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1. Introduction

A central role in the study and generation of fractal sets is played by the concept
of iterated function systems (IFSs), which was introduced in its present form in 1981 by
Hutchinson [1] and popularized by Barnsley [2]. An IFS consists of a complete metric
space (X, d) and a finite family of Banach contractions fi, ..., f; : X — X. Such a system
induces a set function, known as the Hutchinson operator, Fs : Py (X) — Pep(X), which is
defined by

Fs(B) = | fx(B),
k=1

forall B € P.p(X), where P, (X) stands for the family of all nonempty and compact subsets
of X. On the complete metric space formed by P, (X) and the Hausdorff-Pompeiu metric &,
the set function Fs is a Banach contraction; therefore, by the contraction mapping principle,
it admits a unique fixed point, denoted by Ag, which is called the attractor of the IFS. Such
attractors are also known as Hutchinson-Barnsley fractals. For very recent research in this
direction, see [3]. Iterated function systems have applications in various domains such as
engineering sciences, medicine, forestry, economy, human anatomy, physics, and especially
in fractal image compression.

In an effort to extend the theory of fractal sets, in 2008, Miculescu and Mihail [4,5]
introduced the concept of generalized iterated function system (GIFS) of order m, which
comprises a finite family of Banach contractions defined on the finite Cartesian product
X" with values in X. They proved that such a system has a unique attractor and studied
several of its properties. In 2012, Strobin and Swaczyna [6] extended these results to the
more general case of a GIFS consisting of ¢-contractions rather than Banach contractions.
The GIFS turns out to be an effective generalization of the classical IFS, since Strobin [7]
proved that for any m > 2, there exists a Cantor subset of the plane which is an attractor of
some GIFS of order m, but it is not the attractor of any GIFS of order m — 1.
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We present a further generalization of the Hutchinson-Barnsley theory of iterated
function systems by considering GIFSs consisting of ¢-contractions on b-metric spaces. Our
purpose is to see if the results concerning the attractors of GIFSs on metric spaces from [6]
can be extended to this more general setting. Known as quasimetric spaces (see [8]), b-metric
spaces represent a generalization of the metric spaces obtained by relaxing the triangle
inequality. Every metric space is a b-metric space, but the converse is not true. The sequence
space [ (R) under the b-metric d : IP(R) x IP(R) — [0, 00), given by

d(x,y) = (ily”) ,

forall x = (x4)n, ¥ = (Yn)n € IP(R) and the Lebesgue space L”([0,1]) under the b-metric
d: LP([0,1]) x LP([0,1]) — [0, c0), given by

atxy) = ([ 10 - v ) g

forall x = x(t),y = y(t) € LP([0,1]), when p € (0,1), are classical examples of b-metric
spaces that are not metric.

In recent years, an intensive study of b-metric spaces has been carried out, which was
mainly concentrated on transposing various topological properties and fixed point results
to this framework (see, for example, Refs. [9-12]). A great survey on the origins and early
developments of b-metric spaces can be found in [8]. One can endow a b-metric space with
a topology in the usual way, but it is worth mentioning that in this setting, the distance
function may not be continuous and open balls are not necessarily open sets.

In this paper, we prove that a GIFS admits a unique attractor (Theorem 5) and, under
certain conditions, it depends continuously on parameters (Theorem 7) when it is defined
on a b-metric space. Our results fall within the line of research that aims to expand the class
of attractors of iterated function systems by adopting a wider framework for the spaces
on which the contractions are defined. We provide two examples of GIFSs defined on a
concrete b-metric space and find the corresponding attractors.

2. Preliminaries and Definitions

In this section, we present the notations and some of the standard facts on b-metric
spaces. We also introduce the notion of a GIFS in the context of b-metric space.

Definition 1. Let X be a nonempty set and s > 1. We say that a function d : X x X — [0,00) is
a b-metric if it satisfies the following properties:
(i) d(x,y) =0ifand only ifx =y,
(ii) d(x,y) =d(y,x),
(iii) d(x,y) <s[d(x,z) +d(z,y)],
forall x,y,z € X.
The triplet (X, d, s) is called a b-metric space.

The third condition (iii) is called the s-relaxed triangle inequality.

Remark 1. Every metric space is a b-metric space (with s = 1), but the converse is not true. There
exist b-metric spaces that are not metric.
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Example 1 ([9]). Let X = {O, 1, %, , %,. .. } and d : X x X — [0, 00) be defined by

0 ifx=y

1 if x #y € {0,1}

[x —y| ifx;éye{O}U{%:nzl,Z,...}
4 otherwise.

d(x,y) =

Then, d is a b-metric on X with s = %, but it is not a metric on X.

Definition 2. Let (X, d,s) be a b-metric space. A sequence of elements (x ), C X is said to be

(i) convergent if there exists x € X such that nl% d(xy,x) =0;

(i1) Cauchy if n/grl}ood(xn,xm) = 0, i.e., for every ¢ > 0 there exists Ny € N such that
A(xp, xm) < ¢ foralln,m € Nwithn,m > Ng.

We say that (X, d, s) is a complete b-metric space if every Cauchy sequence from (X, d, s) is
convergent.

Definition 3. Let (X,d,s) and (Y,p,r) be two b-metric spaces. A function f : X — Y is
continuous if for every (x,), C X and x € X such that nlgn Xn = X, we have nlgn fxn) = f(x).

Even though in a b-metric space the distance function may fail to be continuous and
open sets may not be open (see [9]), many of the topological properties of sequences and
sets typical of metric spaces remain valid in this more general setting.

Proposition 1. Let (X, d,s) be a b-metric space and A C X. If we define A to be the intersection
of all closed subsets of X, then x € A if and only if there exists a sequence (x,), C A such that
nlgn d(x,,x) =0.

Theorem 1. Let (X, d,s) be a b-metric space and A C X be a nonempty subset.

(i) A is compact if and only if A is sequentially compact.
(ii) If A is compact, then A is totally bounded.

Since in a b-metric space, the distance function need not be continuous, for the second
part of our paper, we need the following concept.

Definition 4. Let (X, d, s) be a b-metric space. The b-metric d is called lower semicontinuous if for
any (Xn)n, (Yn)n C X and x,y € X such that d(x,, x) - 0,d(yn,y) =0, it follows that

d(x,y) < liﬂicgfd(xn,yn).

Let (X, d,s) and (Y, p, r) be two b-metric spaces and f : X — Y. The Lipschitz constant
of f is, by definition,

Lip(f) = inf{c > 0: p(f(x), f(y)) < cd(x,y);x,y € X}.

If Lip(f) < 1, then f is said to be nonexpansive.

For a function f : X — X and n € N, by f["l we denote the composition of f by itself
n times. By fl%, we mean the identity function Idx : X — X.

We say that ¢ : Ry — R, is a Browder comparison function if ¢ is right continuous,
nondecreasing and ¢(t) < t for any ¢t > 0.

Remark 2 ([13]). If ¢ : R1 — R isa Browder comparison function, then ¢ is upper semicontinuous,
ie., forany xo > 0and (x,), C Ry such that lgll Xy = X, we have lim sup ¢(x,) < @(x0).
n—eo n—sco
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Definition 5. Let (X, d,s) and (Y, p,r) be two b-metric spaces. A function f : X — Y is called a
@-contraction if there exists a Browder comparison function ¢ : Ry — R such that

p(f(x), f(y)) < @(d(x,y))
forall x,y € X.

The following result is a known fixed point theorem for b-metric spaces.

Theorem 2 ([10]). Let (X,d,s) be a complete b-metric space. If f : X — X is a ¢p-contraction,
then f is Picard, i.e., f has a unique fixed point x* € X and nlgn fM(x) = x* forall x € X.

As in the metric case, one can easily prove the following lemma.

Lemma 1. Let (X, d,s) be a complete b-metric space and f : X — X. Suppose that there exists
p € N such that fP) is Picard. Then, f is Picard.

Proof. Since fV! is Picard, there exists a unique x* € X such that f P (x*) = x* and for any
x € X, we have

lim (f[p]>[n](x) =x"

n—oo
Then,
fa) = [Pty = fPL(F(x),
so x* = f(x¥).
If there exists y* € X such that y* = f(y*), then

y=f) = Ay == P,

hence, x* is the unique fixed point of f.
Foranyie€ {0,1,...,p —1} and x € X, we have

lim FIPF] (%) = Tim (f[P])[k} (Fil(x)) = x*.

k—c0 k—o0

O

Throughout this paper, we will write P, (X) for the family of all nonempty and
compact subsets of the b-metric space (X, d, s). The Hausdorff~Pompeiu b-metric on P (X)
is defined by

h(D,G) = max{ sup inf d(x,y),sup inf d(x,y) ¢,
xeD yEG }/GG xeD

forall D,G € Pey(X).
It is known that if (X, d, s) is complete, then (Pc;(X), h,s) is a complete b-metric space.

Proposition 2 ([14]). Let (X,d,s) be a b-metric space. For all (A;)ic1, (B;)ic1 € Pep(X) such

that J A;, U B; € Pep(X), we have
iel i€l

h (U A,‘, U Bz) < sup h(Al', Bl>

icl el i€l
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dmx((f(xl), .

Let (X, d, s) be a b-metric space and m € N. It can be readily verified that the Cartesian
product space X" = X x X x ... x X is a b-metric space with the same constant s under
—_——

m
the maximum distance function:

Amax (X1, -+, xm), (Y1, -« ym)) = max{d(xy,y1), ..., d(Xm, Ym)},

forall (x1,...,xm), (Y1,... ,ym) € X™.
We mention the following known result concerning the existence and uniqueness of
fixed points for mappings defined on Cartesian products of metric spaces.

Theorem 3 ([15]). Let (X, d) be a complete metric space and f : X™ — X such that

A(f(x1, o Xm), (X2, Xmy1)) < q1d(x1, X2) + -+ Gud (X, Ximr1),

forallxq,... ,xy41 € X, where qq, ... ,qm > Osuchthat gy + ...+ qm < 1.
Then, there exists a unique x* € X such that f(x*,... ,x*) = x*. Moreover, for every x1,... ,Xm €
X, the following sequence of iterates

Xt+m = f(xk/' o Xkpm—1),k €N

converges to x*.

For the connection between multidimensional fixed point theorems and the classical
fixed point theorems, one can consult [16] and [17].

Definition 6. Let (X,d,s) be a b-metric space, m,n € N and consider a finite family of ¢-
contractions fi,..., fn : X™ — X. The pair S = ((X,d,s),{f1,.-., fu}) is called a GIFS of
order m on X.

Note that if, for each i € {1,...,n}, f; is a ¢-contraction with a function ¢;, then it is
also a g-contraction with ¢ := max{¢1,..., ¢u}.

One can associate with a GIFS S, a set function Fs : Py (X)™ — Pep(X), also known as
the Hutchinson operator, given by

FS(Dlr--~ ,Dm) = Ofk(Dl X ... X Dm) = O{f(xl,... ,xm) X € Di,i S {1, ,T’I”Z}},
k=1 k=1

fOl‘ al]. Dl,... ,Dm S PCP(X)'

3. Results

In this section, our main results are stated and proved.

3.1. The Existence of the Attractor

This subsection is devoted to the study of the existence and uniqueness of attractors
for GIFSs on b-metric spaces. The proofs are similar in spirit to those given in [6].

Lemma 2. Let (X,d,s) be a b-metric space and x',y' € X" fori € {1,... ,m}. If f: X" — X
is a g-contraction, then

SEM) (FOD - ™)) < g (max{dumax (25, dar (375" ).

Proof. Foranyi € {1,...,m}, since f is a ¢-contraction and ¢ is nondecreasing, we have

ACF(), F(5)) < @ldar(x', ) < @(max{duax (¢, y1) o s (27 y™) } ).
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Hence,

max{d(f(x), f4")), .. d(FG"), ™) } < @(max{dmax(x, 9", . dnar (67 5™ } ).

O

Let (X, d, s) be a b-metric space. Consider a mapping f : X" — X and letk : X" — X"
be given by
k(x1, ..o, xm) = (X2, .., Xm, f(X1,.-. , Xm))

forall xq,...,x, € X.
It can be easily verified that k is nonexpansive whenever f is nonexpansive.

Theorem 4. Let (X, d,s) be a complete b-metric space. If f : X™ — X is a ¢p-contraction, then f
has a unique fixed point, i.e., there exists a unique & € X such that « = f(«,... ,a). Moreover, if
forxi,...,xm € X, welet xgp = f(Xg, ..., Xkym—1), k € N, then the sequence (xy)y converges
to «.

Proof. Let ¢ : X — X be the map defined by g(x) = f(x,...,x) for all x € X. Then, since
g is a g-contraction, by Theorem 2, we infer that there exists a unique « € X such that

We see that f is nonexpansive, since d(f (%), f(V)) < ¢(dmax(X,¥)) < dmax(X, ), for
allx, 7 € X™ with ¥ # y. Hence, k is also nonexpansive.
Consider ¥ = (x1,...,xu), ¥ = (y1,...,ym) € X" Letx! = x,y' = ¥ and for
ie{l,...,m—1}, define
At — k(xi)’yiJrl _ k(yl)

Note that
x2 = k(xl) =k(x1,...,xm) = (x2,... ,xm,f(xl)),

= k(xz) =k(xp,... ,xm,f(xl)) = (x3,... ,xm,f(xl),f(xz)),

so, by induction, we obtain

= (e X £, F(),

X

and similarly, 4 A
Y= Wi Y f) - f)
foralli e {1,...,m —1}. We see that

kM (z) = k= k(x1)) = k=10 (%) = k=2 (k(x2)) = k"2 (63) = .. = k(x™),

skl (T) = k(x™) = (F(x"),..., f(x™)) and likewise k") (7) = k(y™) = (F(y"), .., F(y™))-

From the fact that k is nonexpansive, it follows that
Amax (xi/ yi) = dmax (k(xiil )/ k(y’;l)) << dpax (7/ y)/
therefore, in view of Lemma 2, we deduce that

s (K" ), K 9)) = s ( (£, £ GM)), (FOD, o ) <
< (p(max{dmux(xl,yl),... ,dmax(xm,ym)}) < @(dmax (X, 7)),
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so k" is a g-contraction and thus a Picard operator. By Lemma 1, this implies that k is
Picard. Therefore, there exists uniquely (B1,...,Bm) € X" such that

(Biree s Bm) = k(B ) = (B2 B f(B1s- - Bim)),
sofr=...=Bm=a=f(a,...,ua).

Using the definition of (xy ), we deduce that
k(x,. o xm) = (%2, -+, X, X1)

K2 (xy, o ) = (X3, X1, Xmg2)
and
k[l’l—l] (xlr sy xm) — (xn/ ceey xn+m72r x?H»mfl)

for n € N. Finally, since k is Picard, it then follows that

(a,...,0) = }}glgok[”*” (X1,.0. ,Xm) = r}ggo(xn,... yXntm—1),

and we conclude that lim x, = «. O
n—,oo

Lemma 3. Let (X,d,s)and (Y, p,r) be two b-metric spaces. If f : X — Y is a @-contraction, then
the set function Fy : Pop(X) — Pep(Y) given by F¢(D) = f(D) for any D € Pp(X) isalsoa
@-contraction (with the same @), i.e.,

h(f(D), f(G)) < ¢(h(D, G)),
forall D,G € Pep(X).

Proof. Let us first show that ¢(inf A) = inf(¢(A)) for any bounded subset A C R. This
follows from the following two observations.
By the definition of infimum, there exists a sequence (1), C A such that Jim p(uy) =

inf(¢@(A)). Since inf A < u, and ¢ is nondecreasing, we have that ¢(inf A) < ¢(u,) for all
n € N, therefore ¢(inf A) < nlgn ¢(up), and

p(inf A) <infe(A). 1)
There exists a sequence (v,), C A such that nh_r)r;o v, = inf A. Since inf ¢(A) < ¢(vy,)
forall n € N and ¢ is upper semicontinuous, we have

inf ¢(A) < limsup ¢(v,) < @(infA),

SO
infg(A) < @(inf A). 2)

By (1) and (2), we deduce that ¢(inf A) = inf ¢(A) for any bounded A C R.
Now, let D, G € PCP(X ) and x € D. On account of the above remark, we have

inf ¢(d(x,y)) = ¢(inf d(x,y)) = ¢(d(x, G)) < ¢(supd(x,G)) < ¢(h(D, G)),
ye ye xeD

which implies that

inf o(f(x), f(y)) < inf ¢(d(x,y)) < ¢(h(D, G)),
yE yE

SO

sup inf p(f(x), f(y)) < ¢(h(D,G)).
xeDYEG
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By a similar argument, we can prove that

sup inf p(f(x), f(y)) < ¢(h(D,G)),
xeGY€ED

thus

h(f(D), f(G)) = maX{SuP inf p(f(x), f(y)), sup inf P(f(X),f(y))} < ¢(h(D, G)).

xeDYEG xeG YeD

O

Lemma 4. If (X,d,s) is a b-metric space, then
h(Dl X ... X Dm,G1 X ... X Gm) < max{h(D1,G1),... ,h(Dm,Gm)},

forall Dy,...,Du,Gi,...,Gn € Pep(X).

Proof. The justification of this claim is based on the definition of the Hausdorff-Pompeiu
b-metric and the following two facts:

inf max{xy,..., X, } = max{inf Xy, ... ,inf X, } (3)
X1 €X1 e Xm € Xom

and
sup max{xy,..., X, } = max{sup Xy, ... ,sup X } 4)

X1€X1,...,Xm€Xm

for any bounded subsets Xj,... , X, C R.
Let us prove (3). One can prove (4) in much the same way. Fix x; € X1, ... ,x € X
Then
infX; < x; <max{xy,...,xm},

foralli € {1,...,m}, hence max{inf Xy, ... ,inf X;,} < max{xy,...,xm}, so

max{inf Xy, ... ,inf X, } < inf max{xy,...,Xm}
X1 E€EX e X € X

If it were true that

max{inf Xy, ... ,inf X; } < inf max{x1,...,Xm},
X]EXl,..‘,XmEXm

there would be p > 0 such that

max{inf Xy, ... ,inf X} <p < inf max{xy,...,Xm}
X1 E€EX e X € Xy

This means that inf X; < p, ... ,inf X;; < p, so we find x%) € Xq,... ,x% € Xy satisfy-
ingxY <p,...,x9 <p,and so max{xy,... 20} <p.
This implies that

o< inf max{xy,... ,Xm} < max{x?,. .. ,xom} <p,
X1 E€EXq e X € X

which is impossible. Therefore, (3) must be true.
We now proceed to show that

]’Z(Dl X ... X Dm,G1 X ... X Gm) S max{h(Dl, Gl)/- .. ,h(Dm,Gm)}
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forall Dy,...,Dw,Gi,...,Gu € Pep(X). Observe thatif x; € Dy,...,x; € Dy, then

yleGl,{ljl,fymeGm max{d(x1,y1), ..., d(Xm, ym)} = max{yllg(fg1 d(x1,11),--- ,y;g(f;m d(xm,ym)}

=max{d(x1,G1),...,d(xm, Gnu)} < max{h(Dy,G1),...,h(Dwm,Gn)},

which leads to

sup inf max{d(x1,y1),... ,d(Xm,ym)} < max{h(D1,G1),... ,h(Dm, Gm)},
X1€D1,... X €Dy Y1EC 1w Ym EGim

implying that
sup Amax (X1, .., %m), Gy X ... X Gy) < max{h(D1,Gy),... ,h(Dp, Gm)}.

XIEDlr---/meDm

The same reasoning can be used to conclude that

sup Amax((Y1, -+ ,Ym), D1 X ... X Dy) < max{h(D1,Gy),... ,h(Dm, Gm)},
yleGl,...,ymeGm

and the proof is complete. [

Corollary 1. Let (X,d,s) be a b-metric space and S = ((X,d,s),{f1,..., fu}) a GIFS of order
mon X. Ifeach f; : X™ — X, i € {1,... ,n} is a ¢-contraction, then Fs is a ¢-contraction (with
the same @).

Proof. We have

h(Fs(D],... ,Dm),Fs(Gl,... ,Gm)) = h(o fk(Dl X ... X Dm), LnJ fk(Gl X ... X Gm)>
k=1 k=1

< sup h(fx(D1X...xDy), fr(G1 X ... x Gp))
ke{1,...,n}

< @(h(Dy X ... X Dy, Gy X ... X Gpy))
< ¢(max{h(D1,Gy1),... ,h(Dm, Gm)}),

forall Dy,..., D, Gy,...,Gu € Pp(X). O
Combining Theorem 4 and Corollary 1, we obtain the following result.

Theorem 5. If (X, d,s) is a complete b-metric space and S = ((X,d,s),{f1,..., fu}) is a GIFS of
order m on X, then there exists a unique Ag € Pep(X) such that Fs(As, ..., As) = Ag. Moreover,
forany Dy, ..., Dy € Pey(X), the following sequence of iterates

Diym = Fs(Dy, -+, Digm-1),k €N
converges to Ag with respect to the Hausdorff~Pompeiu b-metric h.

3.2. The Continuous Dependence of the Attractor on Parameters

In this subsection, we present a theorem concerning the continuous dependence of the
attractor of a GIFS on parameters.

Theorem 6 ([18]). Let (X,d,s) be a b-metric space, (K, dx) be a compact metric space and denote
by C(K, X) the family of all continuous functions from K to X. Then

(i) (C(K, X),dss,s) is a b-metric space, where

doo(f, &) = supd(f(x), g(x)),

xeK
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forall f,g € C(K, X).
(ii) If (X, d,s) is complete and d is lower semicontinuous, then (C(K, X),dwo, s) is complete.

We omit the proof of the following lemma since it is identical to that from the metric
case.

Lemma 5. Let (X,d,s) and (Y, p,r) be b-metric spaces and f : X — Y. Then, f is continuous if
and only if f| 4 is continuous for any compact subset A C X.

Following the steps of Theorem 3.2 in [19], we prove the following result.

Proposition 3. Let (X,d,s) be a complete b-metric space and suppose that d is lower semicontin-
uous. If fu : X = X, n € Nis a sequence of ¢-contractions (with the same @) that converges
pointwise to a function f : X — X, then f is a @-contraction (with the same @), and the sequence
of fixed points of f,, converges to the fixed point of f.

Proof. We have d(f,(x), fx(y)) < @(d(x,y)) forall x,y € X and n € N, so
liminfd(f(x), fu(y) < p(d(x,y). )
Since d is lower semicontinuous and
A(fa(x), F(2)) = 0,d(faly), F(1)) =0,

we can assert that

d(f(x), f(y)) < liminfd(fu(x), fu(y)) < ¢(d(x,y))-

Let « be the unique fixed point of f and &, be the unique fixed point of f,, where
n € N. We want to prove that nh_r)r(}o Ky = Q.

Set A = {%, ne N} U {0}. Note that A endowed with the usual distance becomes a
metric space. Define F: A x X — X by

{PGx)=ﬁu>

F(0,%) = f(x)

—~

foralln € N,x € X. Note that ILI’II F(%,x) = F(0,x) forallx € X. Let! : A — X be
n o)

defined by ( 1 )
I
Ui

for all n € N. We shall have completed the proof if we prove that [ is continuous, because

Xn
44

lim a, = lim l<1> =1(0) = a.

n—oo n—oo n

Fix a nonempty compact subset 3 C A. By Lemma 5, it suffices to prove that [ is
continuous on Q). Let Tg : QO — X be defined by (Tg)(A) = F(A,g(A)) forall A € Q) and
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g € C(Q, X). Since F is continuous in the first variable and nonexpansive in the second
variable, F is continuous. Indeed, this follows from

d(F(Aq,x1),F(Ag,x2)) < s[d(F(Aq,x1),F(Ag,x1)) +d(F(Ag, x1), F(Az, x2))]

= s[d(F) (50) 1 () 4 (30), . (3)|

1 2 A2 2

<07 () £ () + o 32)

1

forall A1, Ay € A and x1, xp € X. Consequently, Tg € C(Q, X) for any g € C(Q), X).
Now, for g, h € C(Q), X) and A € ), we have

d((Tg)(A), (Th)(A)) = d(F(A,g(A)), E(A, h(A))) < ¢(d(g(A), h(A))) < ¢(deo(8, 1)),

thus deo(Tg, Th) < ¢(de(g,h)), ie., T is a ¢-contraction. By Theorem 6, we know that
(C(Q, X),dw, s) is complete. Accordingly, there exists a unique g* € C(Q), X) such that

F(Ag* (1)) = f1(g"(\), A £0

&N =T = { F(0,5*(0)) = f(g°(0)), A =0~

thus
01 ——l/\,)\;:éO
g*(A)—{A ()

a=10),Ar=0"

for any A € ), which implies that g = I|. Since ¢* is continuous, we infer that /|, is
continuous, hence, in view of Lemma 5, [ is continuous. [

Corollary 2. Let (X,d,s) be a complete b-metric space and suppose that d is lower semicontinuous.
If fu : X™ — X, n € Nis a sequence of g-contractions (with the same ¢) that converges pointwise
to f: X™ — X, then f is also a @-contraction (with the same @) and the sequence of fixed points of
fn converges to the fixed point of f.

Proof. Since f is a ¢-contraction, for every n € N, we have that

d(fn(X), fu(¥)) < ¢(dmax (X, 7)),

hence

Hminfd(f, (%), fa(¥)) < ¢(dmax (%, 7)), (6)

forallx,y € X™. Since d(f,(%), f(X)) —0,d (@), f(¥)) —0Oand d is lower semicontinu-

ous, we have

(), F7)) < limintd(£2(3), (7)) S @ldax(®, 7)),

forallx,y € X™, so f is a ¢-contraction.

Define g, g : X — X by gn(x) = fu(x,...,x) and g(x) = f(x,...,x) forany x € X
and n € N. Since g and g, are ¢-contractions, by Theorem 1, we infer that there exist
uniquely &, &, € X such that g(a) =a = f(a,... ,a) and gn(an) = ay = fu(an, ..., a) for
all n € N. Now, using Proposition 3, we deduce that nlgrolo ap, =a. O

Lemma 6. Let (X,d,s) and (Y, p,s) be two complete b-metric spaces such that p is lower semicon-
tinuous. If f, : X = Y, n € Nis a sequence of gp-contractions (with the same @) that converges
pointwise to f : X — Y on a dense subset of X, then (f,,), converges uniformly on compact sets

to f.
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Proof. As in the proof of Proposition 3, we obtain that f is a ¢-contraction, so

p(f(x), f(y) < e(d(x,y)) <d(x,y)

forall x,y € X.
Set A = {x €X: fulx) = f(x)} and note that A = X. Let K C X be a compact
n
set and ¢ > 0. Since K is compact, by Theorem 1, we know that there exist p € N and

p
X1,.-.,Xp € Ksuch that K C ing(xi/m)-

Since A = X, there exist yy, ... JYp € Awithy; € B(xi,m) foralli e {1,...,p}.

Since Jiilgop(fn(yi),f(yi)) =O0foralli € {1,...,p}, we can find n, € N such that
o(fa(yi), f(yi)) < 55 foralli € {1,...,p}, if n > ne.

Let x € K. Choose i € {1,...,p} such that x € B(xi,m). For any n > n,,
we have

p(fu(2), () < sp(fa(x), fu(yi)) + 520 (fulyi), f(yi) + %0 (f (i), f(x))

€
< (s +5)d(xyi) + 555

< (s +s%)[sd(x, x;) +sd(x;, y;)] + %

IN

€ 5 € €
2+S(“+”(%%s+n‘*%%s+n)
& i
2

=-+-+
which means that (f,), converges uniformly to f on K. [

Lemma?7. Let (X,d,s) bea complete b-metric space and suppose that d is lower semicontinuous. If
fofu: X" — X, n € Nare p-contractions (with the same @) such that (f,)n converges uniformly
to f on compact sets, then

h(fa(Dy X ... X Dp), f(Dy X ... X D)) 70

forany Dy, ..., Dy € Pep(X).

Proof. We have

B(fu(D1 X ... X Dy), f(D1 X ... X Dy)) =

:h( U .- U o)t U - U {f(xl,...,xm)})

X1€D1 XmEDm x1€D1 XmEDm

< sup d(fn(x1,...,xm),f(xl,...,xm));)O

xX1E€D1,... Xy €Dy

forall Dy,..., Dy € Pp(X). O

Lemma 8. Let (X, d,s) be a complete b-metric space such that d is lower semicontinuous. Then,
the Hausdorff~Pompeiu b-metric h is also lower semicontinuous.

Proof. Let (Dy)n, (Gu)u € Pep(X) and D,G € Pep(X) such that h(Dy, D) - 0 and
h(Gy, G) — 0. We will prove that

h(D,G) < liminfh(D,, G,) = L.
n—oo
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We begin by proving that d(x,G) < L for any x € D. By the definition of the
Hausdorff-Pompeiu b-metric, for any n € N, there exists x, € D, such that

d(x,x,) < h(D,Dy) + %,

SO ILm d(x,x,) = 0. For any n € N we can find y, € G, such that
n o0

1
d(xnryn) < h(DYl/ Gn) + P

Since h(Dy, D) — 0 and h(Gy, G) — 0, by the s-relaxed triangle inequality, we

deduce that the sequence (h(D;, Gy)),, is bounded, so there exists (11;)x € N such that
klim h(Dy,, Gy, ) = L. From the above, it follows that
—00

1
d(Xn, Yn,) < h(Dyy, Gu) + o~
forall k € N.
We can choose z;, € G, with k € N such that

1
d(Yny, zn,) < h(Gny, G) + %

Since G € Pey(X), there exists a subsequence (anp )p € (zn,)r and z € G such that

r}gglo d(znkp,z) =0.

Then, from

1
d(ynkp,z) < sd(ynkp,znkp) + sd(znkp,z) < sh(Gnkp,G) + sk— + sd(znkp,z),
P
we deduce that
lim d(ynkp,z) =0.

p—ro0

Now, using the fact that d is lower semicontinuous, it follows that

<1,

d(-x/ Z) S lirgrl)glfd(xnkp’ ynkp )

SO
d(x,G) <d(x,z) < hyrlgio?fh(D”’G”)’

leading to sup d(x, G) < liminfh(D,, Gy).
xeD n—,oo
In the same manner, one can prove that supd(y,D) < linl> infh(Dy, Gn); hence,
yeG n—ro0
h(D,G) < liminfh(D,, G,), which is our claim. O

n—oo

Theorem 7. Let (X,d,s) be a complete b-metric space such that d is lower semicontinuous. If
S=((X,d,5),{f1,-..,fn}) and Sy = ((X,d,s), {f{‘, ,f,’f}), k € N, are GIFSs of order m

on X such that (fF)y converges pointwise to f; on a dense subset of X™ for any i € {1,... ,n},
then,
Ag, — Ag,
S 7 As

with respect to the Hausdorff-Pompeiu b-metric h.
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Proof. Combining Lemmas 6-8, we obtain

h(Fs,(Dy,..., D), Fs(Dy,... , D)) =

:h(Cijk(Dlx...xDm),ij(Dlx...xDm))

j=1 j=1

< sup h(ff(D1x...x Dy), fj(D1 X ... X D)) =0,
je{1,... n} k

forall Dy,...,Dy; € PCP(X). By Corollary 2, we deduce that Ag, ? Ag. O

4. Examples

In this section, we present two examples that illustrate Theorem 5.
Example 2. Consider the complete b-metric space ([0,1],d,2), where d : [0,1] x [0,1] — R,

d(x,y) = (x —y)? for all x,y € [0,1] and the Browder comparison function ¢ : R, — R,
@(t) =L forallt > 0. Let f1, f>: [0,1]> — [0, 1] be given by

filtxy) =5 by =2

forall x,y € [0,1].

Then
Aoy, fils 1) =d(3,5) = flc—27 < gmax{ (x— 27 (y — 17}
= 159, 1)

forall x,y,z,t € [0,1], which means that fy is a -contraction. Likewise, one can prove that f is a
@-contraction.

The set function associated with S = (([0,1],d,2),{f1, f2}) is Fs : Pep([0,1])* — Pcp([0,1])
defined by

1 1
Fs(Dy,D2) = fi(Dy x D2) U fo(Dq x Dp) = 5D1UsD,,

for all D1,D, € Pep([0,1]). Let us note that Fs({0},{0}) = {0}. Since the conditions of
Theorem 5 are fulfilled, we conclude that As = {0}.

Example 3. Consider the complete b-metric space ([0,1],d,2), where d : [0,1] x [0,1] — R,
d(x,y) = (x —y)? for all x,y € [0,1] and the Browder comparison function ¢ : R, — R,
¢(t) = fg forall t > 0. Let f1, f> : [0,1]% — [0,1] be given by

filey) = {x+9) flny) = 3 x+y) + 5

forall x,y € [0,1]. Then

(z—i—t)) = (i(x+y) — i(z—i—t))z

N

0 59) ol t) = (),

forall x,y,z,t € [0,1].
Suppose that

Amax((x,7), (2,1)) = max{ (x—2)% (y — t)z} = (x—2)> > 0.
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Note that 1 1
Tl =)+ (- P < e -2 = {(x—2)
and 2
%(x—Z)zﬁ (JC(:;)_H@(X—Z)z'f'l <4

which is true since x,z € [0,1]. Thus, f1 is a ¢-contraction. Likewise, one can prove that fy is a
@-contraction.

The set function associated with S = (([0,1],d,2), {f1, f2}) is Fs : Pep([0,1])? — Py ([0,1])
defined by

Fs(D1,D2) = fi(D1 x D2) U (D1 x Da) = 4 (Dy+ D) U (D1 D) + 3 ),

forall Dy, Dy € Pep([0,1]). Let us note that

R(o1}01) = 3020 (G021 +3) = o7]u([og]+3)
2ol -

Since the conditions of Theorem 5 are fulfilled, we conclude that As = [0, 1].

5. Discussion

In this paper, we studied generalized iterated function systems (GIFSs) in the context
of b-metric spaces. Our results fall within the current effort of extending the classical
theory of Hutchinson—Barnsley fractals. We proved that in this framework, a GIFS admits a
unique attractor and, if the b-metric is lower semicontinuous, the attractor of the GIFS is a
continuous function of the parameters of the GIFS. A possible future direction of research is
the problem of finding the Hutchinson measure for a GIFS with probabilities in this setting
of b-metric spaces.

Since the classes of Matkowski and Boyd-Wong ¢-contractions are incomparable, as
one of the reviewers noted, the following open question arises naturally: is the proposed
method valid for Boyd-Wong ¢-contractions rather than Matkowski contractions?
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