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Abstract: In the framework of efficient water resources management, the hydrological
forecast is the basis of the pertinent management of water resources. Therefore, this study
applies the variational quantum regression (VQR), a novel machine learning approach
inspired by quantum computing principles, to the series of water discharges from a river
in Romania. The models were evaluated against the quantum neural network (QNN)
and other classic artificial intelligence (AI) outputs on the same dataset. Performance
was assessed based on the coefficient of determination (R?), mean absolute error (MAE),
and mean squared error (MSE). VOR outperformed classical neural networks and hybrid
models with respect to MSE and MAE, demonstrating superior accuracy and general-
ization capability. Notably, the models exhibited exceptional skill in capturing monthly
maxima—an area where other models often struggle, underscoring the potential of VQR
as a powerful and reliable tool for hydrological forecasting, particularly in the context of
nonlinear and high-variability data series.
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1. Introduction

Reliable hydrological models and the forecasts provided by them are essential to
understanding the hydrological processes and efficiently manage water resources [1,2].
Accurately simulating hydrological processes across various spatial and temporal scales
remains a central challenge, particularly in the face of increasing climatic variability and
anthropogenic influences [3-5]. Traditionally, hydrological forecasting has relied on physics-
based models (PBMs) and statistical techniques [6-8]. The integration of machine learning
(ML) models in various domains [8-15] has brought transformative potential to hydrologi-
cal modeling [16-21]. By leveraging vast datasets and learning from patterns within them,
Al models can enhance forecasting accuracy, reduce computational demands, and provide
real-time adaptability. ML models are more efficient in computational terms and need a
reduced amount of data and characterization of the studied case when compared to PBMs.

Variational quantum regression (VQR), a variational quantum algorithm (VQA), is
commonly used for regression problems. Its principle is based on the variational method,
where a quantum state with variational parameters is constructed, and classical optimiza-
tion algorithms iteratively adjust these parameters to minimize the difference between an
observable quantity and the target value [22,23]. In VOR, a quantum state (parameterized
by variational parameters) is first prepared, followed by measurements, to obtain the
estimated value of a record. The variational parameters are further updated by a classical

Water 2025, 17, 1836

https://doi.org/10.3390/w17121836


https://doi.org/10.3390/w17121836
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/water
https://www.mdpi.com
https://orcid.org/0000-0003-3528-5264
https://orcid.org/0000-0001-9840-2443
https://doi.org/10.3390/w17121836
https://www.mdpi.com/article/10.3390/w17121836?type=check_update&version=1

Water 2025, 17, 1836

2 0f 22

optimizer that considers the discrepancies between the simulated and target values. The
process is repeated until an optimal solution is found.

The variational quantum circuits (VQCs) involved in quantum computation demon-
strated performance comparable to classical neural networks on supervised and reinforce-
ment learning tasks, utilizing significantly fewer trainable parameters [24-26]. Unlike
classical models, which rely on kernel tricks to manage computational costs, quantum
circuits directly leverage quantum resources to model functions intractable for classical
systems [27]. Although VQCs currently involve longer training durations, their param-
eter efficiency highlights their potential as an alternative with high potential for specific
machine learning applications [28].

Practical implementation of VQR faces challenges. As problem complexity increases,
quantum circuit depth and complexity grow rapidly, exacerbating computational burden
and error accumulation, which can diminish accuracy [29]. Furthermore, selecting appropri-
ate variational forms and optimization algorithms is critical to VQR performance (yet no uni-
versal method exists), requiring problem-specific investigation and fine-tuning [22]. How-
ever, VOR has demonstrated potential in various scientific and industrial domains [30-39].
It offers a promising framework for learning nonlinear and complex mappings in data-rich
environments by exploiting quantum superposition and entanglement, which allows for
more effective modeling of complex patterns compared to classical methods [37].

The bibliographical search on quantum computing applications in Environmental
Sciences and Geosciences returned only a few results [40-43]. Berger et al. [41] identified four
critical areas where quantum technologies could have high-impact applications: simulating
physical systems, combinatorial optimization, sensing, and energy efficiency. Their work
emphasizes the need for interdisciplinary collaboration to explore these opportunities.
Ahmad and Jas [42] introduced a quantum temporal convolutional network model targeting
PM; 5 levels in highly polluted regions. Their approach demonstrated improved predictive
accuracy over traditional models. Grzesiak and Thakkar [43] explored the application
of quantum machine learning in flood prediction, which integrates quantum algorithms
with classical machine learning techniques. Their hybrid model achieved competitive
training times and improved prediction accuracy for daily flood events along Germany’s
Wupper River.

Given the limited literature on hydrological modeling using quantum computing
and the findings that VQR can provide compressed and nonlinear regression mappings
in domains involving signal processing [44] (univariate time series might be considered
nonlinear signals), we developed three VQR-based models for monthly river discharge
data from 1955 to 2010 from the Buzau River (Romania). This study aimed to evaluate
the suitability of VOR for hydrological forecasting by benchmarking the models against
previous results obtained from classical approaches on the same dataset. The motivation
stemmed from the inability of traditional Al and hybrid models to accurately predict
monthly discharge values, especially in months with high water and floods. Our findings
demonstrate that the quantum models outperformed classical neural networks and hybrid
models, highlighting VQR'’s potential advantages in this domain.

2. Materials and Methods
2.1. Study Region and Data Series

The Buzau River (Romania) springs about 1800 m north of the Ciucas Mountains. It
has a direction from north to south and is 334.4 km long [45,46]. The river’s hydrographic
basin (h.b.) (Figure 1) is situated in the eastern part of Romania, within the Carpathian
region, with an area of 5264 km?2. The Buziu River drains into the Siret, a main Danube
tributary.
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Figure 1. (a) The map of Romania, on which is indicated the catchment location, (b) the data series
indicating the subseries S1 and S2, and the aberrant values of S1 and S2.

The river basin altitude varies from 114 m to 1915 m. Upstream Nehoiu, the catchment
is characterized by steep slopes and a predominantly torrential hydrological regime. The
average slope is about 11.7° in the upper and middle of h.b. Some parts of the catchment
are covered by forest, with afforestation coefficients between 23% (Célnau) and 84% (Basca
Mare) [47]. Coniferous, broad-leaved, and mixed forests cover 41% of the study zone.
Approximately 33% of the area is occupied by pastures, arable fields, and orchards [48],
mainly in the southern part. Flysch formations, with heights between 900/1000 and 1700 m,
are found in Carpathian regions. The Subcarpathians are made up of soft rock layers,
mostly marl and clays, and rise to 900 m high. Clay-rich rocks from the Neogene period,
containing minerals like montmorillonite and illite, are common at the surface. These soft
materials cause the slopes’ instability, so landslides often occur. The most frequent types are
shallow slides, deeper rotational slides, and mudflows [49]. The region exhibits a humid
continental climate with significant seasonal and interannual variability in precipitation,
often leading to rapid runoff and frequent flash flood events [50,51].

These hydrological dynamics make catchment a critical area for flood risk assessment
and hydrological modeling. The catchment is relatively well-instrumented, with several
hydrometric stations providing long-term flow and rainfall data, making it a valuable case
study for testing advanced forecasting and modeling techniques [52-54].

Due to its complex topography, heterogeneous land cover, and sensitivity to climate
event variation, the Buzau Catchment has been the focus of numerous hydrological studies,
particularly those related to runoff generation, flood forecasting, and the evaluation of
climate change impacts mountainous water systems [55-57].

The Buzau River has experienced several major flood events over the past decades,
with the most significant ones occurring in 1970, 1972, 1975, 1988, 1991, and 2005. The 1970s
were particularly notable, with eight major floods and the highest average annual peak
discharge for the decade (853 m3/s). In contrast, the following decades—1980-1989 and
1990-2000—saw a marked reduction in flood frequency and intensity. However, this trend
reversed in 2000-2010. The highest flood occurred in July 1975, when the discharge peaked
at 2100 m3/s. In comparison, during the July 2005 floods, the maximum discharge was
significantly lower—925 m3/s—primarily due to the attenuating effect of the Siriu and
Candesti reservoir dams constructed upstream [57]. In January 1984, the dam on the Buzau
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River at Siriu was partially commissioned, with the primary objectives of hydroelectric
power generation and flood control.

The dataset analyzed consists of monthly river flow records spanning January 1955-
December 2010, called S in the following, was divided into subseries S1 and S2, before and
after January 1984. The records originated from the National Institute of Hydrology and
Water Resources Management, where they were checked for accuracy. The series had no
missing values.

Three models were developed: M was trained on data up to January 2005, M1 used
series S1 for training, and M2 was trained on data from January 1984 to December 2005. In
all cases, forecasting was performed on a common test set starting from January 2006. At
the second study stage, other models, Mo, Mo1, and M2o, were built using the anomaly-
filtered version of the series, called So, Slo, and S20. The anomalies are presented in the
Tables from Figure 1. Their detection was presented in detail in article [54]. The training
and test sets covered the same period as in the case of models M, M1, and M2.

2.2. Basic Concept of Variational Quantum Regressor and VQR Structure

The qubit is the equivalent of a bit in classical computing. It is a 2D quantum system
whose state can be written as:

|¢) = «|0) + B[1) (1)

0) = (})) By = (2) @

and the complex numbers & and p satisfy

where

W2+ g2 =1. (3)

VQR is a quantum regression model based on a VQA. By leveraging the parameterized
nature of variational quantum circuits (VQC), VOR achieves nonlinear mapping and opti-
mization of input data, enabling regression tasks [23]. This approach combines quantum
parallelism and classical optimization techniques, aiming to exploit quantum computing’s
potential advantages in high-dimensional feature mapping and computational efficiency,
thereby enhancing regression modeling capabilities.

VQOR relies on the following operations and elements:

e  Feature encoding, which transforms the input data into quantum states;

e  The variational quantum circuit (VQC) that uses parameterized quantum gates to
perform quantum state transformations;

e  Measurement and optimization, which extract output results via quantum measure-
ment and optimize the circuit parameters using classical methods to achieve model
convergence.

VOR performs regression tasks using a parameterized quantum circuit, with its core

structure comprising [58]:

1. Quantum feature encoding: classical input data must be transformed into quantum
states for quantum computation. This encoding process is typically performed using
parameterized quantum gates (e.g., Ry, R, ZZ-interaction gates). For an input x, the
encoding can be represented as the following:

| 9(x)) = Ry(x)0) (4)

where 1 is a state. In multi-qubit systems, quantum entanglement (e.g., ZZ interaction)
can be utilized to enhance feature representation.
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Quantum processing: during this process, a VQC is applied to transform the quantum
state. The VQC serves as the core of the VOR and consists of parameterized quantum
gates and entangling gates akin to the hidden layers in classical neural networks.
The VQC learns feature representations from the input and optimizes the trainable
parameter 6 by [58]:

U(8) = Ry (61)R: (6,)CNOT (5)

where CNOT gates introduce quantum entanglement, and multiple circuit layers
enable the modeling of complex nonlinear mappings.
Measurement and regression computation: since quantum computation results are stored
in quantum states, quantum measurement is required to extract information. VQR
applies Pauli-Z measurement to compute the expectation value of the quantum state
by:

£(x,0) = ((x,0)[Z[p(x,0)) ©)

Due to the probabilistic nature of quantum measurements, shot-based sampling is
typically employed to reduce measurement errors and improve result stability.
Loss computation using the standard loss functions:

N
MSE = %Z(f(x,-,@) — i) (7)
i=1
1 N
MAE = =) |f(xi, 0) = vil (8)
i=1

Parameter optimization: the process uses classical algorithms (e.g., L-BFGS-B [59,60],
COBYLA [61,62], and Adam [63]) to optimize the parameters of quantum circuits
using the equation:

01 =0 —nVoL(0) )

where 1 is the learning rate.
The parameter 0 is optimized through iterative training to minimize the regression
error and finally obtain the optimal model.

2.3. Modeling Stages

The modeling stages of the study are as follows.
Load data and preprocessing:

e  Raw data was imported, checked for missing values and outliers, and normalized.
No cleaning was necessary given the series origin and accuracy.
e  The normalized series were split into training and test sets.

Quantum feature encoding and circuit design

e Training data are encoded via a single-qubit feature map.
e A variational ansatz circuit is constructed.

Optimization loop
e  The L-BFGS-B optimizer iteratively updates circuit parameters.
e A convergence check directs the loop until stopping criteria are met.

Post-processing and evaluation

e  Optimized outputs are de-normalized.
e  Standard goodness-of-fit metrics (MAE, MSE, RMSE, R?) are calculated.
e  Results are displayed and saved for further analysis.
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The study flowchart is shown in Figure 2. Table 1 contains the parameters settings.

Load Data

Normalization

Train Data Test Data

Quantum
Feature
Encoding

L-BFGS-B
Optimization

Converged?

Yes

Denormalization

Calculate

MAE,MSE.RM Display and

Save Results

SE and R2

Figure 2. The study flowchart.

Table 1. Parameters settings.

Hyperparameter Description
Number of qubits 1

Quantum register 1 qubit
Classical register 0 bits

Feature map

Variational circuit (ansatz)
Optimizer

Callback

Estimator

Loss function

Training call

QuantumCircuit(1, name="fm"), with an
ry(param_x) rotation on qubit 0
QuantumCircuit(1, name="v{"”), with an
ry(param_y) rotation on qubit 0
L_BFGS_B(maxiter=50)

callback_graph, used to record the objective
function value at each training iteration
EstimatorQNN(circuit=qc, estimator=estimator):
StatevectorEstimator

MSE

vqr.fit(X_norm, y_norm), fitting the model on
normalized inputs and targets
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The experiments were conducted on a computer with an AMD RYZENS 5500 processor
(AMD, Santa Clara, CA, USA) and 24 GB RAM. Anaconda was used to manage the
Python 3.12 environment and dependencies. Modeling was carried out using IBM'’s Qiskit
framework. Additional libraries, including SciPy and NumPy, were employed to enhance
computation performance and stability.

3. Results

The series chart is presented in Figure 1, and the basic statistics of the S, S1, and S2 are
presented in Figure 3a,b. Figure 3c contains the violin plot.

(a)
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Figure 3. (a) Maximum (Max) [m3/s], mean [m3/s], median [m3/s], standard deviation (Stdev)
[m3/s], and coefficient of variation (Cv%); (b) minimum (min) [m3/s], skewness (Skew), and kurtosis
coefficients (Kurt) of the series and its subseries; (c) violin plot of S, S1, and S2 series.
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3.1. Models for Initial Datasets

Figures 4a, 5a and 6a display the recorded and computed values on the training sets
of the models M, M1, and M2. A visual examination of these charts reveals no significant
discrepancies between the recorded and estimated series, suggesting a good fit for the
raw data. The computed and observed series exhibit similar overall patterns. Model M
generally overestimates the recorded data, while M1 and M2 systematically underestimate
it. Nonetheless, all models successfully capture the peak values.
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Figure 4. M model: registered and forecast on (a) training and (b) test sets; (c) objective function
chart—variation in 18 epochs during training.
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Figure 6. M2 model: record and forecast on (a) training and (b) test sets; (c) objective function
chart—variation in 17 epochs during training.

Figure 4b present the recorded values from the test sets, alongside the estimated values
produced by the M model using the VOQR technique. Figure 4c displays the variation in
the objective function over 18 training epochs. Some discrepancies between the initial and
computed series trends are noticed on the test set of M model (Figure 4b) from March 2006
to May 2006, with a higher variation in the predicted than in the recoded values. During
April-June 2007, the variability of the recorded series is lower than those of the registered
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data. In both cases, the consequence is an increase in the estimation error compared with
the other segments in the test period.

The test set chart and corresponding forecasts for model M1 (Figure 5b) reveal the
largest deviations between recorded and predicted values during the periods of November
2008 to March 2009 and after March 2010. Comparisons with Figure 4b, which presents
the results for Model M, confirm these observations by indicating smaller deviations in the
latter case. This finding is particularly relevant given that both models share the same test
set, highlighting the importance of identifying the model that delivers the most accurate
forecast for the test period.

The comparison of Figure 6a with Figures 4a and 5a reveals greater biases between
the recorded and simulated values on the training set in M2, suggesting a less effective
learning process in this model compared to M and M1. This may imply a potentially
reduced prediction accuracy on the test set, where the model applies its learned patterns.
However, Figure 6b highlights the highest alignment between the shape of the test set and
the forecast in M2, indicating better performance in capturing the trend dynamics during
January 2006 and December 2010 relative to M and M1.

In Figures 4c, 5¢c and 6¢, we remark that after the first iteration, the values of the
objective function increased to double, then leveled off below 0.1. At the ninth (eleventh and
ninth, respectively) iteration, the objective function reaches its maximum, then decreases
again to reach the minimum, under 0.1.

Visual assessments must be complemented by numerical evaluation to objectively
measure model accuracy. Accordingly, the performance of the VQR models was assessed
using three goodness-of-fit metrics: mean absolute error (MAE), mean squared error (MSE),
and the coefficient of determination (R?). The corresponding values for each model are
reported in Table 2.

Table 2. Goodness-of-fit indicators in models M, M1 and M2.

Model Set MAE MSE R?
M Training 1.5158 3.6647 0.9886
Test 1.7197 4.335 0.9742
Mi Training 2.3706 8.3552 0.9767
Test 2.1569 7.3694 0.9561
M2 Training 2.4182 7.6084 0.9728
Test 2.2678 6.8897 0.9589

Across all three indicators, M demonstrated the best overall performance, achieving the
lowest MAE and MSE, as well as the highest R? on both the training and test sets. In terms
of MAE, M1 ranked second, while considering MSE, M2 outperformed M1. With respect to
R?, M1 held the second-highest value, but only on the training set. Nevertheless, the R?
values for M1 and M2 were relatively close, indicating comparable explanatory power.

3.2. Models for the Series Without Aberrant Values

In the second stage of the analysis, we excluded the aberrant values (indicated in
Figure 1) and ran the VQR the algorithms on the adjusted series. This step aimed to evaluate
the performance of the VQR on more homogeneous hydrological series. However, it is
important to emphasize that the aberrant values may correspond to significant flood events
with high return periods. Therefore, they must be retained when applying the models, as
was performed in Section 3.1. The results of models Mo, M1o, and M2o are represented in
Figures 7a, 8a and 9a for the training sets, and Figures 7b, 8b and 9b for the test sets.
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Figure 9. M20 model: record and forecast on (a) training and (b) test sets; (c) objective function chart.

Comparing the charts in Figures 4 and 7, a better fit of the recorded values—
particularly on the test set—is observed in the Mo compared to the M. During the second
iteration, the objective function rose to 0.58 before stabilizing around 0.12. This value
remained relatively constant until the 12th iteration, at which point it abruptly rose to
approximately 0.35. Following the 16th iteration, the objective function plateaued near 1.2.
This pattern is like the behavior observed when the algorithm was applied to series S, with
a similarly noticeable increase occurring around the 12th iteration.
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An analysis of Figures 5 and 8 shows that the M1lo offers a superior fit, especially
in accurately capturing both the minimum and average discharge values. It also shows
improved agreement between the observed and simulated trend patterns.

The objective function for the M1o declined after the second iteration and then sta-
bilized around 0.1. Although this value remained constant, it is slightly higher than the
minimum achieved in M1.

A comparison of Figures 6b and 9b reveals that the M20 exhibits significantly larger bi-
ases than the M2. The objective function values remained nearly constant at approximately
0.05 between the second and eighth iterations, and again from the thirteenth iteration
onward, indicating a convergence pattern similar to that observed in the Mo and M1o.
Although peak values were estimated with reasonable accuracy, M2o demonstrated the
weakest overall performance, with a pronounced overestimation of the observed values.

Table 3 presents the goodness-of-fit indicators and their corresponding values for the
Mo, M1o, and M2o to enable a proper comparison. Comparisons between the models
trained on the raw series and those trained on the series with aberrant values removed
indicate improved accuracy for both the Mo and M1o relative to M and M1, respectively.
This is particularly evident in terms of MSE, which decreased by at least a factor of 2.5. In
contrast, M2o demonstrated the poorest performance among all variants.

Table 3. Goodness-of-fit indicators in Mo, M1o, and M2o.

Model Set MAE MSE R?
M. Training 0.9559 1.4420 0.9919
° Test 1.0103 1.5313 0.9881
M1 Training 1.0585 1.8321 0.9906
© Test 1.1503 1.9007 0.9853
M2 Training 2.8241 9.0615 0.9454
© Test 2.5055 7.5413 0.9416

4. Discussion
4.1. Discussions on Modeling Results
Some results from the VOQR models were unexpected for the following reasons:

e  The data series comprises discharge values recorded over two distinct periods: before
and after the dam’s construction. Prior to January 1984, the series features numerous
high-peak floods that significantly elevated the monthly average discharge. Following
January 1984, a marked reduction in both the frequency and intensity of floods was ob-
served, leading to decreased variability in average discharge. Previous studies [51-53]
have demonstrated that the subseries corresponding to the pre- and post-dam periods
exhibit different statistical behaviors.

e In M2, both the training and test sets belong to the post-1984 period. As a result, the
model was expected to generalize well, applying learned patterns effectively within
the same hydrological regime.

e Ml was trained on data from the pre-1984 period and tested on data from the post-1984
period. Despite the distinct differences in flow patterns between the two sub-periods, it
outperformed M2. This suggests that the richer variability and more dynamic patterns
in the pre-1984 data may have enabled the model to learn more robust or generalizable
features, even when applied to a different hydrological regime. This finding is contrary
to the output of other kinds of neural networks and hybrid models [52-54].

e M was trained on a subseries that spans both the pre-1984 and 1984-2005 periods,
allowing it to learn patterns from both the unregulated and regulated flow regimes.
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It was then applied to a post-2005 subseries, which exclusively reflects the regulated
flow conditions. It seems that M, benefiting from richer temporal coverage and greater
variability in its training data, enabled stronger generalization to post-2005 conditions.

e  Allclassical neural network models built on the same data series with the same training
and test sets demonstrated better performance on more homogeneous time series.
Therefore, it was expected that M2o would perform better than M2, but this was not
the case.

The length of the series appears to influence the performance of the VQR output, with
M (trained in the longest series) showing the best results, and the M2 (trained in the shortest
series) performing the worst. However, this observation remains preliminary, and more
extensive studies are required to rigorously validate the impact of series length on model
performance.

The time complexity was in this study O(TBpTC’ ), where

T = number of iterations, set by maxiter in the optimizer

B = mini-batch size (in this case it was equal to the data size = n)

P = circuit depth (the number of gate layers that must be executed sequentially)
T.' = time per circuit when using the StatevectorEstimator.

The method did not incur an O(n®) computational cost with respect to the total sample
size n, instead maintaining a polynomial dependence on the number of circuit parameters
and measurement efforts. It effectively leverages an exponentially large feature space
without the need to explicitly construct or store an exponentially large kernel matrix. This
characteristic highlights the potential of VQR for applications involving high-dimensional
feature spaces, as is the case in this study.

Table 4 contains the runtime of the VQR algorithm, along with the number of epochs
required for convergence during training. In general, longer or more complex time series
tend to require increased computation time. However, this assumption does not entirely
hold in our case. Although M and Mo exhibited the highest runtimes, the runtime for M1o
exceeded that of M1, even though M1o was trained on a shorter time series.

Table 4. Runtime and number of epochs until convergence on the training sets.

Model Time(s) Epochs Model Time(s) Epochs
M 21.8606 30 Mo 14.3117 25
M1 5.168 18 M1lo 6.8727 19
M2 4.6312 17 M2o 4.3097 17

A similar pattern was observed in the number of epochs needed to reach the optimum
of the objective function: 30, 18, and 17 epochs were required for the raw series in M, M1,
and M2, respectively. In contrast, the number of epochs decreased for models Mo and M2o,
while it slightly increased for M1o.

4.2. Assessment of Fitting Quality of Aberrant Values

An important direction for future research is the evaluation of network performance
specifically on extreme values. Based on the results obtained of the models for the raw
series, we determined the MAE, MSE, and R? corresponding only to the aberrant values.
Note that only one such value belongs to the test set; therefore, we report the goodness-of
-fit indicators from the training test only. They are as follows:

e InM:MAE =1.6851, MSE = 2.1199, R? = 0.9814
e InMI: MAE = 4.0440, MSE = 4.2410, R? = 0.9917
e InM2: MAE = 3.7306, MSE = 4.083 R? = 0.9824.
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It is worth noting that all models provided a good fit for the aberrant values. Based
on MAE and MSE metrics, M performed best, followed by M2 and M1. However, when
considering the R? coefficient, the best fit was achieved by M1, with M2 and M following
in performance.

4.3. Comparisons of the VQR Models” Performance with Those of Classical Artificial Neural
Networks and Quantum Neural Networks

In previous studies, we evaluated the effectiveness of artificial neural networks (ANNs)
for modeling river discharge using the same dataset. The classical ANNs applied to the
same series, and same training and test sets, included Backpropagation Neural Networks
(BPNNs), Convolutional Neural Networks (CNNSs), Echo State Networks (ESNs), Extreme
Learning Machines (ELMs), Long Short-Term Memory (LSTM) networks, and Multilayer
Perceptrons (MLPs). Additionally, we explored several hybrid ANN architectures, such as
CNN-LSTMs, Particle Swarm Optimization with Extreme Learning Machines (PSO-ELMs),
Sparrow Search Algorithm with Backpropagation Neural Networks (SSA-BPs), and Spar-
row Search—Echo State Network (SSA-ESN). For details, the reader can see articles [51-53].
The best-performing models are summarized in Table 5.

Table 5. Goodness-of-fit indicators for the best classical Al and hybrid models.

Model Set MAE (Model) MSE (Model) R2 (Model)
M Training 5.7250 (SSA-BP) 80.5765 (ESN) 0.9976 (SSA-ESN)
Test 4.2351 (CNN-LSTM) 32.4993 (SSA-BP) 0.9983 (LSTM)
M1 Training 6.5177 (CNN-LSTM) 102.9393 (ESN) 0.9899 (LSTM)
Test 4.4784 (CNN-LSTM) 39.7982 (CNN-LSTM) 0.9917 (LSTM)
M2 Training 4.7433 (CNN-LSTM) 57.3421 (SSA-ESN) 0.9992 (LSTM)
Test 3.5245 (CNN-LSTM) 29.8323 (CNN-LSTM) 0.9970 (LSTM)

The results in Tables 2 and 5 indicate that VQR outperformed other models in terms of
MAE and MSE. In terms of the R? metric, the best-performing algorithm was SSA-ESN on
the training set and LSTM on the test set of the S series, while LSTM achieved the highest
R? for M1 and M2. The ESN model recorded the shortest runtime, completing in under
0.65s. A comparative analysis between VQR and quantum neural networks (QNN) [64] on
the raw series reveals that:

e  When using QNN, the number of epochs to reach the objective function optimum was
the lowest (9 epochs for S, 11 for Mo, 10 for M1 models, and 8 epochs for M2, Mlo,
and M2o models);

e  When applying VOR, the smallest runtime was recorded on M1 (5.168 s) and M2o
(4.3097 s) models, while running QNN resulted in shorter runtimes on M (10.8472 s),
M2 (4.6218 s), Mo (12.1807 s), and M1o (5.5552 s) models.

e VQRachieved the best performance on the M model training set, while QNN produced
the best results on the test set, with MAE = 1.1937, MSE = 2.3815, and R? = 0.9858;

e  VOR showed superior performance compared to QNN on M1, M2, Mo, and M2o,
whereas QNN outperformed VQR on M and Mlo.

e QNN performed better than ESN and SSA-ESN on the series without aberrant values
in terms of MSE and MAE. On So and M2o, ESN was the best with respect to R? on the
test set. Moreover, the time necessary to run the algorithms was significantly lower for
ESN and SSA-ESN.

To assess and compare the performance of previously studied AI models with those
of VOR, we employed graphical representations. Figure 10 illustrates these comparisons:
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the Taylor diagram, diagram on the left shows the results for the M model on the training
set, using VOR as the reference, while the radar plot on the right offers a comprehensive
overview of performance metrics.

Taylor Diagram (9\SOQR as reference) o\ on (reference) MAE — ;?,';

QNN
BPNN
LSTM

ELM

ESN
CNN-LSTM
SSA-BPNN
SSA-ESN
PSO-ELM

—— BPNN

— LSTM
ELM

—— ESN

—— CNN-LSTM
SSA-BPNN
SSA-ESN

—— PSO-ELM

0°

270°

Figure 10. (left) Taylor diagram for training set of M model; (right) radar plot for test set of M model

From the Taylor diagram, the results show that:

e VQR, QNN, and SSA-ESN are the closest to the reference point, indicating the best
performance.

e  BPNN stands out with a high standard deviation and low correlation, showing its
weak performance.

e ESN and SSA-ESN show high correlation and reasonable variance, performing
very well.

From the radar plot it results in that

e QONN, VQR, and SSA-ESN show strong performance across all metrics.
e  BPNN performs the worst, especially on MSE and R2.
e LSTM and CNN-LSTM also perform well, particularly on R?.

4.4. Limitations of the Actual Study

Despite the promising results of the VOR models, this study has several limitations,
leaving a lot of space for improvement. First, all quantum experiments were conducted
using classical simulations within the Qiskit framework, given current hardware constraints.
Therefore, the results do not account for the noise and error rates inherent in real quantum
devices, which could impact the models” performance.

Moreover, while the quantum model demonstrated superior predictive accuracy com-
pared to classical and hybrid neural networks, this study does not provide a formal theoret-
ical justification for the observed performance gains. Therefore, the conclusions are based
on empirical comparisons and cannot be generalized for all hydrological modeling tasks.

A comprehensive study of VQR’s optimization dynamics is also needed. Future efforts
will employ loss landscape visualization, Hessian spectral analysis, and quantum Fisher
information metrics to examine how initialization schemes, batch size, and measurement
repetitions influence convergence speed and stability.

Deriving worst-case and average-case complexity lower bounds for VQR using quan-
tum information complexity theory and quantifying encoding efficiency and generalization
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limits via quantum mutual information and quantum Fisher information will also highlight
the extent of VQR performances for the problem at hand.

Beyond the L-BFGS-B optimizer and single-layer Ry circuit used here, alternative
classical and quantum optimizers (e.g., Adam, SPSA, quantum natural gradient) should
be evaluated. Systematic comparisons of variational ansatz designs—such as multi-layer
circuits, parameter-sharing topologies, and domain-informed feature maps—will identify
the architectures that best balance expressive power and trainability.

5. Conclusions

In this article, we evaluated the VQR’s capability to forecast the water flow of the
Buzau River. The findings indicate that VQR performed better than other NN and hybrid
techniques in terms of MAE and MSE, effectively improving the evaluation of the maxima
values of the water discharge. It should be noted that, in hydrology, keeping the maxima in
the analysis is necessary given that they indicate exceptional phenomena. In this context,
the results” accuracy is remarkable. However, the study was also performed after the
aberrant values’ removal to determine the models’ performances when the series variability
is lower. This process significantly enhanced series prediction accuracy, particularly in
the M1 and M2, where the models exhibit notably improved generalization. Among the
datasets, the highest prediction accuracy was achieved on Mo, followed by Mlo.

Comparing the forecast provided by VOR with those obtained by other simple and
hybrid models, except QNN, indicates the best accuracy provided by the former algorithm.
Comparisons between VQR and QNN indicate that both algorithms exhibit high compu-
tational efficiency and perform better on longer datasets (e.g., S dataset), enabling fast
convergence and relatively accurate predictions. For more complex datasets (e.g., S, S10),
QNN demonstrates superior predictive accuracy and robustness, particularly in handling
outliers. Comparing the algorithms that gave the best results on the study series (LSTM,
CNN-LSTM), one may notice that their run time was much lower than that for the quantum
algorithms. Therefore, in practical applications regarding river water discharge, the choice
of model should depend on the purpose of the study.

The findings of this study provide valuable insights into the applicability of quantum-
based models in hydrological forecasting. They highlight the importance of dataset com-
plexity and outlier management in predictive modeling.

Future studies should aim to test VQR models on actual quantum hardware, partic-
ularly as devices continue to improve in terms of coherence time, gate fidelity, and qubit
count. Investigating alternative data encoding strategies—such as amplitude encoding
or hybrid quantum-—classical schemes—may improve the scalability and effectiveness of
quantum models on larger and more complex hydrological datasets.

Furthermore, a theoretical analysis of VQR’s representational power and general-
ization capacity in the context of nonlinear hydrological series would strengthen the
foundation of quantum-based approaches for such modeling.

Applying VOR to multivariate hydrological time series and incorporating environ-
mental predictors such as precipitation, snowmelt, and temperature could enhance model
robustness. Moreover, comparative studies involving quantum-inspired algorithms and
hybrid neural network architectures may offer further insight into the conditions under
which quantum models provide real advantages in environmental modeling.
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Abbreviations

The following abbreviations are used in this manuscript:

Al Artificial Intelligence
ANN Artificial Neural Networks
BPNN Backpropagation Neural Networks
CNN Convolutional Neural Network
CNN-LSTM  Convolutional Neural Network-Long Short-Term Memory
ELM Extreme Learning Machine
ESN Echo State Network and Sparow Search-Echo State Network
h. b. Hydrographic basin
LST™M Long-Short Term Memory
MAE Mean absolute error
ML Machine learning
MSE Mean standard error
MLP Multilayer Perceptron
NLS Nonlinear system
NN Neural networks
PBM Physics-based model
PSO-ELM Particle Swarm Optimization with Extreme Learning Machines
QNN Quantum neural network
R? Coefficient of determination
SSA-ESN Sparrow Search Algorithm-Echo State Network
VQA Variational quantum algorithm
vQC Variational quantum circuits
VQE Variational quantum eigensolver
VOR Variational quantum regression
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