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Abstract: The paper aims to use Modern Dimensional Analysis to study the heat transmission through
a rectangular bar with a hole. The problem is very important for monitoring a structure, made of
such bars, to protect it from fire. The original part of the work is represented by the application of this
nonconventional method in the field of heat transfer in bars of rectangular-tubular section. During
system heating, the properties of the material change dramatically at high temperatures, which can
lead to the collapse of the entire system. The Laws of the Model, further applied to the two sets of
independent variables, provide the complete sets of dimensionless variables, which cannot be offered
by any of the classical methods (such as Geometric Analogy, Theory of Similarity, and Classical
Dimensional Analysis). The validation of the method was made experimental on both unprotected
structural elements and those thermally protected with layers of intumescent paints, widely used in
the field of fire protection. Finite Element Method was too applied to obtain the field of temperature
in order to validate the model.

Keywords: Modern Dimensional Analysis; fire; rectangular beam; Model Law; monitoring

1. Introduction

The beginnings of the Dimensional Analysis, as well as the first practical applications
of this method are reported at the end of the 18th century [1]. The substantiation of a
theoretical basis for this method is due to the introduction of fundamental units that
allowed, for the beginning, the verification of the correctness of some obtained formulas.

Due to its simplicity this method was accepted and developed especially in the last
century by researchers as a useful method in the experimental investigation of complex
structures. The method, in its essence, is based on creating a model (on a scale accessible to
experimental investigations) of the real structure. Based on the model, an experimental and
theoretical study will be performed and experimental validated results can be obtained.
In the next phase these results will be transferred from the prototype to the real structure,
applying the Model Law. This is based on a finite number of dimensionless variables,
argued by Buckingham’s theorem, having its origin in the set of variables that count in the
description of the studied physical phenomenon.

Classical Dimensional Analysis-CDA involves the application of one of the following
procedures [2]:

• direct application of Buckingham’s theorem;
• application of the method of partial differential equations to the fundamental dif-

ferential relations, which describe the phenomenon, when the initial variables are
transformed into dimensionless quantities (through a normalization process) and by
their appropriate grouping;
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• determining the complete form, but also the simplest equation (equations) that de-
scribes the phenomenon, then transformed into a dimensionless form, from which the
desired dimensionless groups will be identified.

The method applied in the paper, which is the Modern Dimensional Analysis (MDA),
is based on the exclusion of irrelevant physical and dimensional variables. The Model
Law describes very exactly the correlation between the model and the prototype made at a
certain scale.

Reference [3] present the advantages of the Dimensional Analysis (DA) and refer-
ences [4] the limits of using the method. Some fundamental results have been obtained in
the last decades [5–8] and a series of applications have been presented in [9–13].

The application of the method to the heat transfer has been rarely used and allows
a significant reduction in the complexity of such a phenomenon. An example of its use
is in the study of turbulence with irradiated particles [14], where the result is that two
dimensionless groups become important in the thermal response of the system.

An experimental study on the heat transfer coefficient by convection and the use of
Dimensional Analysis methods are presented in [15] and other applications to the study of
heat transfer are indicated in the literature [16–21].

The Geometric Analogies between different structures and models are analyzed by the
Theory of Similarity [22,23] where, along with the studied prototype, the model is made on
an accessible scale from an engineering point of view. The prototype response is obtained
by studying the model response, obtained experimentally [24,25]. The similarity between
the prototype and the model is essential, which must be rigorously controlled. Besides
the essential geometric similarity is the functional similarity which implies the existence
of similar processes in the prototype and in the model. For the study of high complexity
phenomena, the number of dimensionless parameters and the correlations involved can be
very high and MDA can be the tool to provide us with a simple and efficient procedure [26].
Some new results related to the Theory of similarity and the applications of the Dimensional
Analysis are published in [27–30].

Based on Szirtes theory [31,32], which was applied in the present study, MDA offers
the most complete and also the simplest Model Law for the studied phenomenon. The
method is based on the exclusion of irrelevant physical variables. In this way a Model
Law is obtained that describes the correlation between the model and the prototype made
on a certain scale. The advantages of this method are highlighted in [33–35], as well as
its primary application on the heat transfer problems. As shown in [32–34], the method
is very simply, without requiring deep knowledge of the phenomenon, but only the ex-
amination of the a variables, which can influence to a certain extent the phenomenon.
Based on the method indicated in [32,33], the variables whose influence is insignificant are
automatically eliminated.

Acccording to the method, the total number of variables that can influence the phe-
nomenon are divided in independent variables (they are selected a priori and freely, both
for the prototype and the model), and dependent variables (they are selected a priori and
freely only for the prototype; for the model, they will be strictly obtained from the Model
Law that is going to be deduced). At the same time, MDA allows the selection of those vari-
ables as independent variables, which can be easily modified during experiments, and thus
reliable and repeatable experimental measurements can be achieved. It should be noted
that among the dependent variables, there are a few variables (1–3) that are unknown for
the prototype and which are obtained from the Model Law and the experiments performed
on the model. Thus, not only the unknown variables of the model are obtained from the
Model Law, but also those variables of the prototype, whose experimental determination
would rise technical difficulties. This last aspect is a valuable advantage of MDA, since
some drawbacks of CDA are excluded. Recent researches in MDA illustrates the high
interest in this method [35–41].

In this article, the authors illustrate the advantages of Modern Dimensional Analysis
(MDA) over other methods (Geometric Analogy, Simultaneity Theory, and Classical Di-
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mensional Analysis, respectively), which involve use of small-scale models in the analysis
of phenomena on the prototype, in our case: the heat transfer in bars, respectively bar
structures, consisting of tubular-rectangular elements.

2. Theoretical Background

The MDA method involves a unitary matrix calculation procedure on the elements
of the Dimensional Set, consisting of matrices B–A, completed with the matrix C and the
matrix D of ordinal unit n, where n represents the number of dimensionless variables πj
(for j = n) that are to be found. Finally, the Dimensional Set has the following aspect, (see
also papers [32,33]):

The rows correspond to the
remaining primary dimensions k

after defining matrix A

1.

B A

2.

3.

...

k.

The rows correspond to n
columns (dependent variables)

that had matrix B; the number of
the rows is the same as that of

the πj , resulting in
dimensionless quantities

1.

D ≡ Inxn C = −
(

A−1 · B
)T

2.

3.

...

...

n.

It is to mention here that each column of these matrices contain the exponents of the
primary dimensions, which describe the respective variables.

Matrix A contains the independent variables and have to be invertible (having nonzero
determinant). These variables that should be directly linked to the subsequent experiments
are arranged to the right of the Dimensional Set.

Matrix B includes all the dependent variables, (i.e., the n remaining variables), located
to their left.

Compared to CDA, as mentioned before, MDA does not require sound knowledge
in the analyzed field, but only the consideration of variables (sizes), which can have any
influence on the analyzed phenomenon. As is well known, the application of CDA requires
deep/well-founded knowledge in the field, as well as a firm mastery of the relationships
that describe the analyzed phenomenon.

Let us consider the prototype (the actual structure) and its model, which is a scaled
structure (usually at a smaller scale) and which is subjected to the actual measurements
that cannot be performed on the prototype or they would be difficult to be carried out. A
careful analysis of all quantities (variables), which could influence the phenomenon studied
(here: heat transfer) is performed, together with the k involved primary dimensions.

In the present study, the heat transfer problem in beams and beam structures of
tubular-rectangular cross-sectional area is analyzed in order to prevent the undesirable
effects of fires to which the beams are submitted. By using MDA, those parameters are
analyzed that can limit the spread of the fire in these structural elements.

The exact assessing of the heat-insulation capacity of different heat-insulation methods
is very relevant and important to protect humans and material goods existing in the spaces
submitted to fire hazards. In this regard, increasingly accurate calculations have been
developed to predict the load-bearing capacity of resistance structures submitted to fires.
The present authors current research regarding Dimensional Analysis fall in this direction
and the results presented here may be useful to engineers and researchers in the field
of structures.
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To a thorough theoretical analysis, at the mentioned high temperatures, both radiation
and the thermophysical properties of the materials intervene. However, the authors of
these investigations only wanted to assess the overall effect of heat flow, which could be
much safer and easier to verify experimentally. If a distinct approach to these influences
was intended, then the strategy of experimental investigations had to be reconsidered, and
supplemented with a series of very expensive devices, which, in the opinion of the authors,
from the point of view of global heat transfer on the quality of thermal layers. It made a
significant contribution, but only (especially) a theoretical one. For the same reason, the
set of dependent variables

( .
Q, Atr, A′ lat, A′′ lat, Lx, Ly, δy steel , δz steel

)
chosen in the two

cases analyzed, considered only practical elements related to the overall aspect pursued.
Based on a careful analysis of the phenomenon, according to the research

works [21,24,30–33,42–54], the set of variables that describe the heat transfer in beams
of tubular-rectangular cross-sectional area are: heat, heat rate, time, density (steel, air,
paint/insulating material), constant-pressure specific heat of air, specific heat capacity
(steel, air), thermal conductivity (steel, paint coat), thermal diffusivity of air, velocity nor-
mal to the plane where the shear stress is developed and its gradient, dynamic viscosity of
air, kinematic viscosity of air, Prandtl number of air, Reynolds number of air, convection
heat transfer coefficient, thickness of the paint volume of beam or paint coat, cross-sectional
area of the beam, lateral area (x-z) of the beam, lateral area (x-y) of the beam, beam’s
dimensions, shape factor, cross-sectional perimeter, gravitational acceleration, temperature
variation, coefficient of volume expansion (steel, air), Nusselt number, Grasshoff number
along x direction, Péclet number, Biot number, Stanton number, Fourier number. All these
variables and the measurement unities are presented in the section Nomenclature. These
variables were used to build the Dimensional Sets for two different cases, considered to be
significant, based on the method indicated by Szirtes in [32,33]. The Dimensional Sets are
analyzed in the following.

In MDA, as well as in the Theory of Similarity, a constant ratio is defined for each
involved variable η, called scale factor Sη = η2

η1
[−], related to the model (η2) and the

prototype (η1), respectively. Obviously, there will be as many scale factors as variables are
involved in describing the phenomenon.

New results concerning the MDA are presented in [34–52]. In the case of the bar
covered with a foaming layer (intumescent paint), heat transfer is performed by:

• conduction (in the bar walls and paint layer, respectively);
• convection (from the bar to the surrounding air from the inside and outside of the bar);
• radiation due to the high temperatures in the beam.

The bottom of the beam has the coordinate x = 0, while the top end is at x = L.
Regarding the heat transfer in insulated beams with a layer of intumescent paint, research
works [53] present the results of a comprehensive experimental study, which have shown
that the values of the thermal conductivity of the insulation differ only to the fourth decimal
on radial direction, which allowed the authors of these papers to develop a special, unusual
strategy of heating, i.e., to simulate a fire by electrical means, and thus the rate of heat is
transferred to the beam inside.

The original stand, designed, built and used in experimental research, offers the
possibility of a rigorous control of the heat produced in the system. The problem of this
heat transfer in heat-protected or unprotected structural elements is a major characteristic
of the exact determination of the load-bearing capacity of these elements in the event of
a fire. As is well known, the mechanical characteristics, but also those of the crystalline
structures, largely depend on the temperature level to which these structural elements have
been subjected; the structural elements are made of certain metallic materials.

If MDA is applied to these structural elements, the first approach consists in their fire
protection by means of thermal-foaming (intumescent) paints, but can be easily extended to
other types of thermal shields. With increasing temperature, the mechanical properties of
materials (in this case steels) regarding strength and ductility change considerably. Based
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on the data from the literature [49–51], the table below (Table 1) shows these changes for a
common steel used in constructions.

Table 1. Mechanical properties of steel at different temperatures.

Mechanical Parameter’s
Changing, in [%], at the

Temperature of:
20 ◦C 300 ◦C 400 ◦C 500 ◦C

E-longitudinal elastic modulus 100 88.60 84.09 79.55

G-shear elastic modulus 100 85.88 83.53 78.83

ν-Poisson ration 100 107.41 112.96 122.22

σu-ultimate stress/strength 100 95 60 40

ε-linear strain 100 125 150 300

Thus, compared to the values of the ambient temperature of 20 ◦C, considered as a
reference (i.e., 100%), the changes given in [%] clearly illustrate the danger determined by
the incidence of fires on the resistance structures.

In Table 1 it was considered a common construction steel, easily weldable, from which
all the profiles used in the construction of strength structures are commonly made. These
changes in the mechanical characteristics will obviously lead both to the decrease of the
load bearing capacity of the resistance structure, and to the appearance of inadmissibly
large deformations.

3. Methods and Model

A beam with rectangular-hole section is considered, which is related to the tri-orthogonal
reference system Gxyz (Figure 1). The beam is placed in air and submitted to electric heating
at its base. The heat transfer is performed by conduction in the walls and by convection inside
and outside the beam. The boundary condition at x = 0 corresponds to the temperature of
the base which is measured experimentally (Dirichlet) and at x = L, the boundary condition
corresponds to the equality between the heat transfer due to conduction and the heat transfer
by convection from the cross-section surface to the surrounding air (Fourier).
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All variables that can have an influence on the heat transfer in the beam with rectangular-
hole section were are analysed in the afore-mentioned references [55–60].

In order to reduce the number of dimensionless variables πj, j = 1, . . . , n, which
will form the Model Law, the method of de-doubling the dimensions was used (here:
de-doubling the lengths), according the principles given in [32,33].

The method of setting up the πj, j = 1, . . . , n dimensionless variables were set, based
on the MDA method indicated in [32,33] was already shown by the authors in the case of
the beam with circular section [31]. Therefore, only the differences that occur at the beam
with rectangular-hole section will be hereafter presented.

According to the principles of MDA, two variants of sets of the independent variables
were selected, which constitute the elements of the corresponding matrices A:

I. (Q, Lz, ∆t, τ, λx steel , ς)

II. (
.

Q, Lz, ∆t, τ, λx steel , ς)

It can be seen that the variables chosen in these two variants are directly related to
the experimental measurements. Thus, by modifying these variables we can favorably
influence the development of experimental measurements, having at our disposal a wide
range of constructive solutions (Lz, λx steel , ς), respectively thermal loading of the model
(Q, ∆t, τ).

As shown in the case of a beam with a circular section [31], the variables, in the case of
the rectangular hole beam, are divided into:

• Independent variables, included in matrix A, which are chosen a priori, both for the
prototype and for the model;

• Dependent variables, contained in matrix B, which in turn correspond to the description:

# Heat transfer expressed by the experiment parameters of structures not covered

with intumescent paints
( .

Q, Atr, A′ lat, A′′ lat, Lx, Ly, δy steel , δz steel

)
respec-

tively
(

Q, Atr, A′ lat, A′′ lat, Lx, Ly, δy steel , δz steel

)
;

# Heat transfer for a theoretical analysis
(cp air, Cair, Csteel , ax air, ay air, az air, ρair, ρsteel , λy steel , λz steel ,

νx air, νy air, νz air, αnx steel , αny steel , αnz steel , ηx air, ηy air, ηz air, βair/steel)
;

# Similarity criteria (heat transfer correlations) related to this phenomenon,
(Crit01, Crit02, Crit03, Prx air, Pry air, Prz air, Grx air,

Fox air, Foy air, Foz air, Rex air, Rey air, Rez air )

# The behavior of structures covered with intumescent paint(
ρpaint, λx paint, λy paint, λz paint, αnx paint, αny paint, αnz paint, δy paint, δz paint

)
.

For the two analyzed variants, which in the opinion of the authors represent significant
cases, these elements are summarized in the following tables (Tables 2–7), both by specifying
the variables together with their dimensions and by providing the related components of
the Model Law.

Table 2. Matrix A with the independent variables.

Dimensions Q Lz ∆t τ λx steel ς=P/A

mx 2 0 0 0 1 0

my 0 0 0 0 0 −1

mz 0 1 0 0 0 0

kg 1 0 0 0 1 0

s −2 0 0 1 −3 0
◦C 0 0 1 0 −1 0
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Table 3. Part of matrix B with the quantities required by experiments (first part of matrix B).

Dimensions
.

Q Atr A
′
lat A”

lat Lx Ly δy steel δz steel

mx 2 0 1 1 1 0 0 0

my 0 1 0 1 0 1 1 0

mz 0 1 1 0 0 0 0 1

kg 1 0 0 0 0 0 0 0

s −3 0 0 0 0 0 0 0
◦C 0 0 0 0 0 0 0 0

Table 4. Part of matrix B with the quantities required by theoretical calculations (first part of the
quantities included in matrix B).

Dimensions cp air Cair Csteel ax air ay air az air ρair ρsteel λy steel λz steel

mx 2 2 2 0 1 1 −1 −1 2 2

my 0 0 0 1 0 1 −1 −1 −1 0

mz 0 0 0 1 1 0 −1 −1 0 −1

kg 0 1 1 0 0 0 1 1 1 1

s −2 −2 −2 −1 −1 −1 0 0 −3 −3
◦C −1 −1 −1 0 0 0 0 0 −1 −1

Table 5. Part of B with the quantities required by theoretical calculations (second part of the quantities
included in matrix).

Dimensions νx air νy air νz air αnx steel αny steel αnz steel ηx air ηy air ηz air βair/steel

mx 1 1 1 2 1 1 0 0 0 0

my 0 1 0 −1 0 −1 −1 0 −1 0

mz 1 0 1 −1 −1 0 0 −1 0 0

kg 0 0 0 1 1 1 1 1 1 0

s −1 −1 −1 −3 −3 −3 −1 −1 −1 0
◦C 0 0 0 −1 −1 −1 0 0 0 −1

Table 6. Part of matrix B with the quantities required by the heat transfer correlations.

Dimensions Crit01 Crit02 Crit03 Prx air Pry air Prz air Grx air Fox air Foy air Foz air Rex air Rey air Rez air

mx −1 2 −1 1 0 0 2 −2 1 1 1 −1 −1

my −1 −1 2 −1 1 −1 0 1 −2 1 0 1 0

mz 2 −1 −1 0 −1 1 −2 1 1 −2 −1 0 1

kg 0 0 0 0 0 0 0 0 0 0 0 0 0

s 0 0 0 0 0 0 0 0 0 0 0 0 0
◦C 0 0 0 0 0 0 0 0 0 0 0 0 0

As mentioned in a previous paper [48], the elements of the Model Law serve both
to determine the magnitude of the variables related to the model based on a priori data
for the prototype and to obtain the variable (or variables) of the prototype based on the
measurement results, performed on the model, all these being the elements those constitute
matrix B.
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Table 7. Matrix B for the properties of the intumescent paint properties.

Dimensions ρpaint λx paint λy paint λz paint αnx paint αny paintαnz paint δy paint δz paint

mx −1 1 2 2 2 1 1 0 0

my −1 0 −1 0 −1 0 −1 1 0

mz −1 0 0 −1 −1 −1 0 0 1

kg 1 1 1 1 1 1 1 0 0

s 0 −3 −3 −3 −3 −3 −3 0 0
◦C 0 −1 −1 −1 −1 −1 −1 0 0

It should be mentioned here that the method developed in [32,33] to obtain the set of
πj dimensionless variables from the Dimensional Set follows the next steps:

• the exponent of the dependent variable and the exponents of the independent variables
are extracted from each line of matrices C–D; the first is equal to the unit and is
extracted from matrix D and the others, which are zero or any real number, are
extracted from matrix C;

• these exponents are forming an element of the Model Law, as indicated in the relation
below and whose calculation is later shown in Section 4.3. in the case of the dependent
variable Q1 (searched for the prototype):

• π1 = Q ·
.

Q
−1
· L0

z · ∆t0 · τ−1 · λ0
x steel · ς

0 = Q
.

Q·τ
= 1 ⇒ Q =

.
Q · τ ⇒ SQ = S .

Q
· Sτ

(see Equation (A51) from Appendix B);
• it can be observed that the dimensionless variable obtained (here, π1) is equal to one and

the dependent variable (here, Q) is expressed as a function of the independent variables;
• then, all the involved variables η are replaced by the scale factors, like Sη = η2

η1
, where

subscript 1 refers to the prototype and subscript 2 to the model;
• finally, the first element of the Model Law is obtained, that is S .

Q
=

SQ
Sτ

;

• the other 50 elements of the Model Law were similarly calculated. In order to show
the correctness of MDA and to validate the method, three elements were selected for
the second variant.

4. Results
4.1. First Version of Independent Variables

In the first version, the following quantities are included (Tables 2–7).
The corresponding elements of the Model Law π1 to π8 are presented in Appendix A

(Equations (A1)–(A8)).
In this case the corresponding elements of the Model Law are determined and pre-

sented in Appendix B, π9 to π28 (Equations (A9)–(A28)): where are defined Crit01, Crit02
and Crit03 are defined in Equations (1)–(3):

Crit01 = Nuz = Pez = Biz =
m2

z
mx ·my

(1)

Crit02 = Nux = Pex = Bix =
m2

x
mz ·my

(2)

Crit03 = Nuy = Sty = Biy =
m2

y

mx ·mz
(3)

The corresponding elements of the Model Law are from π30 to π41 (see Appendix A,
(Equations (A29)–(A41)).

In this case the corresponding elements of the Model Law are from π42 to π50 (see
Appendix A, (Equations (A42)–(A50)).
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4.2. Second Version of Independent Variables

In the second case, the following elements are included and presented in the Tables 8–13.

Table 8. The matrix A with the independent variables.

Dimensions
.

Q Lz ∆t τ λx steel ς=P/A

mx 2 0 0 0 1 0

my 0 0 0 0 0 −1

mz 0 1 0 0 0 0

kg 1 0 0 0 1 0

s −3 0 0 1 −3 0
◦C 0 0 1 0 −1 0

Table 9. Part of matrix B including the quantities required for experiments (first part of matrix B).

Dimensions Q Atr A
′
lat A”

lat Lx Ly δy steel δz steel

mx 2 0 1 1 1 0 0 0

my 0 1 0 1 0 1 1 0

mz 0 1 1 0 0 0 0 1

kg 1 0 0 0 0 0 0 0

s −2 0 0 0 0 0 0 0
◦C 0 0 0 0 0 0 0 0

Table 10. Part of matrix B including the quantities required for theoretical calculations (first part of
these quantities included in matrix B).

Dimensions cp air Cair Csteel ax air ay air az air ρair ρsteel λy steel λz steel

mx 2 2 2 0 1 1 −1 −1 2 2

my 0 0 0 1 0 1 −1 −1 −1 0

mz 0 0 0 1 1 0 −1 −1 0 −1

kg 0 1 1 0 0 0 1 1 1 1

s −2 −2 −2 −1 −1 −1 0 0 −3 −3
◦C −1 −1 −1 0 0 0 0 0 −1 −1

Table 11. Part of matrix B including the quantities required for theoretical calculations (secon part of
these quantities included in matrix B).

Dimensions νx air νy air νz air αnx steel αny steel αnz steel ηx air ηy air ηz air βair/steel

mx 1 1 1 2 1 1 0 0 0 0

my 0 1 0 −1 0 −1 −1 0 −1 0

mz 1 0 1 −1 −1 0 0 −1 0 0

kg 0 0 0 1 1 1 1 1 1 0

s −1 −1 −1 −3 −3 −3 −1 −1 −1 0
◦C 0 0 0 −1 −1 −1 0 0 0 −1
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Table 12. Part of matrix B including the quantities required by the heat transfer correlations.

Dimensions Crit01 Crit02 Crit03 Prx air Pry air Prz air Grx air Fox air Foy air Foz air Rex airRey air Rez air

mx −1 2 −1 1 0 0 2 −2 1 1 1 −1 −1

my −1 −1 2 −1 1 −1 0 1 −2 1 0 1 0

mz 2 −1 −1 0 −1 1 −2 1 1 −2 −1 0 1

kg 0 0 0 0 0 0 0 0 0 0 0 0 0

s 0 0 0 0 0 0 0 0 0 0 0 0 0
◦C 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 13. Part of matrix B including the intumescent paint properties.

Dimensions ρpaint λx paint λy paint λz paint αnx paint αny paint αnz paint δy paint δz paint

mx −1 1 2 2 2 1 1 0 0

my −1 0 −1 0 −1 0 −1 1 0

mz −1 0 0 −1 −1 −1 0 0 1

kg 1 1 1 1 1 1 1 0 0

s 0 −3 −3 −3 −3 −3 −3 0 0
◦C 0 −1 −1 −1 −1 −1 −1 0 0

The corresponding elements of the Model Law are π1 to π8 (see Appendix B,
(Equations (A51)–(A58)).

The corresponding elements of the Model Law are π9 to π28 (See Appendix B:
(Equations (A59)–(A78)).

The mentioned dimensionless numbers Crit01,Crit02 and Crit03 have the same ex-
pressions (Equations (4)–(6)):

Crit01 = Nuz = Pez = Biz =
m2

z
mx ·my

(4)

Crit02 = Nux = Pex = Bix =
m2

x
mz ·my

(5)

Crit03 = Nuy = Sty = Biy =
m2

y

mx ·mz
(6)

The corresponding elements of the Model Law are π29 to π41 (See Appendix B:
(Equations (A79)–(A91)).

The corresponding elements of the Model Law are π42 to π50 (See Appendix B:
Equations (A92)–(A100)).

One have to remark that from the tubular-rectangular sections, where generally the
thicknesses of the tube in the two directions are different (δy 6= δz) an identity of the
expressions of the Model Law for Ly and δy can be observed (π6 and π7); for δz an expression
derived from π8 is obtained. Therefore the Model Law is valid also for rectangular-hole
sections if the same scale is adopted as for Ly and δy.

4.3. Model Law for the Second Version

In this case the set of independent variables was (
.

Q, Lz, ∆t, τ, λx steel , ς).
In order to illustrate how the elements of the Model Law can be applied in the study

of the correlation between prototype and model, the following variables were selected:

• the heat supply in the prototype Q1;
• the cross-sectional area of the model Atr 2;
• the thickness of the paint layer applied on the model δy 2 paint.
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These variables are governed by the final relations:

π1 : SQ = S .
Q
· Sτ (7)

π2 : SAtr =
SLz

Sς
(8)

and respectively

π49 : Sδy paint =
1
Sς

(9)

of the Model Law (see Equations (A51), (A52) respectively (A99) from Appendix B).
The size Q1 is related to the prototype, which cannot be determined by effective

measurements, as all experiments were performed on the model. The sizes Atr 2 and
δy 2 paint belong to the model, and being dependent variables, they will rigorously result
only by applying the Model Law. On the other hand, taking into account the set of
independent variables, with a priori set sizes (prototype and model), their scale factors
(S .

Q
, SLz , S∆t, Sτ , Sλx steel , Sς) are also known from the beginning.
In order to determine Q1, we start from the relationship (π1), i.e., Equation (7), or

more exactly from Equation (A51), Appendix B, where the definition of the scale factor SQ
is obtained in turn:

π1 : SQ = S .
Q
· Sτ ⇔

Q2

Q1
= S .

Q
· Sτ ⇒ Q1 =

Q2

S .
Q
· Sτ

(10)

The cross-sectional area Atr 2 of the model results similarly from the Equation (8) for (π2):

π2 : SAtr =
SLz

Sς
⇔ Atr 2

Atr 1
=

SLz

Sς
⇒ Atr 2 = Atr 1 ·

SLz

Sς
(11)

The thickness of the paint layer on the model δy 2 paint will be obtained from the
relationship for (π49), i.e., Equation (9):

π49 : Sδy paint =
1
Sς
⇔

δy 2 paint

δy 1 paint
=

1
Sς
⇒ δy 2 paint =

δy 1 paint

Sς
(12)

The case of the rectangular-hole beam, analyzed above, can be extended to bar struc-
tures of the same section, which is uniquely found in all resistance structures used in
construction, such as industrial halls, gyms, shops, houses, living etc. Obviously, in this
case homologous points and sections of the prototype and the model must be identified, in
order to be able to find the homologous effect of the thermal stress applied to the model
with that of the prototype based on the Model Law. The case of the square section is a
particularly obvious case of the rectangular one.

In order to validate these results, an experimental setup described by the authors [54]
consisting of a prototype and two models was designed, starting from the dimensions of
an existing structural element (the supporting column of an industrial hall). Thus, for the
prototype, made at 1:1 scale, a column segment with height h = 0.400 m was considered
and, for the two models, made at 1:2 and 1:4 scales, respectively, segments with heights
h = 0.200 m and, respectively h = 0.100 m.

Considering the combination of these structural elements, made at different scales,
resulted three sets of prototypes-models, in our case (1:1 with 1:2); (1:1 with 1:4), respectively
(1:2 with 1:4), all in two situations: unprotected, respectively thermally protected with
layers of intumescent paints.

An original heating stand (with three-phase alternating current) was designed and
physically made, with an original heating control and acquisition system, with the help of
which it was monitored at the t0, nom [◦C] stabilized nominal temperature of the stabilized
regime, the consumed electricity E0,total [kWh], as well as of the time necessary τ0,total [s] to
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reach this regime; repeating the previous step, in order to reach all the nominal temperatures
of t0, nom = (100, 200, 300, 400, 450, 500) ◦C.

A stabilized temperature regime was considered to be achieved, when at the level of
the last thermoresistance PT 100–402 (near the upper part of the tested structural element)
the maximum temperature oscillations (0.2 . . . 0.3) ◦C were observed for a minimum period
of (120 . . . 180) s .

As illustration of the performed experimental investigations in the afore-mentioned
research work [54], two diagrams are presented in Figures 2–5, where one can remark the
unitary predicted heating levels for the experimental validation of the Model Laws.

Symmetry 2022, 14, x FOR PEER REVIEW 13 of 27 
 

 

An original heating stand (with three-phase alternating current) was designed and 
physically made, with an original heating control and acquisition system, with the help of 
which it was monitored at the o

0, Cnomt     stabilized nominal temperature of the stabi-

lized regime, the consumed electricity [ ]0, kWhtotalE , as well as of the time necessary 

[ ]0, stotalτ to reach this regime; repeating the previous step, in order to reach all the nomi-

nal temperatures of 0
0, (100, 200, 300, 400, 450, 500) Cnomt = . 

A stabilized temperature regime was considered to be achieved, when at the level of 
the last thermoresistance PT 100–402 (near the upper part of the tested structural element) 
the maximum temperature oscillations o(0.2...0.3) C  were observed for a minimum pe-

riod of ( )120...180 s.  
As illustration of the performed experimental investigations in the afore-mentioned 

research work [54], two diagrams are presented in Figures 2–5, where one can remark the 
unitary predicted heating levels for the experimental validation of the Model Laws. 

 
Figure 2. The evolution of temperatures versus time in the unpainted prototype. 

 
Figure 3. The evolution of temperatures versus time in the painted prototype. 

Figure 2. The evolution of temperatures versus time in the unpainted prototype.

Symmetry 2022, 14, x FOR PEER REVIEW 13 of 27 
 

 

An original heating stand (with three-phase alternating current) was designed and 
physically made, with an original heating control and acquisition system, with the help of 
which it was monitored at the o

0, Cnomt     stabilized nominal temperature of the stabi-

lized regime, the consumed electricity [ ]0, kWhtotalE , as well as of the time necessary 

[ ]0, stotalτ to reach this regime; repeating the previous step, in order to reach all the nomi-

nal temperatures of 0
0, (100, 200, 300, 400, 450, 500) Cnomt = . 

A stabilized temperature regime was considered to be achieved, when at the level of 
the last thermoresistance PT 100–402 (near the upper part of the tested structural element) 
the maximum temperature oscillations o(0.2...0.3) C  were observed for a minimum pe-

riod of ( )120...180 s.  
As illustration of the performed experimental investigations in the afore-mentioned 

research work [54], two diagrams are presented in Figures 2–5, where one can remark the 
unitary predicted heating levels for the experimental validation of the Model Laws. 

 
Figure 2. The evolution of temperatures versus time in the unpainted prototype. 

 
Figure 3. The evolution of temperatures versus time in the painted prototype. Figure 3. The evolution of temperatures versus time in the painted prototype.

A very good agreement was obtained between the values based on measurements and
those obtained with the help of the Model Law [54]. Based on the validation of these Model
Laws, the authors will further extend the application of these laws to realized structures
and other scales (for example to 1:5 or 1:10). This will allow the design and testing of very
convenient models for simulating outbreaks of large real structures (e.g., industrial halls or
multi-compartment or multi-floor buildings).

The numerical simulation of the thermal behavior was performed in ABAQUS, both
for the structural elements performed at the 1:1 and 1:2 scales [58,60,61]. Figures 6–9 show
the modeling results of the uncovered prototype, respectively coated with heat-resistant
paint [58]. Table 14 summarizes the main features of numerical modeling.
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Table 14. The characteristics of the FEM models.

Structural Element No. of Elements No. of Nodes Element Type

Unpainted 145497 184546 Brick

Painted 929969 1350506 Brick, Shell

Unpainted 68068 85828 Brick

Painted 243972 358752 Brick, Shell

Figure 10 shows the temperature variation diagram based on the measurements,
corresponding to the stabilized thermal regime, respectively the temperature diagram as a
result of the numerical simulation, corresponding to the nominal temperature Ton = 500 ◦C.
Given the fact that in the numerical simulation is not possible to obtain a stabilized thermal
regime, but only a certain temperature in the heated area, another allure of the latter is
observed. Obviously, for the thermally stabilized regime the allure would be much closer to
the experimental curve. The figure also indicates the polynomial approximation functions
of these curves.
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5. Discussion

The dependent variable Q1, which could not be determined by direct measurements
on the prototype, results from the application of the Model Law.

The dependent variables, which are related to the model (here: Atr 2 and δy 2 paint), by
applying the Model Law, provide the following facilities of the MDA, namely:

• In case of accepting the same length scale factor, the relationship (π2) can be ignored,
but if more flexible models will be built, having different scale factors of cross sections,
then by applying the relationship (π2), this becomes possible, because the facilities
offered by MDA;

• By considering identical thicknesses of intumescent paint on the prototype and model,
the relationship (π49) can be ignored, but if different thicknesses of paint are desired,
MDA allows us to do so;

• In this contribution, the authors offered the general cases of the rectangular-hole cross-
sectional beam (with the complete set of the dimensionless variables), from where the
particular cases of actual experiments were obtained;
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We analyzed, for the two significant variants I and II, the complete sets of variables (so
the totality of the elements/parameters) that can have any influence on this heat transfer.

6. Conclusions

A similar approach can be applied to the other dependent variables included in B
matrices related to the theoretical analysis, the criteria, respectively the parameters of the
intumescent paint (type of paint, layer thickness in the y or z direction etc).

If we take into account the existence in the set of independent variables, of both length
(Lz) and shape factor (ς), the definition of the model becomes even more general, i.e., we
do not necessarily keep the geometric similarity; the model can have another shape of
the cross section, but is it necessary to ensure a certain scale factor for (ς). The authors’
experimental investigations [54], were able to provide a perfect validation of the Model
Law deduced in this article.

If desired, instead of a geometric similarity of the cross sections (prototype-model),
the variables (δy steel ,δz steel) will help us to be able to design models with different wall
thicknesses along the two coordinates (y, z), respectively to ensure different area model
(Atr,A′ lat,A′′ lat), obviously with the strict compliance of the scales of these variables im-
posed by the elements of the Model Law.

The existence of (λx steel) among the elements of the A matrix also provides us with
the opportunity (if necessary) to choose another material for the model in order to reduce
the cost price of making and/or testing the model.

Considering of (Q), respectively
( .

Q
)

, as an independent variable, also ensures a
great freedom in choosing the strategy of thermal stress of the model compared to that
of the prototype. Considering (∆t) as an independent variable gives the researcher the
opportunity to choose a thermal regime as favorable as possible to load the model in
relation to the prototype.

The case of the rectangular-hole beam, analyzed above, can be extended to bar struc-
tures of the same section, which is uniquely found in all resistance structures used in
construction, such as industrial halls, gyms, shops, houses etc. Obviously, in this case
homologous points and sections of the prototype and the model must be identified, in
order to be able to find the homologous effect of the thermal stress applied to the model
with that of the prototype based on the law of the model.

The existence of the exposure time (τ) to a certain thermal regime in the matrix A,
brings another benefit of using/applying the Modern Dimensional Analysis to the track
heat transfer in structures subjected to fires.

The experimental validation of the Model Law deduced in this article, was performed
in conditions of maximum precision, taking into account the parameters followed, ie those
significant in terms of the behavior of the thermal protection layer. By simulating a fire,
with the help of a stand of their own design, the experimental measurements practically
gave identical results to those of the Model Law.

A very good coincidence of the results was obtained, so the analytical results with the
experimental ones were compared, proving the validity of the deduced Model Law.

Just considering these particular cases of the general Model Law, presented briefly in
the paper, the advantages of the method described in [32,33] are important as compared
to the Classical Dimensional Analysis. To the best knowledge of the authors, a similar
approach of the heat transfer in bars of rectangular-tubular sections has not yet been
performed. The ultimate goal of the detailed presentation of the advantages of MDA is
to encourage engineers in the field to apply this very simple, safe and flexible method in
their research.
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Nomenclature
a Thermal diffusivity (m2/s);
A Area (m2);
Bi Biot number;
cp Constant-pressure specific heat (J/ (◦C kg));
C Heat capacity (J/◦C);
F Force (N);
Fo Fourier number;
g Gravitational acceleration (m/s2);
Gr Grashof number;
l, L Length (m);
Nu Nusselt number;
P Perimeter (m);
Pe Péclet number;
Pr Prandtl number;
Q Heat (J);
.

Q Heat rate (W);
Re Reynolds number;
St Stanton number;
t, T temperature (◦C);
V volume (m3);
w velocity (m/s);
S .

Q
, SLz , S∆t, Sτ , Sλx steel

, Sς -scale factor corresponding to the sizes indicated in the index.

Greek symbols
α Convection heat transfer coefficient (W/(m2 ◦C));
β Coefficient of volume expansion (◦C)−1;
δ Thickness (m);
∆ Variation;
η Dynamic viscosity (kg/ ms);
λ Thermal conductivity (W/(m ◦C));
ν Kinematic viscosity (m2/s);
ρ Density (kg/m3);
ς Shape factor (m−1);
τ Time, shear stress (s, N/m2);
∇ Nabla operator.
Subscripts
x, y, z Directions.

Appendix A

π1 =
.

Q ·Q−1 · L0
z · ∆t0 · τ1 · λ0

x ot · ς0 =

.
Q · τ

Q
= 1 ⇒

S .
Q
· Sτ

SQ
= 1 ⇒ S .

Q
=

SQ

Sτ
(A1)

π2 : SAtr =
SLz

Sς
(A2)
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π3 : SA′ lat
=

SQ · SLz

S∆t · Sτ · Sλx steel

(A3)

π4 : SA′′ lat
=

SQ

S∆t · Sτ · Sλx steel · Sς
(A4)

π5 : SLx =
SQ

S∆t · Sτ · Sλx steel

(A5)

π6 : SLy =
1
Sς

(A6)

π7 : Sδy steel =
1
Sς

(A7)

π8 : Sδz steel = SLz (A8)

π9 : Scp air =

(
SQ

)2

(S∆t)
3 · (Sτ)

4 ·
(
Sλx steel

)2 (A9)

π10 : SCair =
SQ

S∆t
(A10)

π11 : SCsteel =
SQ

S∆t
(A11)

π12 : Sax air =
SLz

Sτ · Sς
(A12)

π13 : Say air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A13)

π14 : Saz air =
S .

Q

S∆t · Sτ · Sλx steel · Sς
(A14)

π15 : Sρair =
(S∆t)

3 · (Sτ)
3 ·

(
Sλx steel

)3 · Sς(
S .

Q

)2
· SLz

(A15)

π16 : Sρsteel =
(S∆t)

3 · (Sτ)
3 ·

(
Sλx steel

)3 · Sς(
S .

Q

)2
· SLz

(A16)

π17 : Sλy steel =
S .

Q
· Sς

S∆t
(A17)

π18 : Sλz steel =
S .

Q

SLz · S∆t
(A18)

π19 : Sνx air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A19)

π20 : Sνy air =
S .

Q

S∆t · Sτ · Sλx steel · Sς
(A20)
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π21 : Sνz air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A21)

π22 : Sαnx steel =
S .

Q
· Sς

SLz · S∆t
(A22)

π23 : Sαny steel =
Sλx steel

SLz

(A23)

π24 : Sαnz steel = Sλx steel · Sς (A24)

π25 : Sηx air =
(S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2 · Sς

S .
Q

(A25)

π26 : Sηy air =
(S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2

S .
Q
· SLz

(A26)

π27 : Sηz air =
(S∆t)

2 · (Sτ)
3 ·

(
Sλx steel

)2 · Sς

SQ
(A27)

π28 : Sβair/steel =
1

S∆t
(A28)

π29 : SCrit01 =
(SLz)

2 · S∆t · Sτ · Sλx steel · Sς

SQ
(A29)

π30 : SCrit02 =

(
SQ

)2 · Sς

SLz · (S∆t)
2 · (Sτ)

2 ·
(
Sλx steel

)2 (A30)

π31 : SCrit03 =
S∆t · Sτ · Sλx steel

SQ · SLz · (Sς)
2 (A31)

π32 : SPrx air =
SQ · Sς

S∆t · Sτ · Sλx steel

(A32)

π33 : SPry air =
1

SLz · Sς
(A33)

π34 : SPrz air = SLz · Sς (A34)

π35 : SGrxair =

(
SQ

)2

(SLz)
2 · (S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2 (A35)

π36 : SFoxair =
SLz · (S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2(
SQ

)2 · Sς

(A36)

π37 : SFoyair =
SQ · SLz · (Sς)

2

S∆t · Sτ · Sλx steel

(A37)

π38 : SFoz air =
SQ

(SLz)
2 · S∆t · Sτ · Sλx steel · Sς

(A38)

π39 : SRex air =
SQ

SLz · S∆t · Sτ · Sλx steel

(A39)
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π40 : SRey air =
S∆t · Sτ · Sλx steel

SQ · Sς
(A40)

π41 : SRez air =
SLz · S∆t · Sτ · Sλx steel

SQ
(A41)

π42 : Sρpaint =
(S∆t)

3 · (Sτ)
5 ·

(
Sλx steel

)3 · Sς(
SQ

)2 · SLz

(A42)

π43 : Sλx paint = Sλx steel (A43)

π44 : Sλy paint =
SQ · Sς
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π9 : Scp air =

(
S .

Q

)2

(S∆t)
3 · (Sτ)

2 ·
(
Sλx steel

)2 (A59)

π10 : SCair =
S .

Q
· Sτ

S∆t
(A60)

π11 : SCsteel =
S .

Q
· Sτ

S∆t
(A61)

π12 : Sax air =
SLz

Sτ · Sς
(A62)

π13 : Say air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A63)

π14 : Saz air =
S .

Q

S∆t · Sτ · Sλx steel · Sς
(A64)

π15 : Sρair =
(S∆t)

3 · (Sτ)
3 ·

(
Sλx steel

)3 · Sς(
S .

Q

)2
· SLz

(A65)

π16 : Sρsteel =
(S∆t)

3 · (Sτ)
3 ·

(
Sλx steel

)3 · Sς(
S .

Q

)2
· SLz

(A66)

π17 : Sλy steel =
S .

Q
· Sς

S∆t
(A67)

π18 : Sλz steel =
S .

Q

SLz · S∆t
(A68)

π19 : Sνx air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A69)

π20 : Sνy air =
S .

Q

S∆t · Sτ · Sλx steel · Sς
(A70)

π21 : Sνz air =
S .

Q
· SLz

S∆t · Sτ · Sλx steel

(A71)

π22 : Sαnx steel =
S .

Q
· Sς

SLz · S∆t
(A72)

π23 : Sαny steel =
Sλx steel

SLz

(A73)

π24 : Sαnz steel = Sλx steel · Sς (A74)

π25 : Sηx air =
(S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2 · Sς

S .
Q

(A75)

π26 : Sηy air =
(S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2

S .
Q
· SLz

(A76)
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π27 : Sηz air =
(S∆t)

2 · (Sτ)
2 ·

(
Sλx steel

)2 · Sς

S .
Q

(A77)

π28 : Sβair/steel =
1

S∆t
(A78)

π29 : SCrit01 =
(SLz)

2 · S∆t · Sλx steel · Sς

S .
Q

(A79)

π30 : SCrit02 =

(
S .

Q

)2
· Sς

SLz · (S∆t)
2 ·

(
Sλx steel

)2 (A80)

π31 : SCrit03 =
S∆t · Sλx steel

S .
Q
· SLz · (Sς)

2 (A81)

π32 : SPrx air =
S .

Q
· Sς

S∆t · Sλx steel

(A82)

π33 : SPry air =
1

SLz · Sς
(A83)

π34 : SPrz air = SLz · Sς (A84)

π35 : SGrx air =

(
S .

Q

)2

(SLz)
2 · (S∆t)

2 ·
(
Sλx steel

)2 (A85)

π36 : SFox air =
SLz · (S∆t)

2 ·
(
Sλx steel

)2(
S .

Q

)2
· Sς

(A86)

π37 : SFoy air =
S .

Q
· SLz · (Sς)

2

S∆t · Sλx steel

(A87)

π38 : SFoz air =
S .

Q

(SLz)
2 · S∆t · Sλx steel · Sς

(A88)

π39 : SRex air =
S .

Q

SLz · S∆t · Sλx steel

(A89)

π40 : SRey air =
S∆t · Sλx steel

S .
Q
· Sς

(A90)

π41 : SRez air =
SLz · S∆t · Sλx steel

S .
Q

(A91)

π42 : Sρpaint =
(S∆t)

3 · (Sτ)
3 ·

(
Sλx steel

)3 · Sς(
S .

Q

)2
· SLz

(A92)

π43 : Sλx paint = Sλx steel (A93)
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π44 : Sλy paint =
S .

Q
· Sς

S∆t
(A94)

π45 : Sλz paint =
S .

Q

SLz · S∆t
(A95)

π46 : Sαnx paint =
S .

Q
· Sς

SLz · S∆t
(A96)

π47 : Sαny paint =
Sλx steel

SLz

(A97)

π48 : Sαnz paint = Sλx steel · Sς (A98)

π49 : Sδy paint =
1
Sς

(A99)

π50 : Sδz paint = SLz (A100)
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