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1. Introduction

An iterated function system is a pair ((X, d), (fi)i∈I) = S , where (X, d)
is a complete metric space, I is a finite set and fi : X → X, i ∈ I, are
Banach contractions. With such a system we can associate the fractal operator
FS : Pcp(X) → Pcp(X), given by FS(K) = ∪

i∈I
fi(K), for all K ∈ Pcp(X) =

{C | C is a non empty compact subset of X}. Moreover, if S is endowed with
probabilities, we can also consider the Markov operator acting on a certain
set of probability Borel measures. Via the Banach contraction principle, J.
Hutchinson (see [5]) proved that FS has a unique fixed point AS (which is
called the attractor of S) and that the Markov operator also has a unique fixed
point which is called the associated Hutchinson measure. The sets that can be
represented as attractors of iterated function systems are called Hutchinson-
Barnsley fractals.
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The canonical projection associated with S is a continuous surjection π
from the code space Λ(I) onto the attractor AS . It is also called “the coding
map” (see [12] and [13]), “the address map” (see [9]) or “the coordinate map”
(see [8]).

The importance of this projection is emphasized by the following facts:
a) It provides, via the formula π(Λ(I)) = AS , an alternative description of

the attractor of S and, consequently, it is an important device in the
topological study of Hutchinson-Barnsley fractals.

b) It is involved in the alternative presentation of the Hutchinson measure
associated with S as the push-forward measure of the Bernoulli measure
on Λ(I) through π.

c) It was a source of inspiration for the concept of topological self-similar
set introduced by A. Kameyama (see [7]).

The above mentioned theory (which was initiated by J. Hutchinson and devel-
oped by M. Barnsley) has been extended in different directions. Two of them
are of special interest from the point of view of the present paper:

i) the direction concentrating on systems involving not necessarily finite
families of functions (see [2–4,10,12,14] and [15]);

ii) the direction focusing on systems involving functions from larger classes
of contractions (see [11] which, together with [6], is an excellent survey
on iterated function systems, and the references therein).

We emphasize that the corresponding fractal operator is a Picard operator
for all the above mentioned generalizations of the concept of iterated function
system.

In the recent work [1], we integrated the previous directions by consid-
ering possibly infinite iterated function systems enriched with orbital possibly
infinite iterated function systems (called mixed possibly infinite iterated func-
tion systems) and we proved that the fractal operator associated with such a
system is weakly Picard. Its fixed points are called attractors.

The present paper develops a canonical projection type theory for mixed
possibly infinite iterated function systems in order to obtain an alternative de-
scription for the attractors. Finally some visual aspects concerning our results
are presented.

2. Preliminaries

The generalized pigeonhole principle
In the sequel we will use the following form of the generalized pigeonhole
principle: If N objects are placed in k boxes, then at least one box contains at
least [N−1

k ] + 1 objects.

Basic notation

By N we mean the set {1, 2, ...}.
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For a function f : X → X and n ∈ N, by f [n] we mean the composition
of f by itself n times and by f [0] we mean IdX .

For a Lipschitz function f : X → Y , where (X, d) and (Y, ρ) are metric
spaces, by lip(f)we denote the Lipschitz constant of f .

For a metric space (X, d) and A,B ⊆ X we shall use the following nota-
tion:

– {A ⊆ X | A �= ∅ and A is bounded} not= Pb(X)
– {A ⊆ X | A �= ∅ and A is closed and bounded} not= Pb,cl(X)
– {A ⊆ X | A �= ∅ and A is compact} not= Pcp(X)
– inf

a∈A
d(x, a) not= d(x,A)

– sup
a∈A

d(a,B) not= D(A,B)

– sup
x,y∈A

d(x, y) not= diam(A).

The code space

Given a set I and n ∈ N, we consider:
-

IN
not= Λ(I)

-
I{1,...,n} not= Λn(I).

So:
- the elements of Λ(I), which is called a code space, are written as infinite

words α = α1α2...αnαn+1... with letters from I
- the elements of Λn(I) are written as words α = α1α2...αn having n

letters from I and n, which is denoted by |α|, is called the length of α.
In the sequel we will use the following notation:

∪
n∈N∪{0}

Λn(I) not= Λ∗(I),

where Λ0(I) = {λ} and λ designates the empty word.
If α = α1α2...αnαn+1.... ∈ Λ(I) or if α = α1α2...αn ∈ Λn(B) and m,n ∈

N, n ≥ m, then we will use the following notation:

α1α2...αm
not= [α]m.

By the concatenation of the words α and β, where α = α1α2...αn ∈
Λn(I) and β = β1β2...βmβm+1... ∈ Λ(I), we mean the infinite word α1...αnβ1...
βmβm+1... which is denoted by αβ.

For i ∈ I, we introduce the function τi : Λ(I) → Λ(I), given by

τi(α) = iα,

for all α ∈ Λ(I).
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Λ(I) can be endowed with the metric dΛ(I), called the Baire metric, de-
scribed by:

dΛ(α, β) =
{

0, if α = β
1

2min{k∈N|αk �=βk} , if α �= β
,

for all α = α1α2...αnαn+1... ∈ Λ(I) and β = β1β2...βnβn+1... ∈ Λ(I).
Given fi : X → X, i ∈ I, and α = α1α2...αn ∈ Λn(I), the following

notation will be used in the sequel:

fα1 ◦ fα2 ◦ .... ◦ fαn

not= fα

and
IdX

not= fλ.

In particular if I = {i}, we have f i...i
n times

= f
[n]
i for every n ∈ N.

The Hausdorff-Pompeiu metric

Remark 2.1. i) Given a metric space (X, d) and A and B subsets of X, we
have

D(A,B) = D(A,B).
ii) Given a metric space (X, d) and a set I , we have

D( ∪
i∈I

Ai, ∪
i∈I

Bi) ≤ sup
i∈I

D(Ai, Bi),

for every Ai and Bi subsets of X .

Proposition 2.2. Given a metric space (X, d), the function h∗ : Pb(X)×Pb(X)
→ [0,∞) , described by

h∗(A,B) = max{D(A,B),D(B,A)},
for every A,B ∈ Pb(X), has the following properties:

i)
h∗({x}, {y}) = d(x, y),

for every x, y ∈ X;
ii)

h∗(A,B) = h∗(A,B),
for every A,B ∈ Pb(X);

iii)
h∗( ∪

i∈I
Ai, ∪

i∈I
Bi) ≤ sup

i∈I
h∗(Ai, Bi),

for all families {Ai}i∈I and {Bi}i∈I of elements of Pb(X) such that ∪
i∈I

Ai ∈
Pb(X) and ∪

i∈I
Bi ∈ Pb(X).

Let us recall two well-known results.

Definition 2.3. Given a metric space (X, d), the restriction of h∗ to Pb,cl(X)×
Pb,cl(X) is a metric, denoted by h, called the Hausdorff-Pompeiu metric.
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Proposition 2.4. Given a complete metric space (X, d) , the metric space (Pb,cl

(X), h) is complete and if (An)n∈N ⊆ Pb,cl(X) is Cauchy, then

lim
n→∞An =

{
x ∈ X | there exist a strictly increasing sequence (nk)k∈N ⊆ N

and xnk
∈ Ank

for every k ∈ N such that lim
k→∞

xnk
= x

}
.

Proposition 2.5. Given a metric space (X, d) and (An)n∈N ⊆ Pb,cl(X) such
that An+1 ⊆ An for every n ∈ N, we have

lim
n→∞h

(
An, ∩

n∈N

An

)
= 0.

Possibly infinite iterated function systems

Definition 2.6. A possibly infinite iterated function system (for short IIFS) is
a pair ((X, d), (fi)i∈I)

not= S, where (X, d) is a complete metric space and
fi : X → X, i ∈ I, are such that:

a) fi is continuous for every i ∈ I;
b) the family (fi)i∈I is bounded, i.e.

∪
i∈I

fi(B) ∈ Pb(X),

for every B ∈ Pb(X).
The function FS : Pb,cl(X) → Pb,cl(X) , given by

FS(B) = ∪
i∈I

fi(B),

for every B ∈ Pb,cl(X), is called the fractal operator associated with S.

Remark 2.7. In the framework of the above definition, if the functions fi are
Lipschitz, then

lip(FS) ≤ sup
i∈I

lip(fi).

Proposition 2.8 (see Lemma 2.6 from [17]). For each IIFS S = ((X, d),
(fi)i∈I), we have

F
[n]
S (B) = ∪

α∈Λn(I)
fα(B),

for every n ∈ N and every B ∈ Pb,cl(X) .

Theorem 2.9 (see [15]). For each IIFS S = (X, (fi)i∈I) such that the functions
fi are Lipschitz and sup

i∈I
lip(fi) < 1, FS is a Banach contraction with respect

to h and its unique fixed point AS is called the attractor of S.
Moreover, we have:
a) For every α ∈ Λ(I), the set ∩

n∈N

f[α]n(AS) has just one element, which

is denoted by aα.
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b)
lim

n→∞f[α]n(x) = aα,

for every x ∈ X and every α ∈ Λ(I) .
c) The continuous (with respect to the Baire metric) function π : Λ(I) →

AS , defined by
π(α) = aα,

for every α ∈ Λ(I), is called the canonical projection associated with S and it
has the following properties:

i)
π ◦ τi = fi ◦ π,

for every i ∈ I;
ii)

π(Λ(I)) = AS .

Given a metric space (X, d), x ∈ X, B ⊆ X and a family of functions
F = (fi)i∈I , where fi : X → X, we shall use the notation:

∪
n∈N∪{0}

∪
α∈Λn(I)

fα(B) not= OF (B)

and
OF ({x}) not= OF (x).

In particular, given an IIFS S = ((X, d), (fi)i∈I) and B ∈ Pb,cl(X), we
shall use the notation

O(fi)i∈I
(B) not= OS(B).

Definition 2.10. An orbital possibly infinite iterated function system (for short
oIIFS) is an IIFS S =((X, d), (fi)i∈I) such that:

a) the family (fi)i∈I is equi-uniformly continuous on bounded sets, i.e.
for every B ∈ Pb(X) and every ε > 0 there exists δε,B > 0 such that for
all x, y ∈ B and i ∈ I the following implication is valid: d(x, y) < δε,B ⇒
d(fi(x), fi(y)) < ε.

b) there exists a ∈ [0, 1) such that

d(fi(y), fi(z)) ≤ ad(y, z),

for every i ∈ I, x ∈ X and y, z ∈ O(fi)i∈I
(x).

Definition 2.11. A mixed possibly infinite iterated function system (briefly mI-
IFS) is an IIFS S =((X, d), (fi)i∈I∪J), where I and J are disjoint sets, such
that:

a)
lip(fi) ≤ 1,

for every i ∈ I ∪ J ;
b) there exists a ∈ [0, 1) having the following properties:

b 1)
lip(fi) ≤ a,
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for every i ∈ I;
b 2)

lip(fi|O(fi)i∈J
(x)) ≤ a,

for every x ∈ X and every i ∈ J .

Proposition 2.12 (see [1]). For each mIFS S =((X, d), (fi)i∈I∪J) and every
B ∈ Pb,cl(X) there exists AB ∈ Pb,cl(X) such that

FS(AB) = AB

and
lim

n→∞h(F [n]
S (B), AB) = 0,

i.e. FS is weakly Picard.

Note that, in the framework of the above definition, ((X, d), (fi)i∈I)
not=

SI and ((X, d), (fωiθ)i∈I,ω,θ∈Λ∗(J))
not= S are IIFSs (see Remark 2.9 and Lemma

3.5 from [1]) and ((X, d), (fi)i∈J) not= SJ is an oIIFS.
Given an mIIFS S =((X, d), (fi)i∈I∪J), x ∈ X, B ∈ Pb,cl(X) and α =

α1α2...αn... ∈ Λ(I∪J) or α = α1α2...αn ∈ Λ∗(I∪J), we shall use the following
notation:

-
A{x}

not= Ax

-

OSJ
(B) not= OJ(B)

Lemma 3.36 from [16]∈ Pb(X)
-

sup
x∈B

max{diam({x} ∪ FS({x}), diam(OS(x)), diam(OJ (x))} not= NB ∈ R

-
card({l ∈ N | αl ∈ I}) not= nI(α).

- Λ1(I ∪ J) denotes the set of finite words with letters from I ∪ J ending
with a letter from I

- Λ2(I ∪J) denotes the set of finite words with letters from I ∪J starting
with a letter from I

- Λ3(I ∪ J) = Λ1(I ∪ J) ∩ Λ2(I ∪ J) denotes the set of finite words with
letters from I ∪ J starting and ending with letters from I

- Σ0(I, J) denotes the set of finite words with letters from I ∪ J ∪ Λ(J)
having the form

β0γ1β1...γnβn,
with n ∈ N, where

β0 ∈ {λ} ∪ Λ1(I ∪ J),

βn ∈ {λ} ∪ Λ2(I ∪ J),

γk ∈ Λ(J)
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for every k ∈ {1, ..., n} and

βk ∈ Λ3(I ∪ J),

for every k ∈ {1, ..., n − 1} if n ≥ 2
-

Σ1(I, J) = {α ∈ Λ(I ∪ J) | nI(α) = ∞}
-

Σ(I, J) = Σ0(I, J) ∪ Σ1(I, J).
Additionally, we consider the function g : X → Pb,cl(X), given by

g(x) = Ax,

for every x ∈ X.

Lemma 2.13. Given an mIIFS S =((X, d), (fi)i∈I∪J ), we have

lip(g) ≤ 1.

Proof. Indeed, we have

h(g(x), g(y)) = h(Ax, Ay)

≤ h(Ax, F
[n]
S ({x})) + h(F [n]

S ({x}), F [n]
S ({y})) + h(F [n]

S ({y}), Ay)
Remark 2.7 &Proposition 2.2, i)

≤ h(Ax, F
[n]
S ({x})) + h(F [n]

S ({y}), Ay) + d(x, y),

for all n ∈ N, so, by passing to the limit as n → ∞, we get

h(g(x), g(y)) ≤ d(x, y),

for all x, y ∈ X. �

Lemma 2.14. Given an mIIFS S =((X, d), (fi)i∈I∪J ), we have

Afi(x) ⊆ Ax,

for all x ∈ X and i ∈ I ∪ J .

Proof. We have

Afi(x)
Proposition 2.12

= lim
n→∞F

[n]
S ({fi(x)})

Proposition 2.4
=

{
y ∈ X | there exist

a strictly increasing sequence (nk)k∈N of natural numbers and

ynk
∈ F

[nk]
S ({fi(x)}) for every k ∈ N such that y = lim

k→∞
ynk

}

F
[nk]
S ({fi(x)})⊆F

[nk+1]
S ({x})

⊆
{

y ∈ X | there exist a strictly increasing sequence

(mk)k∈N of natural numbers and ymk
∈ F

[mk]
S ({x}) for every k ∈ N

such that y = lim
k→∞

ymk

}
= Ax,

for all x ∈ X and i ∈ I ∪ J . �
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3. The Main Results

Our first result is a counterpart of Theorem 2.9, b).

Proposition 3.1. For each mIIFS S = ((X, d), (fi)i∈I∪J ), α ∈ Λ(I ∪ J) and
x ∈ X, the sequence (f[α]n(x))n∈N is convergent.

Proof. We divide the proof into two cases:
a) α ∈ Σ1(I, J), i.e. nI(α) is infinite;
b) α ∈ Λ(I ∪ J) \ Σ1(I, J), i.e. nI(α) is finite.
In the first case, we can find a strictly increasing sequence (nk)k∈N of

natural numbers such that
αnk

∈ I,
for every k ∈ N and

αn /∈ I, i.e. αn ∈ J ,
for every n ∈ N � {nk | k ∈ N}.

Claim. The sequence (f[α]n(x))n∈N is Cauchy.
Justification of the claim. Adopting the notation

αnk−1+1αnk−1+2...αnk

not= βk,

we have

d(f[α]nk
(x), f[α]nk+1

(x)) = d(f[α]nk
(x), f[α]nk

βk+1(x))
Definition 2.11, b 1)

≤
≤ akd(x, fβk+1(x)) ≤ akdiam(OS(x)),

so

d(f[α]nk
(x), f[α]nk+p

(x)) ≤ (ak + ak+1 + ... + ak+p−1)diam(OS(x))

≤ ak

1 − a
diam(OS(x)), (1)

for every k, p ∈ N.
For k,m, n ∈ N such that nk ≤ n ≤ m, there exist s, t ∈ N, k ≤ s ≤ t

having the property that ns ≤ n < ns+1 and nt ≤ m < nt+1. Hence we get

d(f[α]n(x), f[α]ns
(x)) ≤ akdiam(OJ (x)) (2)

and
d(f[α]m(x), f[α]nt

(x)) ≤ akdiam(OJ (x)). (3)
Consequently

d(f[α]m(x), f[α]n(x)) ≤ d(f[α]m(x), f[α]nt
(x)) + d(f[α]ns

(x), f[α]nt
(x))

+d(f[α]ns
(x), f[α]n(x))

(1), (2) & (3)

≤ 2akdiam(OJ (x))

+
ak

1 − a
diam(OS(x)). (4)

The last inequality yields claim’s validity.
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In view of the Claim we infer that, in the first case, (f[α]n(x))k∈N is
convergent.

In the second case, there exist β ∈ Λ∗(I ∪ J) and γ ∈ Λ(J) such that
α = βγ and we get

(f[α]|β|+n
(x), f[α]|β|+n+p

(x))
Definition 2.11, a)

≤ d(f[γ]n(x), f[γ]n+p
(x))

Definition 2.11, b 2)

≤ andiam(OJ (x)), (5)

for every n, p ∈ N. The previous inequality ensures that (f[α]n(x))n∈N is
Cauchy, so it is also convergent.

Now the proof is complete. �

For an mIIFS S = ((X, d), (fi)i∈I∪J ) and α ∈ Λ(I ∪ J), based on Propo-
sition 3.1, we can consider the function aα : X → X, given by

aα(x) = lim
n→∞f[α]n(x),

for every x ∈ X.
A closer look at the inequalities (4) and (5) from the proof of the above

Proposition leads to the conclusion that the convergence of the sequence
(f[α]n(x))n∈N is uniform with respect to x in a bounded subset of X. More
precisely, we can state the following:

Corollary 3.2. For each mIIFS S = ((X, d), (fi)i∈I∪J ), α ∈ Λ(I ∪ J) and
B ∈ Pb(X), we have

lim
n→∞sup

x∈B
d(f[α]n(x), aα(x)) = 0.

Proposition 3.3. For an mIIFS S = ((X, d), (fi)i∈I∪J), α ∈ Λ(I ∪ J) and
B ∈ Pb,cl(X), we have

aα(B) ⊆ AB.

Proof. For each B ∈ Pb,cl(X), α ∈ Λ(I ∪ J), x ∈ B and n ∈ N, we have

f[α]n(x)
Proposition 2.8∈ F

[n]
S (B),

so, since lim
n→∞F

[n]
S (B)

Proposition 2.12
= AB , via Proposition 2.4, we infer that

aα(x) ∈ AB .

Therefore
aα(B) ⊆ AB ,

so
aα(B) ⊆ AB .

�
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Proposition 3.4. For each mIIFS S = ((X, d), (fi)i∈I∪J ) and α ∈ Λ(I ∪ J) ,
we have:

a)
lip(aα) ≤ 1;

b) aα is constant for every α ∈ Σ1(I, J).

Proof. a) Note that

d(f[α]n(x), f[α]n(y))
Definition 2.11, a) & b 1)

≤ anI([α]n)d(x, y) ≤ d(x, y), (1)

for all n ∈ N and x, y ∈ X.
Via (1), by passing to the limit as n goes to ∞, we infer that

d(aα(x), aα(y)) ≤ d(x, y),

for all x, y ∈ X, so lip(aα) ≤ 1.
b) If nI(α) = ∞, then lim

n→∞nI([α]n) = ∞, and, by passing again to the

limit as n goes to ∞ in (1), we conclude that

aα(x) = aα(y),

for all x, y ∈ X, so aαis constant. �

Proposition 3.5. Given an mIIFS S = ((X, d), (fi)i∈I∪J ), we have

aiα = fi ◦ aα,

for all i ∈ I ∪ J and α ∈ Λ(I ∪ J) .

Proof. Indeed, we have

fi(aα(x)) = fi

(
lim

n→∞f[α]n(x)
)

fi continuous
=

= lim
n→∞fi(f[α]n(x)) = lim

n→∞fi[α]n(x) = lim
n→∞f[iα]n+1(x) = aiα(x),

for all x ∈ X, i ∈ I ∪ J and α ∈ Λ(I ∪ J). �

Proposition 3.6. Given an mIIFS S = ((X, d), (fi)i∈I∪J ), we have

lim
n→∞h∗(f[α]n(B), aα(B)) = 0,

for all B ∈ Pb(X) and α ∈ Λ(I ∪ J) .

Proof. Let us consider B ∈ Pb(X)and α ∈ Λ(I ∪ J) arbitrarily chosen, but
fixed.

First let us note that
aα(B) ∈ Pb(X)

and
f[α]n(B) ∈ Pb(X),

for every n ∈ N, since B ∈ Pb(X) and aα and f[α]n are Lipschitz.
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Finally, we have

h∗(f[α]n(B), aα(B))
Proposition 2.2, iii)

≤
≤ sup

x∈B
h∗(f[α]n({x}), aα({x}))

Proposition 2.2, i)
= sup

x∈B
d(f[α]n(x), aα(x)),

for every n ∈ N, so, using the squeeze theorem, via Corollary 3.2, we get the
conclusion. �

Remark 3.7. Given an mIIFS S = ((X, d), (fi)i∈I∪J ), it follows from Claim 2
from the proof of Theorem 3.7 from [1] that

lim
n→∞sup

x∈B
h(F [n]

S ({x}), Ax) = 0,

for every B ∈ Pb,cl(X).

Proposition 3.8. Given an mIIFS S = ((X, d), (fi)i∈I∪J ), we have

AB = ∪
x∈B

Ax,

for all B ∈ Pb,cl(X).

Proof. Let us consider B ∈ Pb,cl(X) arbitrarily chosen, but fixed.
In view of Proposition 2.8, we have

∪
x∈B

Ax ⊆ AB ,

so ∪
x∈B

Ax ∈ Pb(X).

We have

h(AB , ∪
x∈B

Ax) ≤ h(AB , F
[n]
S (B)) + h∗(F [n]

S (B), ∪
x∈B

Ax)

Proposition 2.2, iii)

≤ h(AB , F
[n]
S (B)) + sup

x∈B
h(F [n]

S ({x}), Ax),

for all n ∈ N, so using the squeeze theorem, via Remark 3.7, we get the
conclusion. �

Proposition 3.9. Let us consider an mIIFS S = ((X, d), (fi)i∈I∪J ), α = α1α2

...αn... ∈ Λ(I ∪ J) and B ∈ Pb,cl(X) such that FS(B) ⊆ B.
a) If α ∈ Σ1(I, J), i.e. nI(α) = ∞, then

∩
n∈N

f[α]n(B) = Im aα

and
lim

n→∞h(f[α]n(B), Im aα) = 0.

b) If α ∈ Λ(I ∪ J) \ Σ1(I, J) , i.e. nI(α) < ∞, then

aα(B) = fα1α2...αn∗ (aαn∗+1...αm...(B)),
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and

aαn∗+1...αm...(B) = ∩
p∈N

fαn∗+1...αn∗+p
(B) = lim

p→∞fαn∗+1...αn∗+p
(B),

where n∗ = {max{n ∈ N | αn ∈ I}, if nI(α) �= 0
0, otherwise , with the convention that

fα1α2...αn∗ = IdX if n∗ = 0.

Proof. a) We can prove, via the mathematical induction method, that:
-

f[α]n+1(B) ⊆ f[α]n(B),
for every n ∈ N;

-
diam(f[α]n(B)) ≤ anI([α]n)diam(B),

for every n ∈ N.
Consequently ∩

n∈N

f[α]n(B) consists of a single point.

Since f[α]n+p
(x) ∈ f[α]n(B) for every x ∈ B and n, p ∈ N, we infer that

aα(x) = lim
p→∞f[α]n+p

(x) ∈ f[α]n(B),

for every n ∈ N, so
aα(x) ∈ ∩

n∈N

f[α]n(B).

As, taking into account Proposition 3.4, b), aα is constant, we have

∩
n∈N

f[α]n(B) = Im aα.

Since
lim

n→∞h(f[α]n(B), ∩
n∈N

f[α]n(B))
Proposition 2.5

= 0,

we conclude that
lim

n→∞h(f[α]n(B), Im aα) = 0.

b) We have

aα(B) = {aα1α2...αn∗ αn∗+1...αm...(x) | x ∈ B} Proposition 3.5
=

= {fα1α2...αn∗ (aαn∗+1...αm...(x)) | x ∈ B}
= fα1α2...αn∗ (aαn∗+1...αm...(B)).

As αk ∈ J for every k ∈ N, k ≥ n∗ + 1, via [16], we deduce that

aαn∗+1...αm...(B) = ∩
m∈N

fαn∗+1...αn∗+m
(B) = lim

m→∞fαn∗+1...αn∗+m
(B).

�

Lemma 3.10. For every mIIFS S =((X, d), (fi)i∈I∪J), we have

Aaα(x) ⊆ Ax,

for all x ∈ X and α ∈ Λ(I ∪ J) .
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Proof. Since lim
n→∞f[α]n(x) = aα(x), we obtain

Aaα(x)
Lemma 2.13= lim

n→∞Af[α]n (x)
Proposition 2.4

=
{

y ∈ X | there exist

a strictly increasing sequence (nk)k∈N of natural numbers and

ynk
∈ Af[α]nk

(x)

Lemma 2.14⊆ Ax for every k ∈ N such that y

= lim
k→∞

ynk

}
⊆ Ax = Ax,

for all x ∈ X and α ∈ Λ(I ∪ J). �

For an mIIFS S =((X, d), (fi)i∈I∪J), B ∈ Pb,cl(X) and α ∈ Σ(I, J), we
introduce the function Aα : X → X as follows:

-
Aα = aα,

if α ∈ Σ1(I, J)
-

Aα = fβ0 ◦ aγ1 ◦ fβ1 ◦ aγ2 ◦ ... ◦ fβn−1 ◦ aγn
◦ fβn

,
if α = β0γ1β1...γnβn ∈ Σ0(I, J), where n ∈ N, β0 ∈ {λ} ∪ Λ1(I ∪ J), βn ∈
{λ}∪Λ2(I ∪J), γk ∈ Λ(J) for every k ∈ {1, ..., n} and βk ∈ Λ3(I ∪J) for every
k ∈ {1, ..., n − 1} if n ≥ 2.

Note that Aα is well defined.
We also consider

{Aα(x) | α ∈ Σ(I, J) and x ∈ B} not= LB .

Note that, in view of the next Lemma, LB ∈ Pb(X).

Lemma 3.11. For every mIIFS S =((X, d), (fi)i∈I∪J) and B ∈ Pb,cl(X), we
have

LB ⊆ AB.

Proof. One the one hand, we have

Aα(x)
Proposition 3.3∈ AB , (1)

for all x ∈ B and α ∈ Σ1(I, J).
On the other hand, for all x ∈ B and α = β0γ1β1...γnβn ∈ Σ0(I, J),

where n ∈ N, β0 ∈ {λ} ∪ Λ1(I ∪ J), βn ∈ {λ} ∪ Λ2(I ∪ J), γk ∈ Λ(J) for every
k ∈ {1, ..., n} and βk ∈ Λ3(I ∪ J) for every k ∈ {1, ..., n − 1} if n ≥ 2, we have

aγn
(fβn

(x))
Proposition 3.3∈ Afβn (x)

Lemma 2.14⊆ Ax,

so

aγ
n−1

(fβn−1(aγn
(fβn

(x))))
Proposition 3.3∈ Afβn−1 (aγn

(fβn (x))) ⊆
Lemma 2.14⊆ Aaγn

(fβn (x))

Lemma 3.10⊆ Afβn (x)

Lemma 2.14⊆ Ax,
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and, inductively, we obtain

(fβ0 ◦ aγ1 ◦ fβ1 ◦ aγ2 ◦ ... ◦ fβn−1 ◦ aγn
◦ fβn

)(x)
Proposition 3.5

=

= (aβ0γ1 ◦ fβ1 ◦ aγ2 ◦ ... ◦ fβn−1 ◦ aγn
◦ fβn

)(x) ∈ Ax.
Hence

Aα(x) ∈ Ax

Proposition 3.8

⊆ AB , (2)
for all x ∈ B and α ∈ Σ0(I, J).

Therefore, via (1) and (2), we get LB ⊆ AB , and consequently LB ⊆ AB .
�

The next result provides an alternative description of the fixed points of
the fractal operator associated with an mIIFS.

Theorem 3.12. For every mIIFS S =((X, d), (fi)i∈I∪J ) and B ∈ Pb,cl(X), we
have

LB = AB,
i.e.

{Aα(x) | α ∈ Σ(I, J) and x ∈ B} = AB.

Proof. Let B ∈ Pb,cl(X) be arbitrarily chosen, but fixed.
We will prove that

D(AB , LB) = 0. (*)

In view of Remark 3.7 and of the following inequality

D(AB , LB)
Proposition 3.8

= D( ∪
x∈B

Ax, LB)
Remark 2.1, i)

=

= D( ∪
x∈B

Ax, LB)
Remark 2.1, ii)

≤ sup
x∈B

D(Ax, LB)

≤ sup
x∈B

D(Ax, F
[n]
S ({x})) + sup

x∈B
D(F [n]

S ({x}), LB)

≤ sup
x∈B

h(Ax, F
[n]
S ({x})) + sup

x∈B
D(F [n]

S ({x}), LB),

which is valid for all n ∈ N, it suffices to prove that

lim
n→∞sup

x∈B
D(F [n]

S ({x}), LB) = 0. (1)

In order to justify (1), let us consider ε > 0 fixed, but arbitrarily chosen.
Then there exists n1 ∈ N such that

a[
√

n]−2

1 − a
NB <

ε

2
, (2)

for every n ∈ N, n ≥ n1, where a ∈ [0, 1) is the constant associated with S via
Definition 2.11.

Now let us consider n ∈ N, n ≥ n1, x ∈ B and z ∈ F
[n]
S ({x}).
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Taking into account Proposition 2.8, there exists α = α1...αn ∈ Λ∗(I ∪J)
such that

d(z, fα(x)) <
ε

2
. (3)

The following two cases occur:

i) nI(α) ≥ [
√

n]
ii) nI(α) < [

√
n].

In the first case, we consider γ ∈ Λ(I) and we have

d(f[αγ]|α|+k
(x), f[αγ]|α|+k+1

(x))
Definition 2.11, b 1)

≤ anI(α)+kNB , (4)

for every k ∈ N, so

d(fα(x),Aαγ(x)) ≤ d(fα(x), f[αγ]|α|+l+1
(x)) + d(f[αγ]|α|+l+1

(x),Aαγ(x))

≤
l∑

k=0

d(f[αγ]|α|+k
(x), f[αγ]|α|+k+1

(x)) + d(f[αγ]|α|+l+1
(x),Aαγ(x))

(4)

≤ anI(α)NB

l∑
k=0

ak + d(f[αγ]|α|+l+1
(x),Aαγ(x))

≤ anI(α)

1 − a
NB + d(f[αγ]|α|+l+1

(x),Aαγ(x)),

for every l ∈ N. By passing to the limit, as l goes to ∞, in the previous
inequality, we get

d(fα(x),Aαγ(x)) ≤ anI(α)

1 − a
NB ≤ a[

√
n]−2

1 − a
NB

(2)
<

ε

2
. (5)

Hence we have

d(z, LB)
Aαγ(x)∈LB≤ d(z,Aαγ(x))

≤ d(z, fα(x)) + d(fα(x),Aαγ(x))
(3) & (5)

≤ ε

2
+

ε

2
= ε. (6)

In the second case, there exist k ∈ N, β1, ..., βk+1 ∈ Λ∗(I) and γj ∈
Λ∗(J) � {λ}, j ∈ {1, ..., k} such that

α = β1γ1β2γ2...βkγkβk+1.

On the one hand, |β1| + |β2| + ... + |βk+1| = nI(α) < [
√

n] and |β1| + |β2| +
... + |βk+1| + |γ1| + |γ2| + ... + |γk| = n, so

|γ1| + |γ2| + ... + |γk| > n − [
√

n]. (7)

On the other hand, as k − 1 ≤ nI(α) < [
√

n], we have

k ≤ [
√

n] + 1. (8)
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Based on (7) and (8), via the generalized pigeonhole principle, there exists
j ∈ {1, ..., k} such that

|γj | ≥ [
|γ1| + |γ2| + ... + |γk| − 1

k
] + 1 ≥ |γ1| + |γ2| + ... + |γk| − 1

k

(7) & (8)

≥

≥ n − [
√

n] − 1
[
√

n] + 1
≥ ([

√
n])2 − [

√
n] − 1

[
√

n] + 1
= [

√
n] − 2 +

1
[
√

n] + 1
≥ [

√
n] − 2.

(9)

In the sequel, we shall use the following notation:

(fβj+1 ◦ fγj+1 ◦ ... ◦ fβk
◦ fγk

◦ fβk+1)(x) not= y.

For a fixed γ = γ1γ2...γn... ∈ Λ(J) , let us consider

θ = β1γ1β2γ2...βjγjγβj+1γj+1...βkγkβk+1 ∈ Σ0(I, J)

and
θl = β1γ1β2γ2...βjγj [γ]lβj+1γj+1...βkγkβk+1,

where l ∈ {0} ∪ N. Then

d(fα(x),Aθ(x)) ≤ d(fθ0(x), fθl
(x)) + d(fθl

(x),Aθ(x))

≤
l−1∑
s=0

d(fθs
(x), fθs+1(x)) + d(fθl

(x),Aθ(x))

(9)

≤
l−1∑
s=0

a[
√

n]−2+sd(y, fγs+1(y)) + d(fθl
(x),Aθ(x))

≤
l−1∑
s=0

a[
√

n]−2+sNB + d((fβ1 ◦ fγ1 ◦ ... ◦ fγj
◦ f[γ]l)(y),

(fβ1 ◦ fγ1 ◦ ... ◦ fγj
◦ aγ)(y))

≤ NB

l−1∑
s=0

a[
√

n]−2+s + d(f[γ]l(y), aγ(y)) ≤ a[
√

n]−2

1 − a
NB + d(f[γ]l(y), aγ(y)),

(10)

for every l ∈ {0} ∪ N, so, by passing to limit, as l goes to ∞, in (10), we infer
that

d(fα(x),Aθ(x)) ≤ a[
√

n]−2

1 − a
NB

(2)
<

ε

2
. (11)

As in the first case, we have

d(z, LB)
Aθ(x)∈LB≤ d(z,Aθ(x))

≤ d(z, fα(x)) + d(fα(x),Aθ(x))
(3) & (11)

≤ ε

2
+

ε

2
= ε. (12)
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Via (6) and (12), we conclude that

D(F [n]
S (x), LB) = sup

z∈F
[n]
S (x)

d(z, LB) ≤ ε,

for every n ∈ N, n ≥ n1 and every x ∈ B, i.e.

lim
n→∞sup

x∈B
D(F [n]

S (x), LB) = 0,

so (∗) is proved and therefore

AB ⊆ LB .

The above inclusion, together with Lemma 3.11, completes the proof.
�

4. The Canonical Projection Associated with an mIIFS

Finally let us introduce the concept of canonical projection associated with an
mIIFS and rewrite part of the obtained results.

Definition 4.1. For an mIIFS S =((X, d), (fi)i∈I∪J ), the function π : Σ(I, J)×
X → X, given by

π(α, x) = Aα(x),

for every (α, x) ∈ Σ(I, J) × X, is called the canonical projection associated
with S.

Proposition 3.4, b) takes the following form (which is a counterpart of
Theorem 2.9, b)):

Proposition 4.2. For each mIIFS S =((X, d), (fi)i∈I∪J), the set π(α,X) has
just one element for all α ∈ Σ1(I, J).

The following result is the counterpart of Theorem 2.9, c), i).

Proposition 4.3. For each mIIFS S =((X, d), (fi)i∈I∪J), we have

π ◦ τi = fi ◦ π,

for every i ∈ I ∪ J , where τi : Σ(I, J) × X → Σ(I, J) × X is defined by

τi(α, x) = (iα, x),

for every (α, x) ∈ Σ(I, J) × X, i.e. the following diagram is commutative

Σ(I, J) × X
τi→ Σ(I, J) × X

π ↓ ↓ π

X
fi→ X

.
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Proof. For α ∈ Σ1(I, J) the conclusion results from Proposition 3.5.
For α ∈ Σ0(I, J), as iα ∈ Σ0(I, J), the conclusion takes the following

obvious form:

(fiβ0 ◦ aγ1 ◦ fβ1 ◦ aγ2 ◦ ... ◦ fβn−1 ◦ aγn
◦ fβn

)(x)
= fi((fβ0 ◦ aγ1 ◦ fβ1 ◦ aγ2 ◦ ... ◦ fβn−1 ◦ aγn

◦ fβn
)(x)),

where α = β0γ1β1...γnβn ∈ Σ0(I, J), with n ∈ N, β0 ∈ {λ} ∪ Λ1(I ∪ J),
βn ∈ {λ} ∪ Λ2(I ∪ J), γk ∈ Λ(J) for every k ∈ {1, ..., n} and βk ∈ Λ3(I ∪ J)
for every k ∈ {1, ..., n − 1} if n ≥ 2. �

Theorem 3.12 can be rewritten in the following form, which is the coun-
terpart of Theorem 2.9, c), ii):

Theorem 4.4. Let S =((X, d), (fi)i∈I∪J ) be a mIIFS and B ∈ Pb,cl(X). Then

π(Σ(I, J) × B) = AB.

5. Visual Aspects Concerning the Functions Aα

Let us consider the mIIFS S = ((R2, ‖.‖2), (fi)i∈I∪J ), where I = {1, 2, 3},
J = {4} and fi : R

2 → R
2 are given by

f1(x, y) =
(x

2
,
y

2

)
,

f2(x, y) =
(

x + 1
2

,
y

2

)
,

f3(x, y) =

(
2x + 1

4
,
2y +

√
3

4

)

and

f4(x, y) =
(

x,
1
5
y

)
,

for every (x, y) ∈ R
2.

A. We start by providing a visualization of the convergence of the se-
quence defining aα(u) for a randomly generated α ∈ Σ1(I, J) and for u ∈
{(0, 0), (1, 1), (20, 20)}. More precisely, we represent the first 50,000 terms of
the corresponding sequences, the limit being marked by * (see Figure 1).

Let us remark that the visualizations presented in Figure 1 are in accor-
dance with Proposition 3.4, b), as all the three pictures indicate a convergence
to the same limit.

B. Next we come up with a visualization of Aα(u) for u ∈ {(0, 0), (1, 1)}
and for α ∈ {ω, 321ω, ω123, 12ω31} ⊆ Σ1(I, J), where ω is the word having all
letters equal to 4 (see Figure 2).
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Figure 1.

Figure 2.
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Figure 3.

Let us remark that Figure 2 gives evidence that Aα(u) depends on u.

C. Let us consider the set B = F
[20]
S ({(0, 0)}), α = 1434121212... ∈

Σ1(I, J) and β = 412ω ∈ Σ0(I, J).

Figures 3(a), (b), (c), (d) and (e) contain the visual representations of
f[α]n(B) for n = 1, n = 2, n = 3, n = 6 and n = 9, respectively. The fact that
f[α]9(B) is very close with Imaα (which is marked with *) endorses Theorem
3.9, a).

Figures 4(a), 4(b), 4(c), 4(d) and 4(e) contain the visual representations
of f[β]n(B) for n = 1, n = 2, n = 3, n = 4 and n = 6, respectively and they
illustrate Theorem 3.9, b) (the black horizontal segment representing aβ(B)).

D. Finally we note that the concatenation of the images of the approx-
imates of aα((0, 0)) for 50,000 randomly generated elements α ∈ Σ1(I, J)
with the images of Aα((0, 0)) for another 50,000 randomly generated elements
α ∈ Σ0(I, J) (see Figure 5(a)) looks similar to the graphical representation of
F

[20]
S ({(0, 0)}) (see Figure 5(b)). This remark is in accordance with Theorem

3.12.
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Figure 4.

Figure 5.
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