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1. Introduction

An iterated function system is a pair ((X,d),(fi)icr) = S , where (X,d)
is a complete metric space, I is a finite set and f; : X — X, i € I, are
Banach contractions. With such a system we can associate the fractal operator
Fs : P.p(X) — Pp(X), given by Fs(K) = 2LGJIfl(K), for all K € P.,(X) =

{C'| C is a non empty compact subset of X }. Moreover, if S is endowed with
probabilities, we can also consider the Markov operator acting on a certain
set of probability Borel measures. Via the Banach contraction principle, J.
Hutchinson (see [5]) proved that Fs has a unique fixed point As (which is
called the attractor of §) and that the Markov operator also has a unique fixed
point which is called the associated Hutchinson measure. The sets that can be
represented as attractors of iterated function systems are called Hutchinson-
Barnsley fractals.
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The canonical projection associated with S is a continuous surjection 7
from the code space A(I) onto the attractor As. It is also called “the coding
map” (see [12] and [13]), “the address map” (see [9]) or “the coordinate map”
(see [8]).

The importance of this projection is emphasized by the following facts:

a) It provides, via the formula 7(A(I)) = As, an alternative description of
the attractor of S and, consequently, it is an important device in the
topological study of Hutchinson-Barnsley fractals.

b) It is involved in the alternative presentation of the Hutchinson measure
associated with S as the push-forward measure of the Bernoulli measure

on A(I) through .

c) It was a source of inspiration for the concept of topological self-similar

set introduced by A. Kameyama (see [7]).

The above mentioned theory (which was initiated by J. Hutchinson and devel-
oped by M. Barnsley) has been extended in different directions. Two of them
are of special interest from the point of view of the present paper:

i) the direction concentrating on systems involving not necessarily finite
families of functions (see [2-4,10,12,14] and [15]);

ii) the direction focusing on systems involving functions from larger classes
of contractions (see [11] which, together with [6], is an excellent survey
on iterated function systems, and the references therein).

We emphasize that the corresponding fractal operator is a Picard operator
for all the above mentioned generalizations of the concept of iterated function
system.

In the recent work [1], we integrated the previous directions by consid-
ering possibly infinite iterated function systems enriched with orbital possibly
infinite iterated function systems (called mixed possibly infinite iterated func-
tion systems) and we proved that the fractal operator associated with such a
system is weakly Picard. Its fixed points are called attractors.

The present paper develops a canonical projection type theory for mixed
possibly infinite iterated function systems in order to obtain an alternative de-
scription for the attractors. Finally some visual aspects concerning our results
are presented.

2. Preliminaries

The generalized pigeonhole principle

In the sequel we will use the following form of the generalized pigeonhole
principle: If N objects are placed in k boxes, then at least one box contains at
least [2=2] + 1 objects.

Basic notation
By N we mean the set {1,2,...}.
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For a function f : X — X and n € N, by ") we mean the composition
of f by itself n times and by fl% we mean Idx.
For a Lipschitz function f : X — Y, where (X, d) and (Y, p) are metric
spaces, by lip(f) we denote the Lipschitz constant of f.
For a metric space (X, d) and A, B C X we shall use the following nota-
tion:
~ {AC X | A+#0and A is bounded} "2 P,(X)
~ {AC X |A+#0and A is closed and bounded} "' Py a(X)
~{ACX|A#0and Ais compact} "2 P.,(X)
. not
- ;gg d(z,a) = d(z, A)
— sup d(a, B) ot D(A, B)
a€cA
— sup d(z,y) "2 diam(A).
T, yeA
The code space

Given a set I and n € N, we consider:

N2 A(D)

Tient e A (.

So:
- the elements of A(I), which is called a code space, are written as infinite
words & = a1Qg...Qp Q4 1... With letters from [
- the elements of A, (I) are written as words a = ajas...c;, having n
letters from I and n, which is denoted by |a/, is called the length of «.
In the sequel we will use the following notation:
U A (D)™ A*(D),
neNU{0} ( ) ( )
where Aog(I) = {A\} and X designates the empty word.
If o = aqas...ananiq.... € A(I) or if @« = ajas...a, € Ay(B) and m,n €
N, n > m, then we will use the following notation:

not
Q12 .y = [

By the concatenation of the words a and (3, where a = ajas...a, €
An(I)and 8 = B102...0mBm+1... € A(I), we mean the infinite word ay ..., 01 ...
BmBm+1... which is denoted by af.

For i € I, we introduce the function 7; : A(I) — A(I), given by

Ti(a) = ia,

for all a € A(T).
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A(I) can be endowed with the metric d, (), called the Baire metric, de-
scribed by:
0, ifa=4
dnlef) _{ann{kewlak#ak}’if@#ﬁ ’
for all & = aqaa...anani1... € A(I) and G = 51 52...000n+1..- € A(I).
Given f; : X — X, i € I, and @ = ajas...a,, € A, (I), the following
notation will be used in the sequel:

not
foq o focz ©....0 fan = fa
and
Idx "2 -
In particular if T = {i}, we have f ; ;, = fi[n] for every n € N.

n times

The Hausdorff-Pompeiu metric

Remark 2.1. i) Given a metric space (X,d) and A and B subsets of X, we
have
D(A,B) = D(A, B).
it) Given a metric space (X,d) and a set I , we have
(A g B) < supD(As, Bi)
for every A; and B; subsets of X .

Proposition 2.2. Given a metric space (X, d), the function h* : Pp(X) x Pp(X)
— [0,00) , described by

h*(A, B) = max{D(4, B), D(B, A)},
for every A, B € Py(X), has the following properties:

i)
h*({z}, {y}) = d(z,y),
for every x,;y € X;
ii)
h*(A, B) = h*(A, B),
for every A, B € Py(X);
iii)
(UA;, UB;) < *(A;, By
W (A, U Bi) < ilelllvh (A, Bi),
for all families {A;}icr and {B;}icr of elements of Py(X) such that ‘UIAi €
1€
Pb(X) and 'gIBi S Pb(X)

Let us recall two well-known results.

Definition 2.3. Given a metric space (X, d), the restriction of h* to Py o (X)X
Py, (X)) is a metric, denoted by h, called the Hausdorff-Pompeiu metric.
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Proposition 2.4. Given a complete metric space (X,d) , the metric space (P
(X),h) is complete and if (An)nen C Py (X) is Cauchy, then

lim A, = {a: € X | there exist a strictly increasing sequence (ny)reny € N
n—oo

and x,, € A,, for every k € N such that klim T, = x}
— 00

Proposition 2.5. Given a metric space (X,d) and (An)nen C Py o(X) such
that A,y C A, for every n € N, we have

lim h (An, N An> =0.
n— o0 neN
Possibly infinite iterated function systems

Definition 2.6. A possibly infinite iterated function system (for short IIFS) is

not

a pair ((X,d),(fi)ier) = S, where (X,d) is a complete metric space and
fi: X — X, i€l, are such that:

a) fi is continuous for every i € I;

b) the family (f;)icr is bounded, i.e.

U 1i(B) € P(X),

for every B € Pp(X).
The function Fs : Py o(X) — Py a(X) , given by

FS(B) = ngfZ(B)’
for every B € Py o(X), is called the fractal operator associated with S.

Remark 2.7. In the framework of the above definition, if the functions f; are
Lipschitz, then

lip(Fs) < suplip(fi).
el

Proposition 2.8 (see Lemma 2.6 from [17]). For each IIFS § = ((X,d),
(fi)ier), we have

F'B) = U TulB),

for every n € N and every B € P (X)) .

Theorem 2.9 (see [15]). For each ITFS S = (X, (fi)ic1) such that the functions
fi are Lipschitz and sup lip(f;) < 1, Fs is a Banach contraction with respect

i€l
to h and its unique fized point Ag is called the attractor of S.

Moreover, we have:
a) For every o € A(I), the set me[a]n (As) has just one element, which
ne

s denoted by a.,.
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b)

lim fq, (7) = @a,

for every x € X and every o € A(I) .
¢) The continuous (with respect to the Baire metric) function m: A(I) —
As, defined by
(@) = aq,
for every a € A(I), is called the canonical projection associated with S and it
has the following properties:
i)
ToT; = fiom,
for every i € I;
i)
m(A(D)) = As.

Given a metric space (X,d), ¢ € X, B C X and a family of functions

F = (fi)ier , where f; : X — X, we shall use the notation:
7 75\ not
neN%{o}aezgm(I)fa(B) B OF(B)
and
Or({z}) & OF(a).

In particular, given an IIFS & = ((X,d), (fi)ier) and B € P, 4(X), we

shall use the notation

Ofyies (B) 2 Os(B).

)iEI
Definition 2.10. An orbital possibly infinite iterated function system (for short
olIFS) is an IIFS S =((X,d), (fi)icr) such that:

a) the family (fi)icr is equi-uniformly continuous on bounded sets, i.e.
for every B € Py(X) and every € > 0 there exists 0., 5 > 0 such that for
all z,y € B and i € I the following implication is valid: d(z,y) < d. p =

d(fi(z), fi(y)) <e.
b) there exists a € [0,1) such that

foreveryiel, x € X and y,z € O(fi)ia(x).

Definition 2.11. A mized possibly infinite iterated function system (briefly mlI-
IFS) is an IIFS S =((X,d), (fi)icrus), where I and J are disjoint sets, such
that:

a)
for every i € T U J;

b) there exists a € [0,1) having the following properties:

b1)
lZp(fZ) <a,
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for every i € I;
b 2)
llp(f“o(fi)ie](z)) < a,

for every x € X and every i € J.

Proposition 2.12 (see [1]). For each mIFS S =((X,d), (fi)icrus) and every
B € Py (X) there exists Ag € Py o(X) such that

Fs(Ap) = Ap

and
lim h(FI(B), Ap) = 0,

n—oo

i.e. Fs 1s weakly Picard.

not

Note that, in the framework of the above definition, ((X,d), (fi)icr) =
Sy and (X, d), (fuin)icrwoen+() = & are IIFSs (see Remark 2.9 and Lemma
3.5 from [1]) and ((X,d), (f))ics) "2 Sy is an olIFS.

Given an mIIFS S =((X,d), (fi)icrus), © € X, B € P, q(X) and a =
a1Qg...0p... € A(IUJ) or o = ajg...a, € A*(ITUJ), we shall use the following
notation:

Ay ™= A,

not Lemma 3.36 from [16]
Os,(B) = 0,(B) € Py(X)

ilelg max{diam({zx} U Fs({z}), diam(Og(z)), diam(O (x))} 2 Np eR

card({l € N'| ay € I}) " ny(a).
- A1 (T U J) denotes the set of finite words with letters from I U.J ending
with a letter from [
- Ao (TUJ) denotes the set of finite words with letters from I U.J starting
with a letter from [
-As(TUJ) =AM (TUJ)NA2(IUJ) denotes the set of finite words with
letters from I U J starting and ending with letters from [
- 3o(I,J) denotes the set of finite words with letters from I U J U A(J)
having the form
Bov161--YnBns
with n € N, where
Boe{AUuM(IU
ﬁn € {)‘} UA2(IU
Vi € A(J)

)

J),
J),



165 Page 8 of 24 B. C. Anghelina et al. Results Math

for every k € {1,...,n} and
Br € As(TUJ),
for every k € {1,...,n—1}if n > 2

Si(I,J)={a e AJUJ) | ni(a) =00}

S(1,J) = So(, J) U S (I, J).
Additionally, we consider the function g : X — Py »(X), given by
g(x) = Awa
for every z € X.
Lemma 2.13. Given an mIIFS S =((X,d), (fi)icrus), we have
lip(g) < 1.
Proof. Indeed, we have
h(g(x), 9(y)) = h(Az, Ay)

< h(Ag, FE ({2})) + h(FY ({2}), FE ({y)) + h(FY ({y}), Ay)
Remark 2.7 &Proposition 2.2, i) [n] (n]
< h(Ae, FS ({2}) + h(FS (), Ay) + d(z, y),

for all n € N, so, by passing to the limit as n — oo, we get

h(g(x), 9(y)) < d(z,y),
for all z,y € X. g
Lemma 2.14. Given an mIIFS S =((X,d), (fi)icrus), we have
Agi(z) C Az,
forallz e X andie TUJ.
Proof. We have

Apy gy PN iy FI(( () ) TrOPOLEOn 2 {y € X | there exist

n—oo

a strictly increasing sequence (ny)gen of natural numbers and

Yny € F‘[Sn"]({fz(ac)}) for every k € N such that y = klim ynk}
— 00

Fé"“<{fi<z>}>C§Fé”k+”({z}>

y € X | there exist a strictly increasing sequence
(mp)ken of natural numbers and y,,,, € F‘[Sm’“]({x}) for every k € N
such that y = lim ymk} =A,,

k—o0
forallz € X andie TUJ. O
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3. The Main Results

Our first result is a counterpart of Theorem 2.9, b).

Proposition 3.1. For each mIIFS S = ((X,d), (fi)icrus), o € AT U J) and
x € X, the sequence (fa), (z))nen is convergent.

Proof. We divide the proof into two cases:

a) o € X1(1,J), i.e. ny(a) is infinite;

b) a € A(TUJ)\ E1(1,J), i.e. ny(c) is finite.

In the first case, we can find a strictly increasing sequence (ng)gen of
natural numbers such that

Oy, € 1,
for every k € N and
an ¢ 1, ie o, €J,

for every n € N~ {ny | k € N}.

Claim. The sequence (flq], (¥))nen is Cauchy.
Justification of the claim. Adopting the notation

not
Qny 1 +10n, 1 42--.Qpy. = ﬂk?

we have
Definition 2.11, b 1)

d(f[a]nk ($)7 f[a]nk+1 (l‘)) = d(f[oz]n,c (Ji), f[oc]nkﬁk+1 (33)) <
< dd(z, fp,,,(x)) < a*diam(Os (1)),
SO
A(falu, (@), falu,,, (@) < (@" + @ 4 4 TP diam(Os (x))

k
<

diam(Og(x)), (1)

—a
for every k,p € N.

For k,m,n € N such that ny < n < m, there exist s,t e N, k < s <t
having the property that ny; <n < ngyq1 and ny < m < ngy1. Hence we get

d(fia), (%), fia,., () < a*diam (0, (z)) (2)
and
d(fal,, (), fal,, (2)) < d*diam (O (x)). (3)
Consequently
d(fia, (@) flo), (@) < d(fia,, (@) flag,, (2)) + d(fla),, (@), fla],, (7))

W @&E
+d(fa),, (@) fla, () < 2a7diam(0,(x))

k

n a
l1—a

diam(Og(x)). (4)

The last inequality yields claim’s validity.
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In view of the Claim we infer that, in the first case, (fiq), (7))ren is
convergent.

In the second case, there exist 5 € A*(I U J) and v € A(J) such that
a = [y and we get

Definition 2.11, a)
(f1ad g4 (@) fla] 1 msp (T) < d(fir1. (%), filns, (7))

Definition 2.11, b 2)
< a"diam (0 (x)), (5)
for every n,p € N. The previous inequality ensures that (fis), (%))nen is
Cauchy, so it is also convergent.
Now the proof is complete. O

For an mIIFS S = ((X,d), (fi)icrus) and o € A(I U J), based on Propo-
sition 3.1, we can consider the function a, : X — X, given by

aa(a?) = lim f[a]n(x)’

n—oo
for every z € X.

A closer look at the inequalities (4) and (5) from the proof of the above
Proposition leads to the conclusion that the convergence of the sequence
(fia], (#))nen is uniform with respect to x in a bounded subset of X. More
precisely, we can state the following:

Corollary 3.2. For each mIIFS § = ((X,d), (fi)icivs), &« € A U J) and
B € Py(X), we have

lim sup d(f[a}n(:r),aa(x)) =0.

n—zeB
Proposition 3.3. For an mIIFS § = ((X,d),(fi)icrus), @« € AT U J) and
B € Py (X), we have
aa(B) g AB.

Proof. For each B € Py (X), a € A(JUJ), x € B and n € N, we have

Proposition 2.8

fap (@) e F(B),

Proposition 2.12
= AB7

o0, since lim F é"] (B) via Proposition 2.4, we infer that

aq(z) € Ap.
Therefore
(0% (B) - AB,
S0
aa(B) g AB
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Proposition 3.4. For each mIIFS S = ((X,d), (fi)icrus) and o € AT U J)
we have:

a)

lip(aa) < 1;
b) a, is constant for every o € Xq(I,J).
Proof. a) Note that

Definition 2.11, a) & b 1) ([aln)
d(f[a]n(m)>f[a]n (y)) < a1 d($7y) < d(ﬂ?,y), (1)

for all n € N and z,y € X.
Via (1), by passing to the limit as n goes to co, we infer that

d(aa(z),a0(y)) < d(z,y),

for all z,y € X, so lip(an) < 1.
b) If ny(a) = oo, then lim n;([al,) = oo, and, by passing again to the

limit as n goes to co in (1), we conclude that

a0 () = aa(y),
for all =,y € X, so a,is constant. O
Proposition 3.5. Given an mIIFS S = ((X,d), (fi)icrus), we have

Gia = [i © Ga;

forallie IUJ and v € A(TUJ) .

Proof. Indeed, we have

filaa(@)) = fi ( 1m fia), (2))

= 1 fi(fia, (2) = I fiap, (2) = W i), () = asa(2),

fi continuous

foralze X, ieTUJand « € A(JUJ). O
Proposition 3.6. Given an mIIFS S = ((X,d), (fi)ierus), we have

Tim 1 (fig, (B), 4a(B)) =0,
forall Be Ppy(X) and o € A(JUJ) .

Proof. Let us consider B € Py(X)and o € A(I U J) arbitrarily chosen, but
fixed.
First let us note that
aa(B) € Py(X)
and
a1, (B) € Py(X),

for every n € N, since B € P,(X) and a, and f,), are Lipschitz.
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Finally, we have

Proposition 2.2, iii)

h*(f[oc]n (B)v aa(B))
< suph”(fla), ({2}), aa ({z} supd(fia),, (), aa (7)),

zEB zeB

Proposition 2.2, i)
) =

for every n € N, so, using the squeeze theorem, via Corollary 3.2, we get the
conclusion. 0

Remark 3.7. Given an mIIFS S = ((X,d), (fi)ierus), it follows from Claim 2
from the proof of Theorem 3.7 from [1] that

lim sup h(Fén]({x})vAm) =0,

for every B € P, (X).
Proposition 3.8. Given an mIIFS S = ((X,d), (fi)icrus), we have

Ap= U A
B xEBm;

for all B € Py o(X).

Proof. Let us consider B € P, (X)) arbitrarily chosen, but fixed.
In view of Proposition 2.8, we have

) Am g ABa
reB

so U A, € B(X).
r€B
We have
WAp, U As) < h(Ap, FSU(B) + b (F(B), U A.)

Proposition 2.2, iii)

h(Ap, FS'(B)) + 3ggh<F£"]<{x}>, A),

for all n € N, so using the squeeze theorem, via Remark 3.7, we get the
conclusion. 0

Proposition 3.9. Let us consider an mIIFS S = ((X,d), (fi)icrus), @ = a1z
... € A(ITUJ) and B € Py (X) such that Fs(B) C B.
a) If a € ¥1(I,J), i.e. ni(a) = oo, then

B)=1
nQNf[a]"( ) M o
and

lim h(f[a]n(B),Im aa) =0.

n—o0

b) Ifa e A(JUJ)\ 21(1,J) , i.e. nr(a) < 0o, then
aa(B) = falaz...an* (aan*_*_l,..am.‘.(B));
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and

Qo

n*+1...am...(B) =N foz,,L*+1...a,L*+p (B) = lim fa,,L*+1...a,L*+p (B);

pEN p—00

max{n € N|a, € I}, ifnr(a) #0
0, otherwise
falaz...an* — IdX lf n* =0.

Proof. a) We can prove, via the mathematical induction method, that:

where n* = { , with the convention that

f[a]n+1 (B) € f[a]n<B)a
for every n € N;

diam( fa), (B)) < a1 (o) diam(B),
for every n € N.
Consequently QN Jia],, (B) consists of a single point.
n
Since fia),,, (%) € fia], (B) for every x € B and n,p € N, we infer that
aa(x) = lim f[oé]nﬂ? (I) S f[a]n(B),
p—o0
for every n € N, so
[ (.’E) S nQNf[a]"' (B)

As, taking into account Proposition 3.4, b), a, is constant, we have

nQNf[a]" (B) =1Im ag,.

Since

Proposition 2.5

Jim h(fia), (B). 0 fia), (B)) 0,

we conclude that

lim h(fiq), (B),Im as) = 0.
b) We have

Proposition 3.5

aq(B) = {aalaz...an»«an*+1u.am...(x) | z € B}
= {falaz...an* (aan*ﬂ...am..‘(l‘)) I T e B}
= faras..an (Qapeiy..am...(B))-
As ay, € J for every k € N, k > n* + 1, via [16], we deduce that

a’an*+1~~0¢m»-- (B) = mQNfO‘n*+1"'O‘n*+7n (B) = n}znoofa'rL*+l"'a7L*+7rl (B)

Lemma 3.10. For every mIIFS § =((X,d), (fi)icrus), we have
A (2) € Az,
forallze X anda e A(TUJ) .
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Proof. Since lim fy), () = aq(z), we obtain

Lemma 2.13

A

Proposition 2.4 :
rope=on {y € X | there exist

aq () nlLHOloAf[a]n(r)
a strictly increasing sequence (ng)gen of natural numbers and

Lemma 2.14
Yny € Af[(’]nk (z) - A, for every k € N such that y

= klingoynk} C Ay = Az,
forall z € X and a € A(JUJ). O

For an mIIFS S :((XV7 d), (fi)ie]u]), B e Pb,cl(X) and a € E(L J)7 we
introduce the function A, : X — X as follows:

Aa = Qq,
it e (1,J)

Ao = fﬂo 0Qy © fﬁl O @y, ©...0 fﬁn—l 0 Qy, © fﬁn’
if & = Bov1P1.-Vnfn € To(I,J), where n € N, By € {A}UA (T UJ), B, €
{ANPUAL(TUJT), v € A(J) for every k € {1,...,n} and B € A5(TU.J) for every
ke{l,..,n—1}ifn>2.
Note that A, is well defined.
We also consider

{Ao(z) |0 €X(I,J) and x € B} "2 L.
Note that, in view of the next Lemma, Lp € Py(X).

Lemma 3.11. For every mIIFS S =((X,d), (fi)ictus) and B € Py, (X), we
have
Lp C Ap.

Proof. One the one hand, we have
Proposition 3.3
A () € Apg, (1)
for all x € B and a € 31(I, J).
On the other hand, for all z € B and a = Bomf1...%.0n € So(I,J),
where n € N, By € {A\}UA(TUJ), B, € {A}UA(LUJ), v € A(J) for every
ke{l,...,n} and B € A3(IUJ) for every k € {1,...,n — 1} if n > 2, we have

Proposition 3.3 Lemma 2.14
a’Yn (fﬁn ({E)) € Afﬁ,n (x) g A:Ea

SO
Proposition 3.3

ay, ([ (ay, (f5.(7)))) € Aty (ay, (fan @)
Lemma 2.14 Lemma 3.10 Lemma 2.14
Aoy Gon@) S A & A
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and, inductively, we obtain

Proposition 3.5
(fﬁOOa"YlofﬁlOG”YZO"'ofﬂnflOa”Ynofﬁn)( ) =

= (aﬁo’h © fﬂl O Qy, O ... Ofﬁn—l O A, © fﬁn)(x) €A,

Hence
Proposition 3.8

Aa(‘r) € Am g AB) (2)

for all x € B and « € ¥¢(I, J).
Therefore, via (1) and (2), we get Lp C Ap, and consequently Lg C Ap.
g

The next result provides an alternative description of the fixed points of
the fractal operator associated with an mIIFS.

Theorem 3.12. For every mIIFS S =((X,d), (fi)ictus) and B € P, (X), we
have

Lg = Ag,
i.€.

{Au(z) | € X(1,J) and x € B} = Ap.

Proof. Let B € P, (X) be arbitrarily chosen, but fixed.
We will prove that

D(Ap,Lp) = 0. (*
In view of Remark 3.7 and of the following inequality

) Prop051t10n 3.8 Remark 2.1, i)

(AB7LB ( U AzaLB)

__ Remark 2.1, 11) P
=D( U A Lp) < supD(A,, Lp)
rEB

QWMMEWMm+mm@w&D%)

zEB

<mw&f(MﬁmeﬂWﬂ))

which is valid for all n € N, it suffices to prove that
lim sup D(F2({z}), L) = 0. (1)

In order to justify (1), let us consider € > 0 fixed, but arbitrarily chosen.
Then there exists n; € N such that
[vn]-2
al — Np < %, (2)
for every n € N, n > ny, where a € [0,1) is the constant associated with S via
Definition 2.11.
Now let us consider n € Ny n >nq, z € Band z € F‘,[Sn]({m})
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Taking into account Proposition 2.8, there exists a = ..., € A*(1TUJ)
such that

d(z, fa(z)) <
The following two cases occur:

i) nr(a) > [vn]
il) nr(a) < [y/n].

In the first case, we consider v € A(I) and we have

(3)

€
>

Definition 2.11, b 1) nr(a)+k
d(f[a’y]‘a‘+k-, (x)7f[a"/]‘a‘+k+1(x)) S a ! NB7 (4)

for every k € N, so

d(fa(m> Aoz (‘77)) < d(fa($)7 f[a’)’]\a|+l+1 (1‘)) + d(f[ory]m‘JrHl (x)vAaw(x))

l

Z [a] |o<H»k f[a"/ |a\+k+1( )) + d(f[a’Y]\a|+l+1 ($)7"404’Y(‘r))

(4)
< a™ (I Np E a* + d(flon] 1141 ()5 Aary (2))
k=0

a™! ()

< 1_ NB +d(foc'y lla| 4141 (x)v-AOt’Y(x))’

for every [ € N. By passing to the limit, as [ goes to oo, in the previous
inequality, we get

nr(a) [vn]—2 2
O N, < al Ny D E
—a

d(fa(m)v-Aav(x)) < (5)

—1l—-a

w\m

Hence we have

- AaW(I)ELB
ae ) " ET e, Ans (@)
(3) & (5) ¢ 5

<Az fula) +d(fa(@), Ay (@) £ SHZ=e(0)

In the second case, there exist k € N, f1,...,fp,4+1 € A*(I) and ~; €
A*(T)~{A}, 7 € {1,...,k} such that

a = Bry1B2v2--- Bk Brt1-

On the one hand, |1] + |Ba| + ... + |Bk+1| = ni(a) < [/n] and |B1| + |B2] +
o+ Brtr] + [yl + [l + oo+ [k = n, s0

i+ Pl + -+l >n—[vn]. (7)
On the other hand, as k — 1 < n;(a) < [v/n], we have
k< [Vn]+1. (8)
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Based on (7) and (8), via the generalized pigeonhole principle, there exists
j €{1,...,k} such that

vl + vl 4+ 4 | = 1 vl + [yl + o+ |y =1 (D & (8)
Vil > [ 2 J+1> k >

n—lvn-1_ (Wn)?-[vn] -1 _ 1
> Vnl + 1 2 [Vl +1 —[\/ﬁ]—Q"‘mZ[\/m—Q-

9)

In the sequel, we shall use the following notation:

¢
(f5j+1 © f’Yj+1 O... Ofﬁk o f’)’k Of5k+1)(x) e Yy
For a fixed 7 = y!'42..4™... € A(J) , let us consider

0 = Biv1B2v2-- BV VBis1Vi+1---Br Ve Br1 € Xo(I, J)
and
= BimBev2--Bivi[ViBj+17i+1---Br kBt 1,
where [ € {0} UN. Then
d(fo(x), Ag(x)) < d(fo, (), fo,(x)) + d(fe, (), Ag(z))

-1

d(fo. (@), fo..1 (%)) + d(fo,(x), Ag(2))
0

s=
-1

—~

o

=
s.

<Y aVITEEA(y, foea (y) + d(fo, (x), Ag ()
s=0
-1
< a[m72+SNB+d((fﬁ1 Of’yl O'“Of’yj of['y]l)(y)v
s=0
(fﬁl © fy 0...0 f’Yj © a’y)(y))
-1 ) aqlvnl—2
< NpY a7 L d( i, (0), a4 (y)) < T N +d(fi(v), a5 (1),
s=0

(10)

for every | € {0} UN, so, by passing to limit, as [ goes to oo, in (10), we infer
that

alvnl=2 2 e
A(fa(@), Ap(2)) < T Np < . (1)
As in the first case, we have
__ Ap(z)elp
d(z,Lg) < d(z, Ap(x))
(3) & (11) ¢ e
d(zv fa(x)) + d(fa($)7A9(l')) S 5 + 5 =& (12)
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Via (6) and (12), we conclude that

D(F:[;n] (x),Lg)= sup d(z, Lp)<e,
zeFf (@)

for every n € N, n > n; and every z € B, i.e.

lim supD(Fén] (z),Lg) =0,

n—o0e B
so (x) is proved and therefore
Ap CLp.

The above inclusion, together with Lemma 3.11, completes the proof.
O

4. The Canonical Projection Associated with an mITFS

Finally let us introduce the concept of canonical projection associated with an
mlIIFS and rewrite part of the obtained results.

Definition 4.1. For an mIIFS S =((X,d), (fi)icrus), the function m : S(I, J)X
X — X, given by

(o, z) = Ao(z),

for every (a,x) € X(I,J) x X, is called the canonical projection associated
with S.

Proposition 3.4, b) takes the following form (which is a counterpart of
Theorem 2.9, b)):

Proposition 4.2. For each mIIFS S =((X,d), (fi)icrus), the set m(a, X) has
Just one element for all o € ¥1(1,J).

The following result is the counterpart of Theorem 2.9, ¢), i).

Proposition 4.3. For each mIIFS S =((X,d), (fi)icrus), we have
moT; = fiom,
for every i € TUJ, where 7; : (I, J) x X — X(I,J) x X is defined by
Ti(a, x) = (ia, ),
for every (a,z) € X(I,J) x X, i.e. the following diagram is commutative

Z(I,J)XXEZ(I,J)XX
T lm

X £y X
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Proof. For a € ¥1(I, J) the conclusion results from Proposition 3.5.
For a € ¥o(1,J), as ia € Xo(I,J), the conclusion takes the following
obvious form:
(fiﬁo 00y, © fﬁl Oy, ©...0 fﬂn—l 0 Gy, © fﬁn)(‘r)
= fl((fﬂo 0Qy, © f[31 Oy, ©...0 fﬁn—l O ly, © fﬁn)(x))a

where o = Boy101.-Ynln € So(I,J), with n € N, By € {A\} UA (I U J),
Bn € {ANPUAIUJ), v € A(J) for every k € {1,....n} and B € As(IUJ)
for every k € {1,...,n — 1} if n > 2. O

Theorem 3.12 can be rewritten in the following form, which is the coun-
terpart of Theorem 2.9, c), ii):

Theorem 4.4. Let S =((X,d), (fi)icrus) be a mIIFS and B € P, (X). Then
(21, J) x B) = Ap.

5. Visual Aspects Concerning the Functions A,

Let us consider the mIIFS S = ((R?, ||.||y), (fi)icrus), where I = {1,2,3},
J = {4} and f; : R? — R? are given by

fi(z,y) = (:r y) )

2’2

fa(z,y) = (mﬂ y) :

2 2
20 +1 2y ++/3
f3(37,y): 4 aT

1
f4(1‘7y) = <1’7 59) )
for every (z,y) € R%.

A. We start by providing a visualization of the convergence of the se-
quence defining a,(u) for a randomly generated o € ¥1(I,J) and for u €
{(0,0),(1,1),(20,20)}. More precisely, we represent the first 50,000 terms of
the corresponding sequences, the limit being marked by * (see Figure 1).

Let us remark that the visualizations presented in Figure 1 are in accor-
dance with Proposition 3.4, b), as all the three pictures indicate a convergence
to the same limit.

B. Next we come up with a visualization of A, (u) for u € {(0,0),(1,1)}
and for o € {w, 321w, w123,12w31} C ¥1(I, J), where w is the word having all
letters equal to 4 (see Figure 2).

and
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0.8

0.6

0.4

0.2

0.2

(¢) aa((20,20))

FIGURE 1.

As214..4(0, 0)

/A:!‘ZM..A(L 1)

* *

Ay..4(0,0)

* * » g
Ay 11230, 0)//: \Ax n23(1,1)

Auaa_121(0,0) Ao an(1,1) Apa(L,1)

FIGURE 2.
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FIGURE 3.

Let us remark that Figure 2 gives evidence that A, (u) depends on w.

C. Let us consider the set B = F‘[SQO]({(O,O)}), a = 1434121212... €

$1(1,J) and B = 412w € So(1, J).

Figures 3(a), (b), (c), (d) and (e) contain the visual representations of
Jia],(B) forn=1,n=2,n=3,n=6and n =9, respectively. The fact that
fia)s (B) is very close with I'ma, (which is marked with *) endorses Theorem
3.9, a).

Figures 4(a), 4(b), 4(c), 4(d) and 4(e) contain the visual representations
of fig, (B) forn =1,n=2,n=3,n=4and n = 6, respectively and they
illustrate Theorem 3.9, b) (the black horizontal segment representing ag(B)).

D. Finally we note that the concatenation of the images of the approx-
imates of a,((0,0)) for 50,000 randomly generated elements « € 3q(I,.J)
with the images of A, ((0,0)) for another 50,000 randomly generated elements
a € Xo(1,J) (see Figure 5(a)) looks similar to the graphical representation of
Fg2°]({(07 0)}) (see Figure 5(b)). This remark is in accordance with Theorem
3.12.
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nz20..(Ap) anaus..(Ap) anu..(Ap)

anzus. (Ap) anzus.(Ap)

FIGURE 4.

(a) (b)
FIGURE 5.
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