition, let us consider (𝑥1, 𝑦1),
(𝑥1, 𝑢1), (𝑥2, 𝑦2), (𝑥2, 𝑢2) ∈ 𝑋 × 𝑌 and note that

𝑑𝑋×𝑌
(

𝑓𝑖((𝑥1, 𝑦1), (𝑥2, 𝑦2)), 𝑓𝑖((𝑥1, 𝑢1), (𝑥2, 𝑣2))
)

=

= 𝑑𝑋×𝑌
((

𝑔𝑖(𝑥1, 𝑥2), ℎ𝑖,𝑔𝑖(𝑥1 ,𝑥2)(𝑦1, 𝑦2)
)

,
(

𝑔𝑖(𝑥1, 𝑥2), ℎ𝑖,𝑔𝑖(𝑥1 ,𝑥2)(𝑢1, 𝑢2)
))

=

= 𝜌
(

ℎ𝑖,𝑔𝑖(𝑥1 ,𝑥2)(𝑦1, 𝑦2), ℎ𝑖,𝑔𝑖(𝑥1 ,𝑥2)(𝑢1, 𝑢2)
)

≤ 𝑐 ⋅max
{

𝜌(𝑦1, 𝑢1), 𝜌(𝑦2, 𝑢2)
}

=

= 𝑐 ⋅max
{

𝑑𝑋×𝑌 ((𝑥1, 𝑦1), (𝑥1, 𝑢1)), 𝑑𝑋×𝑌 ((𝑥2, 𝑦2), (𝑥2, 𝑢2))
}

.

As for the second condition, let (𝑥, 𝑦1), (𝑥, 𝑦2) ∈ 𝑋 × 𝑌 and note
that

𝑓𝑖((𝑥, 𝑦1), (𝑥, 𝑦2)) =
(

𝑔𝑖(𝑥, 𝑥), ℎ𝑖,𝑔𝑖(𝑥,𝑥)(𝑦1, 𝑦2)
)

=
(

𝑥, ℎ𝑖,𝑥(𝑦1, 𝑦2)
)

𝑅(𝑥, 𝑦1)𝑅(𝑥, 𝑦2)

for all 𝑖 ∈ 𝐼 .
Now, let 𝑥 ∈ 𝑋 and note that

𝐺[𝑛]
 ({(𝑥, 𝑦)}) =

(

𝑥, 𝐹 [𝑛]
𝑥

({(𝑦, 𝑦)})
)

,

for every 𝑛 ∈ N and 𝑦 ∈ 𝑌 .
Therefore, we have

𝐴{(𝑥,𝑦)} = {𝑥} × 𝐴𝑥,

for every (𝑥, 𝑦) ∈ 𝑋×𝑌 , which, based on Theorem 5, implies that

𝐴{𝑥}×𝐾 = {𝑥} × 𝐴𝑥,

for any 𝐾 ∈ 𝑃𝑐𝑝(𝑌 ), and

𝐴𝐻×𝐾 =
⋃

𝑥∈𝐻
({𝑥} × 𝐴𝑥)

for any 𝐻 ∈ 𝑃𝑐𝑝(𝑋) and 𝐾 ∈ 𝑃𝑐𝑝(𝑌 ).
Let us mention that if (𝑋, 𝑑) = (𝑌 , 𝜌) = (R, |.|), for any 𝑖 ∈ 𝐼 , we
can consider 𝑔𝑖 ∶ R2 → R given by

𝑔𝑖(𝑥1, 𝑥2) =
𝑥1 + 𝑥2

2

for any 𝑥1, 𝑥2 ∈ R and 𝐻𝑖 ∶ R3 → R given by

𝐻𝑖(𝑥, 𝑦1, 𝑦2) =
𝑦1 + 𝑦2

4
+ 𝑎𝑖𝑥

for any 𝑥, 𝑦1, 𝑦2 ∈ R, where 𝑎𝑖 ∈ R.
If (𝑋, 𝑑) = ([0,∞), |.|), (𝑌 , 𝜌) = (R, |.|) for any 𝑖 ∈ 𝐼 , we can
consider 𝑔𝑖 ∶ [0,∞)2 → [0,∞) given by

𝑔𝑖(𝑥1, 𝑥2) =
√

𝑥1𝑥2,

for any 𝑥1, 𝑥2 ≥ 0 and 𝐻𝑖 ∶ [0,∞) × R2 → R given by

𝐻𝑖(𝑥, 𝑦1, 𝑦2) =
𝑦1 + 𝑦2

4
+ 𝑎𝑖𝑥,

for any 𝑥 ≥ 0, 𝑦1, 𝑦2 ∈ R, where 𝑎𝑖 ∈ R.
III. Let us consider the triplet  =

(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

, where

• (𝑋, 𝑑) = (R2, 𝑑), 𝑑 being the Euclidean distance
• 𝐼 = 1, 2
10

{ }
• 𝑓1, 𝑓2 ∶ R2 × R2 → R2 are given by

𝑓1
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

=
(

𝑥1 + 𝑥2
2

,
𝑦1 + 𝑦2

4

)

and

𝑓2
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

=
(

𝑥1 + 𝑥2
2

,
𝑦1 + 𝑦2

4
+

𝛼(𝑥1, 𝑥2)
2

)

,

for all 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ R, where 𝛼 ∶ R2 → R is a continuous
function.

• (𝑥1, 𝑦1)𝑅(𝑥2, 𝑦2) if and only if 𝑥1 = 𝑥2 for all 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈
R.

Then  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

is a RGIFS.
It is straightforward to verify that 𝑅 is an equivalence relation
on R2, and, since

[(𝑥, 𝑦)] =
{

(𝑢, 𝑣) ∈ R2 ∶ 𝑥 = 𝑢
}

,

for all 𝑥, 𝑦 ∈ R, we infer that it is closed.
For 𝑥, 𝑦1, 𝑦2, 𝑧, 𝑤1, 𝑤2 ∈ R we have

𝑑
(

𝑓1
(

(𝑥, 𝑦1), (𝑧,𝑤1)
)

, 𝑓1
(

(𝑥, 𝑦2), (𝑧,𝑤2)
))

= 𝑑
((

𝑥 + 𝑧
2

,
𝑦1 +𝑤1

4

)

,
(

𝑥 + 𝑧
2

,
𝑦2 +𝑤2

4

))

=

=
|

|

|

|

𝑦1 +𝑤1
4

−
𝑦2 +𝑤2

4
|

|

|

|

≤ 1
4
|

|

𝑦1 − 𝑦2|| +
1
4
|

|

𝑤1 −𝑤2
|

|

≤ 1
2
max

{

|

|

𝑦1 − 𝑦2|| , ||𝑤1 −𝑤2
|

|

}

=

= 1
2
max

{

𝑑
(

(𝑥, 𝑦1), (𝑥, 𝑦2)
)

, 𝑑
(

(𝑧,𝑤1), (𝑧,𝑤2)
)}

and, similarly,

𝑑
(

𝑓2
(

(𝑥, 𝑦1), (𝑧,𝑤1)
)

, 𝑓2
(

(𝑥, 𝑦2), (𝑧,𝑤2)
))

=

= 𝑑
((

𝑥 + 𝑧
2

,
𝑦1 +𝑤1

4
+

𝛼(𝑥, 𝑧)
2

)

,
(

𝑥 + 𝑧
2

,
𝑦2 +𝑤2

4
+

𝛼(𝑥, 𝑧)
2

))

=

=
|

|

|

|

𝑦1 +𝑤1

4
−

𝑦2 +𝑤2

4
|

|

|

|

≤ 1
2
max

{

𝑑
(

(𝑥, 𝑦1), (𝑥, 𝑦2)
)

, 𝑑
(

(𝑧,𝑤1), (𝑧,𝑤2)
)}

.

Thus we deduce that condition (𝑖) from Definition 6 is fulfilled
for 𝑐 = 1

2 . As for condition (𝑖𝑖) from Definition 6, note that

𝑓1((𝑥, 𝑦1), (𝑥, 𝑦2)) =
(

𝑥,
𝑦1 + 𝑦2

4

)

𝑅(𝑥, 𝑦)

and

𝑓2((𝑥, 𝑦1), (𝑥, 𝑦2)) =
(

𝑥,
𝑦1 + 𝑦2

4
+

𝛼(𝑥, 𝑥)
2

)

𝑅(𝑥, 𝑦),

for all 𝑥, 𝑦, 𝑦1, 𝑦2 ∈ R.
For 𝑥 ∈ R we consider 𝑥 =

(

(R, |.|) ,
(

ℎ𝑖,𝑥
)

𝑖∈{1,2}

)

, where
ℎ1,𝑥, ℎ2,𝑥 ∶ R2 → R are given by

ℎ1,𝑥(𝑦1, 𝑦2) =
𝑦1 + 𝑦2

4
and

ℎ2,𝑥(𝑦1, 𝑦2) =
𝑦1 + 𝑦2

4
+

𝛼(𝑥, 𝑥)
2

,

for every 𝑦1, 𝑦2 ∈ R.
Since [0, 𝛼(𝑥, 𝑥)] ∈ 𝑃𝑐𝑝(R) and

𝐹𝑥 ([0, 𝛼(𝑥, 𝑥)] , [0, 𝛼(𝑥, 𝑥)]) =

= ℎ1,𝑥 ([0, 𝛼(𝑥, 𝑥)] × [0, 𝛼(𝑥, 𝑥)]) ∪ ℎ2,𝑥 ([0, 𝛼(𝑥, 𝑥)] × [0, 𝛼(𝑥, 𝑥)]) =

=
[

0,
𝛼(𝑥, 𝑥)

2

]

∪
[

𝛼(𝑥, 𝑥)
2

, 𝛼(𝑥, 𝑥)
]

=

= [0, 𝛼(𝑥, 𝑥)] ,

we infer that

𝐴 = 0, 𝛼(𝑥, 𝑥) .
𝑥 [ ]
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As

𝐺[𝑛]
 ({(𝑥, 𝑦)}) = {𝑥} × 𝐹 [𝑛]

𝑥
({𝑦} , {𝑦}) ,

for every 𝑥, 𝑦 ∈ R and every 𝑛 ∈ N, by passing to limit as 𝑛 → ∞,
we conclude that

𝐴{(𝑥,𝑦)} = {𝑥} × [0, 𝛼(𝑥, 𝑥)]

for every 𝑥, 𝑦 ∈ R.
In view of Theorem 5,

𝐴{𝑥}×𝐾 =
⋃

𝑦∈𝐾
𝐴{(𝑥,𝑦)} = {𝑥} × [0, 𝛼(𝑥, 𝑥)]

for any 𝑥 ∈ R, 𝐾 ∈ 𝑃𝑐𝑝(R), so

𝐴𝐻×𝐾 =
⋃

𝑥∈𝐻
({𝑥} × [0, 𝛼(𝑥, 𝑥)])

for any 𝐻,𝐾 ∈ 𝑃𝑐𝑝(R).
IV. Let us consider the triplet  =

(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

, where

• (𝑋, 𝑑) = (R2, 𝑑), 𝑑 being the Euclidean distance
• 𝐼 = {1, 2}
• 𝑓1, 𝑓2 ∶ R2 × R2 → R2 are given by

𝑓1
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

=
(

𝑥1 + 𝑥2
2

,
𝑦1 + 𝑦2

6

)

and

𝑓2
(

(𝑥1, 𝑦1), (𝑥2, 𝑦2)
)

=
(

𝑥1 + 𝑥2
2

,
𝑦1 + 𝑦2

6
+

𝛼(𝑥1, 𝑥2)
2

)

for all 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈ R, where 𝛼 ∶ R2 → R is a continuous
function.

• (𝑥1, 𝑦1)𝑅(𝑥2, 𝑦2) if and only if 𝑥1 = 𝑥2, for all 𝑥1, 𝑦1, 𝑥2, 𝑦2 ∈
R.

Similarly to the previous example, it can be shown that  =
(

(𝑋, 𝑑),
{

𝑓𝑖
}

𝑖∈𝐼 , 𝑅
)

is a RGIFS.
As in the previous example, for every 𝑥 ∈ R we consider 𝑥 =
(

(R, |.|) ,
(

ℎ𝑖,𝑥
)

𝑖∈{1,2}

)

, where ℎ1,𝑥, ℎ2,𝑥 ∶ R2 → R are given by

ℎ1,𝑥(𝑦1, 𝑦2) =
𝑦1 + 𝑦2

6
and

ℎ2,𝑥(𝑦1, 𝑦2) =
𝑦1 + 𝑦2

6
+

𝛼(𝑥, 𝑥)
2

for every 𝑦1, 𝑦2 ∈ R and we get that

𝐴𝑥 = {𝑥} ×
([

0,
𝛼(𝑥, 𝑥)

4

]

∪
[

𝛼(𝑥, 𝑥)
2

,
3𝛼(𝑥, 𝑥)

4

])

.

Consequently we have

𝐴𝐻×𝐾 =
⋃

𝑥∈𝐻

(

{𝑥} ×
([

0,
𝛼(𝑥, 𝑥)

4

]

∪
[

𝛼(𝑥, 𝑥)
2

,
3𝛼(𝑥, 𝑥)

4

]))

,

for every 𝐻,𝐾 ∈ 𝑃𝑐𝑝(R).

6. Conclusions

In this paper, we studied a new class of generalized iterated func-
tion systems, in which we imposed a contractive condition upon the
functions in the system that involves an equivalence relation defined
on the underlying metric space. We called such systems relational
generalized iterated function systems (RGIFSs) and proved through
some examples that they constitute a real generalization of the usual
generalized iterated function systems (GIFSs), in the sense that a par-
ticular equivalence relation in the frame of a RGIFS yields the classical
contractive condition corresponding to GIFSs and there exist RGIFSs
where the associated fractal operator is only weakly Picard, which
means that they are not GIFSs.
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convex contractions. Fixed Point Theory Appl 2017;18:689–702.

[24] Şerban M-A. Fixed point theorems for operators on cartesian product spaces and
applications. Semin Fixed Point Theory Cluj-Napoca 2002;3:163–72.

[25] Hiriart-Urruty J-B. Images of connected sets by semicontinuous multifunctions.
J Math Anal Appl 1985;111:407–22.

[26] Leśniak K. Stability and invariance of multivalued iterated function systems.
Math Slovaca 2003;53:393–405.

http://refhub.elsevier.com/S0960-0779(24)00375-8/sb1
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb1
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb1
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb2
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb3
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb3
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb3
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb4
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb4
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb4
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb5
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb5
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb5
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb6
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb6
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb6
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb7
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb7
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb7
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb8
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb8
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb8
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb9
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb9
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb9
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb10
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb10
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb10
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb11
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb11
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb11
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb12
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb12
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb12
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb13
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb13
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb13
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb14
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb14
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb14
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb15
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb15
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb15
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb15
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb15
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb16
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb16
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb16
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb17
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb17
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb17
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb18
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb18
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb18
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb19
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb19
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb19
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb19
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb19
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb20
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb20
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb20
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb21
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb21
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb21
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb21
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb21
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb22
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb22
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb22
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb23
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb23
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb23
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb24
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb24
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb24
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb25
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb25
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb25
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb26
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb26
http://refhub.elsevier.com/S0960-0779(24)00375-8/sb26

	Relational generalized iterated function systems
	Introduction
	Preliminaries
	The Hausdorff–Pompeiu metric
	Iterated function systems
	Generalized iterated function systems
	The code space for GIFS of order 2

	Relational generalized iterated function systems
	Main results
	Examples
	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	References


