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Abstract: In this work, an analytical method for finding the equilibrium configuration of the suspen-
sion systems used for the non-steered (usually rear) wheels of the passenger car is proposed. This
study is based on the static model, which takes into account the elastic elements of the suspension
(springs, bushings, anti-roll bar, buffers). The external loading of the suspension system comes from
the contact forces between the wheels and the ground, depending on the specific operating regime of
the vehicle (static or dynamic, by case). An algorithm for analysis of the relative movements in the
wheel guiding mechanisms was developed (and further integrated in the general method for finding
the equilibrium position) with the purpose of establishing the deformations of the elastic elements.
Finally, a computer program was conceived and tested on a particular application.

Keywords: equilibrium configuration; non-steered wheels; passenger car; static model; suspension
system

1. Introduction

In the relative movement to the car body (chassis), the non-steered wheels of vehicles
(usually the rear ones) are guided by multi-link mechanisms, in which a number of binary
elements or kinematic chains are interspersed between the wheel carrier and chassis (car
body) [1]. The connections of the guidance bars to the adjacent parts are ordinarily made
by bushings, in which, as a result of the forces and torques to which they are subjected,
linear and angular elastic deformations occur in all directions (such a connection is, in fact,
a compliant one, with six degrees of freedom (DOF)).

Frequently, to simplify the theoretical models, the bushings are modeled by spherical
(ball) joints, thus neglecting the linear deformations (which are, however, very small
compared to the angular ones) [2-7]. In the case of the triangular guidance bars, with
double articulation to the chassis and/or wheel carrier, as the case may be, the two afferent
spherical connections determine, in fact, a revolute joint.

From a kinematic point of view, the guidance mechanism must ensure the vertical
movement (travel) of the wheel, so the required degree of mobility is M = 1. In order
to obtain such mono-mobile mechanisms, various structural synthesis methods are pre-
sented in the literature, depending on the type of mechanism, the number of guidance
points on the wheel carrier and chassis, and the type and number of kinematic chains
interspersed between these parts [8]. The need to obtain simple and safe guidance mecha-
nisms has led to the use of the types of guidance shown in Figure 1, with a large variety
of wheel guidance mechanisms (some of which are used in practice) being obtainable by
connecting/combining these basic chains.

The dynamic model of the wheel suspension system is obtained by completing the
structural model with the mass and inertia properties of the component bodies, the arrange-
ment parameters and characteristics of the elastic and damping elements, and the external
forces acting on the car, depending on the specific running mode.
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Figure 1. Basic binary chains for non-steered wheel guidance (S—spherical, R—revolute).

Under the action of external forces and the reaction forces in the system, the suspension
mechanism will occupy a certain position in relation to the chassis, called the equilibrium
(balance) position. Establishing this position is necessary to assess the behavior of the
vehicle in various operating/loading regimes, and to determine the reactions in joints
in order to properly size them. Such a problem is approached in the literature mainly
using energetic methods, based on the minimum energy potential in the equilibrium
position, or by kinetostatic analysis methods, decomposing the suspension mechanism into
components and expressing their equilibrium equations [9-16]. The equilibrium position
can also be determined by using automatic analysis algorithms, which are integrated in the
commercial MBS (Multi-Body Systems) software environments, such as ADAMS, DYMES,
or SIMPACK. These virtual prototyping tools provide important benefits in the simulation
and optimization of the mechanical and mechatronic systems, but their high cost and the
need for effective training are still limiting factors [17-20].

This paper deals with an analytical method for determining the equilibrium position
of the non-steered wheel suspension systems, which is based on the virtual mechanical
work principle [21,22]. An algorithm for the analysis of relative movements in the guidance
mechanism is developed, with the purpose of determining the deformations (and subse-
quently the reaction forces) in the elastic elements. Not only the methods themselves but
also the mode in which they are integrated in a unitary algorithm are elements of originality.

This paper actually continues a previous study [23], which dealt with a method for
the quasi-static analysis of beam axle suspension, a dependent suspension design in which
the set of two wheels is connected laterally by a single beam. Unlike this, the current
work is about independent wheel suspension systems, where each wheel has its own
suspension mechanism relative to the chassis. Beam axle suspension is commonly used
for light commercial and off-road vehicles while the solution addressed in this work is
intended primarily for passenger cars.

2. Forces Acting on the Car

As a premise for the study developed in this paper, the car is considered as a rigid
body, on which a complex group of forces acts [24,25]. The loading scheme in the general
case of overlapping operating modes (car turning on a sloping and transversely inclined
road) is shown in Figure 2, according to which the following can be determined:

e The weight force (G,), with the point of application in the center of mass O, of the car:

Ga = Go + Gs + Gi/ (1)
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where G, is the empty car weight, G is the driver weight, and G; is the cargo weight
(the load state will be considered, as the case may be, Go, G, + Gs, or Go + Gs + Gj,
respectively);

e  The centrifugal force (F), applied in O, in the direction of the turning radius r. and
the positive direction to the outside of the turn:

Fo = —— @)
where m, is the mass of the car, and v, is the travel speed;

e  The air resistance (drag) forces (Fax, Fay), which are applied relative to the ground
level at the height h, (in the center of pressure, for the determination of which complex
experimental and CFD tests are required) [26], or h. (in the center of gravity, as a main
simplification), with a positive direction opposite to the X, Y axes:

Fax=05-p - Kax-Sx - Vay, Fay= 0.5 p-kay - Sy - vay, (3)

where p is the air density, kax is the frontal aerodynamic drag coefficient, kay is the
lateral aerodynamic drag coefficient, Sy is the frontal area of the car along the X
direction, Sy is the lateral area along the Y direction, vay is the vehicle speed along X,
and v,y is the vehicle speed along Y (when skidding) [27];

e  The resistance forces to acceleration/inertia-longitudinal (traction or braking), lateral
(skidding) and vertical (crossing obstacles), along the directions of the axes and positive
direction along the Y axis, respectively, opposite the X, Z axes (F4y, Fay, Fa,):

Fax=kx - Ga, Fay= ky - Ga, Fg,=k; - G, 4)

where ky, ky, and k; are the acceleration coefficients, with positive values for acceler-
ated traction (ky > 0), skidding to the left (ky > 0), and accelerated jump over obstacles
(kz > 0);

e  The torque of wheel inertia forces (Mir), having the direction of the wheels” axles and
the positive direction towards the turning center Oy:

M= T X0 ®)

for each of the four wheels, where J, is the wheel inertia torque and r is the wheel radius.

These forces, which depend on the loading and driving regime of the car, are trans-
mitted to the ground by means of the suspension and the wheels, being balanced by the
reactions that appear at the tire-road contact, as follows:

e  Normal reactions (Za, Zg, Z¢c, Zp), which are normally arranged on the running
surface;

e Tangential reactions at the drive (motor) axle (X4, Xg), as ground adhesion forces, or
at the non-motor axle (Xc, Xp), as ground friction forces:

XaB = Ya-Zap Xcp=f-Zcp, (6)

or when braking:
Xep = Ya-Zcp, @)

where ¥, is the adhesion coefficient [28] and f; is the rolling resistance coefficient [29];
e Lateral reactions (Ya, Y, Yc, YD), as skidding resistance forces:

Ya,B,C,D = W Za,B,C,D/ (8)

where y is the lateral friction coefficient [30];
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e  Rolling resistance torques of the front and rear wheels (M}, ¢ Mp):

M B,cp=fr T -ZaBCD )

Figure 2. Forces acting on the car: (a) Forces in longitudinal-vertical plane; (b) forces and torques in
longitudinal-transversal plane; (c) forces in transversal-vertical plane.

The unknowns in the previous equations are the normal reactions to the wheels (Z4,
Zg, Zc, Zp), which result from the overall balance of the car, by overlapping effects [24,25].
In this regard, the road on which the car moves is tilted both longitudinally (angle .
in Figure 2) and transversely (angle 3.). The car is cornering at angle 8¢, with respect to
the driving radius r. from the center of mass O.. Subsequently, the tangential and lateral
reactions are obtained from Equations (6)/(7) and (8).
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3. Algorithm for Finding the Static Equilibrium

The equilibrium configuration of the suspension system in relation to the car body
(considered as the fixed reference part) is determined on the static model (Figure 3), which
is defined by kinematic elements (bodies), geometric constraints (joints), and elastic ele-
ments. Determining the equilibrium configuration consists in establishing the independent
positional parameter (the wheel guidance mechanisms having one degree of mobility),
which corresponds to the vertical displacement of the wheel center (Zgs or Zgq).

Fs

Figure 3. The static model of the non-steered wheels’ suspension system.

The external loading of the suspension system is carried out by forces applied to the
wheels (F; 4), in the theoretical contact point with the ground (K 4), corresponding to
the specific operating regime (such as stationary, traction, braking, skidding). These are
balanced by the reaction forces or torques in the elastic elements of the suspension system,
as follows:

The forces in the springs (F,s 4), which are applied in Qg 4;
The torsional (M) and conical (Mg.) torques in the bushings (which are modeled by
spherical joints, with elastically restricted rotations);

e  The forces in the buffers for limiting the suspension travel (Fy; q), which are applied in
Ts,d;

e  The forces in the anti-roll bar (F 4), which are applied in the connection points Wy 4
of the anti-roll bar to the connecting rods.

With the exception of the forces in the anti-roll bar, which depend on both independent
parameters (i.e., the vertical coordinates of the wheels’ centers, Zgs and Zgq), the other
elastic forces depend only on the parameter corresponding to the left or right side of the
suspension (by case, Zgs or Zgq)-

It must be noted that due to the anti-roll bar, which is connected between parts from
the left and right guidance mechanisms, it is necessary to consider the transverse half-car
model of the suspension system (such as the one shown in Figure 3, where the anti-roll bar
is connected by rods to the lower guidance arms), which considers the suspension systems
of both axle wheels, and not just the quarter-car model corresponding to the suspension of
a single wheel [31-33].

Although, under the action of wheel reaction forces, not only do the elastic elements
of the suspension deform but so do the tires and sometimes even the bars of the guidance
mechanism. These deformations are not taken into account in the determination of the
equilibrium position, which considers them negligible compared to the deformation of
the suspension elements. It should be mentioned that in the automotive industry, there
are some experimental tests carried out on a so-called full-vehicle road simulator (test rig),
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in which the wheels are disassembled/removed, and the external forces are applied (by
some actuators) directly to the wheel spindle level [34]. Such an actuating mode is largely
equivalent to the “rigid tire” assumption used in this work. Therefore, the mechanical
work developed by the wheel reaction forces is transformed only into mechanical work of
deformation of the elastic elements of the suspension.

According to the principle of virtual mechanical work, the sum of the virtual works
performed by the wheel reaction forces and the specified elastic balancing forces/torques,
for any virtual movement compatible with the connections, is equal to zero:

n
Fs - 6rKs+Fd . 6rKd+FaS . 6rQ5+Fad . 6er+Fts . 6rTs+Ftd . 6er+Fws . 6rW5+Fwd . 6rWd + 'Zl(Mf . éd)r)i =0, (10)
i=

ot = 81(Zgs /ga) =

Fi1(Zgs, Zga) = Fs -

F2(Zgs) Zga) = Fa -

// 7

where is the number of bushings by which the guidance bars are connected to the
adjacent parts (car body and wheel carrier, respectively).

The magnitude of the elastic forces and torques depends on the deformations of the
elastic elements and their stiffness coefficients, with the computation mode being similar to
that depicted in [35]. The deformations result from the spatial position and orientation of
the suspension mechanism relative to the car body, which is defined by the generalized
coordinates Zgg and Zgq (detailed in Section 4).

For springs, bushings, and buffers, the virtual linear (6r) and angular (6¢) displace-
ments are expressed according to the generalized coordinate from the corresponding
suspension side (Zgg or Zgq, by case):

vr v

- 0ZGs /G, 0 = 3D (Zgs/ca) = - 8ZGs / Gd- (11)

VZGs /Gd VZGs /Gd

while for the anti-roll bar, both coordinates influence the virtual displacements:

VIws/Wd | 57 + VI'ws/wd 8Zca. (12)

drws wd = Otws/wd(Zas, Zgd) = vz Gs "Zeq
S

Each of the two (left and right) wheel guidance mechanisms has one degree of mobility
(i.e., the vertical displacement/travel of the related wheel), with the equation of virtual
mechanical work (10) being transposed into a two-equation nonlinear system as follows:

n
;)élé + Fas - UZG + Fis - UZG + Fuws - vZ -+ Fws - EEGS + .Zl(MF'vDZdé) =0,
i=
n (13)
SH 4 B S50 4 Fug - 3514 4 Fuq - S+ B 33+ £ (Me 32) =0

Determining the equilibrium position is further reduced to a mono-objective optimal
design problem (without design constraints), which consists of determining the values of
the independent design variables Zgg and Zgg4, for which the function:

F(ZGsr ZGd) = |F1 (ZGsr ZGd )’ + |F2(ZGsr ZGd ) |/ ZGs,d € [ZGs,d min-s ZGs,d max]/ (14)

has a minimum value. The solution can be determined through an iterative process by
considering discrete values for the two design variables in the compression (up)-extension
(down) operating range of the suspension mechanism, and by identifying the values that
ensure the minimum of the function (14).

The value pairs for the design variables were generated through the next sequence:

Z%s = ZGsmins Zgd € [ZGd mins ZGd max}r
Z(C)Ss + AZgs, Zgq € [Zdeinr Zdeax]/

N
o=
172

Il

. )
ZEN = Z& + MG, Zod € [ZGdamins ZGdmax),

ZGs = ZLGsmaxs LGd € [Zdein/ ZdeaX]'
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n
Fo(ZGa) = Fa+ 55 + Fag - 5528 + Fg - S35 + Fyq - 0940 4 o (Mf- %gd) ~0
i=

where AZg; is the step by which the design variable Zgs changes (similarly, the other
design variable, Zgq4, changes with the step AZgq4 within its own variation range).

In each iteration, the position of the suspension mechanism in relation to the car body,
the reduced speeds, the deformations of the elastic elements and their reaction forces, and
the corresponding value of the objective function are determined. The iterative process is
completed when the objective function becomes small enough:

F(Zgs, Zga) < &, (16)

where ¢ is the admissible error (it was considered ¢ = 0.001).

The process of determining the optimal solution could be favored by the use of
automated search algorithms, for example, the Hook-Jeeves method [36], thus reducing
the computation time.

If there is no anti-roll bar, or if the external forces on the left and right wheels are equal
(so the anti-roll bar does not operate), the Equation (13) can be solved independently, in the
following form:

VZGs VZGs VZGs VZGs

n
Fl (ZGS) =F;- VIKs + Fas - Do + Fis - UITs + Fus - DIWs + 'Zl (Mf UUZGS) =0,
i=

i (17)

UZGd UZGd

i

which obviously leads to simplification of the calculation, with the two objective functions
having to be minimized separately, by searching for the optimal value of a single design
variable (Zgs or Zggq, as the case may be), as follows:

Fl(ZGs) < g, FZ(ZGd) < e. (18)

In the situation where by completing the iterative process (15), no solution is identified
(as values of the generalized coordinates Zgs and/or Zgq) that satisfies the requirement
(16) or (18), as the case may be, the process is resumed from the beginning by modifying the
variation step of the generalized coordinate(s) (AZgg,4), in the sense of reducing it (thus,
increasing the accuracy of finding the optimal solution).

The method described in the next section of the paper was used for the positional
(kinematic) analysis of the non-steered wheel guidance mechanisms, as part of the general
algorithm for finding the static equilibrium of the suspension system.

4. Kinematic Analysis of the Wheel Guidance Mechanisms

The current spatial position and orientation of the wheel, relative to the global reference
frame attached to the car body (OXYZ), is completely determined by three non-collinear
characteristic points (see Figure 4): the center G of the wheel (G4 for the left/right wheel),
and the projections G, G of the lower guidance point M; on the transverse and vertical
axes of the wheel carrier reference frame (PXpYpZp).

The axes of the global reference frame OXYZ are directed in parallel to the car’s axles
(with the positive X-axis towards the front of the car, the positive Y-axis towards the left,
and the positive Z-axis upwards), where the origin O is located at the intersection of the
median longitudinal-vertical and vertical-transversal plans. The wheel carrier reference
frame PXpYpZp has the origin P in the center of the spindle axis, along which the local
transverse axis Yp is directed.

The system of position functions for determining the global coordinates of the three
points defining the local frame includes the condition that the distances between these



Appl. Sci. 2022,12,7122 8of 17

points are constant (given that the wheel carrier is a rigid body) and the constraints imposed
on the points M; by which the wheel carrier is guided, as follows:

Fi = Xgr — X )2+ (Yor —Yo)2 + (Zgr — Zo)* — GG =0,
F, = Xgr —Xo) 2+ (Yor — Y6)2 + (Zor — Zg)* — G“2G2 =0, 19)
F; = Xg — Xo)* + (Yo — Y6)* + (Zg — Zg)* — G'G* =0,

The guidance on the circle of the point M; (e.g., the guidance arm 1 in Figure 4)
introduces two equations of the form F; in Equation (19), namely the pairs M; — M(; and

Figure 4. The global (car body) and local (wheel carrier) reference frames.

The global coordinates of the guidance points Mi are determined according to the
positions of the points G, G, and G”, as follows:

Xmi Xp aj; app as Xmi
Ymi| = |Yp| + |az1 axn ax3| - | Ywmi (20)
Ly Zp az1 ax asz]| [Zmi]p

The column matrix [rp] represents the position vector of the origin P of the wheel
carrier reference frame, expressed in the global reference frame. The global coordinates of P
are determined from the intersection of the spindle axis GG’ with the plane perpendicular
to GG’ passing through G”:

Xp —Xgr) - Xgr —=Xg)+ (Yp = Ygr) - Yo —Ya) + (Zp — Zgr) - (Zg — Zg) =0,
Xp—Xg _ Yp=Yg _ Zp—Zg (21)
XG/*XG - YGI*YG - ZG/*ZG'

By successive transformations, the linear system below is obtained:
nyp - Xp +npp - Yp +ny3 - Zp = dy, nyy - Xp +np - Yp + 13 - Zp = dg, ngg - Xp +n3p - Yp + ng3 - Zp = ds, (22)
which is solved by the Cramer method [37], resulting in:

b By 5
P 5/1’ 6/P 5’ (3)

where:
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Ox

dq
d»
ds

nip
nys
nzp

ni3 n;; dp ng3 ni; npp dp ny; np ng3
np3|,0y = npy dz mp3|,8z= [Ny np da|,8 = |ny nxp np3 (24)
ns3 n3; ds nz3 n3; nz ds ng; Nz N33

The coefficients aj; (i,j = 1,2,3) of the connection matrix from the wheel carrier reference
frame to the global reference frame are the cosines of the angles between the axes of the
two reference frames, e.g., a;; = cos£(OX, PXp), having the following expressions:

—(Yga—Yp) (Z5—Zp)

Xg—X Xad—Xp (Yo~ Yp) (Z oy —2Zp)

ann = GPG L, ap = Gl'f‘de ,a;3 = —¢ o PG PGy ’
Yeo-Y Ygq—Y (Xga=Xp) (Zg=2Zp) —(Xg—Xp) (Zgq—Zp)

ay = “Gg b an = “§g,; o s = oG, ==, (25)
Zg-2Z Zgq—7Z (Xg=Xp) (Yea—Yr) —(Xga—Xp) - (Yg—Yp)

a3 = 25228, ay) = GPde P g = Xa Gd PG~PGde G )

The column matrix [ry]p represents the position vector of the guidance point M; on
the wheel carrier, expressed in the local reference frame. The local coordinates (X, Ywmi,
Z\i)p are input data for analysis (as geometrical parameters defining the mechanism).

The solution of the nonlinear system (19) is found using the Newton-Kantorovich
method [38], starting from the neutral position of the mechanism (the car at rest), a position
for which the initial solution of the system is established exactly, as follows:

Xa= Xp+Xg(p) Yo= Yo+ Ya(p), Z= Zp+ZGp)s

P)
Xor=Xp+Xg(p) Yor= Yo+ Y o) Zo= Zp+Zg () (26)
Xgr=Xp+Xcr (), Yor = Yo+ Yo (p), Zar = Zp+Zcr (p)
where X9, Y3, 73 are the initial coordinates of the center of the wheel carrier.
The following steps are used to solve the nonlinear system (19):
a. Establishing the initial solution (26);
b. Determining the coordinates of the center of the wheel carrier (23) and the coordinates
of the guidance points (20) in the neutral (initial) position of the mechanism;
c. Establishing the Jacobian of the system, by deriving the functions Fi in relation to

the eight unknowns (Xg, Yg, X, Yo, Zg, Xgr, Y, Zgr): in the first three equation
in Equation (19), the unknowns appear explicitly while in the case of the other
equations, in which the unknowns appear implicitly, the partial derivatives also
intervene according to the coordinates of the guidance points M, which are obtained
by deriving the Equations (20)—(25), as follows:

UF]' _ vFj ' UXM UFj ' UYM UF]' . UZM (27)
vX; VXM uvX;  vYm vX;  vZy vX
where:

VXM . VXp vajg vajp vas

X = X Xwae) X Y WX+ Ay X

% = l;xlio +Xmp) oY) 5 T Zmep) o (28)

7 Z
TR = X X SR+ Yue) - T+ 2y - TR

in which X; is used for noting the unknowns (X; = Xg, X2 =Yg, X3 = X, and so on);
d.  Determining the new solution of the system (in the first iteration) using the Gauss—
Jordan method [39];
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e. Testing the obtained error:
[ Xc ] [ Xc
YG Yo
XG/ XG/
Yo | _ |Yo| - . (29)
ZG' ZG’ - 7
XG// XG//
YGN YG//
_ZGH 4y _ZGH 4o

If the expression is satisfied, then ‘1’ is retained as the solution of the system; otherwise,
the iterative process from point ‘b’ is resumed, considering the values of the unknowns
from the previous iteration as the initial solution of the system in the new iteration. The
iterative process ‘a—d’ ends when the difference between the values of the unknowns in
two consecutive iterations ‘m — 1" and ‘m’ reach the required accuracy:

X T X T
Yg Yg
Xo Xo
YG/ _ YG/ S E, (30)
Zo Zo
XG// XG//
YG// YG//
_ZG//_ m -ZG”— me1

with the solution of the nonlinear system being {Xg, Yg, X¢/, - - Im.

For the current position of the guidance mechanism, the nonlinear system is similarly
solved, as an initial solution considering the known previous position.

Depending on the global coordinates of the three characteristic points (G, G/, G”), the
global coordinates of any other point of interest (denoted by R in the following) on the
wheel carrier (including the mounting points of the elastic elements of the suspension,
which are necessary to compute the elastic reaction forces, and, therefore, the equilibrium
position) can be determined from a nonlinear system of the following form:

(Xg — XG)Z + (YR — YG)Z + (Zr — ZG)2 —RG?*=0,
(Xg — Xg)2 + (YR — Yo )2 + (Zr — Zg)* —RG? =0, (31)
(Xr = Xgr)? + (YR = Ygr)? + (Zr — Zgr)* —RG"? = 0.
The nonlinear system (31) was solved through a series of operations that allowed its
transformation into a linear system. In this regard, the first equation was subtracted from

the second and third equations, which allowed the elimination of the terms X%, Yf, Z%, and
thus gave a two-equation linear system of unknowns Xg and Yy as functions of Zg:

(Xa — X&) - Xg + (Yo — Yor) - Yr + (Zg — Zgy) - Zg = %KRG”Z S I zé,) - (R62 —XE - YR — zé)}

(32)
(Xa = Xgr) - Xr + (Yo = Ygr) YR + (Z — Zgn) - Zr = 3[(RG"2 = X% = Y&, — 7%, ) - (RG® = X¢ — Y& - 22) |,
which can be arranged in the form:
Xg =U;-Zgr +V1, YR = Uy - Zg + Vo (33)
where:
Z~y —2G Y~ — Yg X1 — X Zn~ —2g E, —E Yo — Yg X1 — X Ey — E
Ul:f%" Zé’ufZCG YgufYCG ‘/UZZ’%' XGGu—x(é ZGG,,—Z(G Vi=-{ ngEl yg,,fycc "VZ:’%' xg’,,fx(é E;—E: (34)

X =% Yo=Y | _1 2 2 v2 _y2) g - 1 22 2 2\ gao 1 "2 y2 2 2
u=| .G G By = % (RG2 - X - YE - YE) By = §-(RG —XC,—Y(:,—ZG,)/J:3:7<<RG 7xG,,7yG,,sz,,>.

Xgr =Xg  Ygn —Yg
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U =10 +U3+1,V;

The unknowns Xg and Yr are substituted by the solutions (33) of the first equation in
Equation (31), thus giving a quadratic equation in Zg:

Us-z5 +2-V3-2g 45 =0, (35)
whose solution is:
~V3 +4/V: - U;-S
7R = , (36)
Us

where the coefficients U3, V3, and S have the following expressions:

=U - Vi+ U Vo = XUy — Yo Uy —Zg, S = V3 + V3 —2- (Xg- Vi + Yo - V2) — 2-Ey. (37)

If the point of interest is located on a certain guidance arm of the mechanism and not
on the wheel carrier, its coordinates are determined from a system of equations similar to
(31), depending on the coordinates of the arm’s joints to the adjacent parts (chassis and
wheel carrier). For example, the global coordinates of the connecting point Wy, 4 (left or
right, by case) of the anti-roll rod on the lower guidance bar (as is the case of the model
in Figure 3) are determined according to the coordinates of the points M, My, and My~
(in correlation with the notations in Figure 4), where the coordinates of the point M; are
previously obtained depending on G, G/, and G”.

The coordinates of the point of contact K between the wheel and the running track are
obtained from the intersection of the vertical plane containing the spindle axis GG’ with the
plane taken through the center G of the wheel, normal to the spindle axis, and the sphere
with center in G and radius r = GK:

Xk (Yo — Yg) + Y- (Xg — Xgr) +Xg - Yo — Xg - Yo =0,
Xo — Xg) - (X — Xg) + (Yo — Yg) - (Yx — Yg) + (Ze — Z¢) - (Zx — Zg) = 0, (38)
(Xx = Xe)? + (Yx = Yo’ + (Zx — Za)* =2 = 0.

Once the coordinates of all points of interest are determined, the reduced speeds can
be further established. For the characteristic points G, G/, and G”, the reduced speeds
are obtained by the analytical derivation of Equation (19), in relation to the independent
kinematic parameter Zg. Thus, we obtain linear systems of the following form:

[A5] x [vi] = [Bi], (39)

wherei, j=1... 8, [Aj] is the coefficient matrix, [v;] is the column matrix of the unknowns
(XG, YG, XG/, YG/, ZG/, XG// , YGu , ZGH ), and [B;] is the column matrix of free terms.

Similarly, the reduced speeds of any other point of interest on the wheel carrier can be
determined by deriving the equation system (31).

In the case of wheel suspension systems based on the McPherson setup (Figure 5),
in which the shock absorber is part of the guidance mechanism (its arrangement thus
influencing the kinematics of the system), the above presented method supports some
changes, considering that, in addition to the guidance cases shown in Figure 1, the case
of guiding a line belonging to the wheel carrier (i.e., the damper axis (A)) appears, which
passes through a fixed point (the connection point of the damper on the car body (Njp)).

In the system of equations that describes the kinematics of such a mechanism, in
addition to the constant distance equations between the three characteristic points (G, G/,
G”) and the guiding equations similar in expression to those in system (19), the equations
of the line by which the shock absorber axis is defined also appear, namely:

(Xno — XN) - Ya — (Yno — YN) - Xp = 0,

40
(Yno — YN) Za — (Zno — ZN) - Ya = 0, 49
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in which Xj, Ya, and Z, are the components of the shock absorber axis vector, in OXYZ:

Xa aj; ap  aps COS €p(p) - SIN Ap(p)
YA = |ap1 azp ax3| - sm SA(P) ’ (41)
Za a1 asp ass COS €A(p) * €COS Ap(p)

where the coefficients ajj (i,j = 1,2,3) define the connection matrix between the local (wheel
carrier) and global (car body) reference frames (see Equation (25)) while e p) and Ap (p) are
the orientation angles of the shock absorber axis in the wheel carrier reference frame. The
nonlinear system (40) is solved in a similar way to (19).

& Mo
EAF)
).r"-'
AA® A
ik . N
L ';N mh{ﬁ Z
foax
G _mP , M X
G 0
Y'E [ Mo @ Mo
G M, @ Mo

Figure 5. The wheel guidance mechanism based on the McPherson setup.

5. Results and Conclusions

By algorithmizing the above presented method, a computer program was conceived
using Borland Delphi. The logical block diagram of the process of finding the static
equilibrium position is presented in Figure 6, corresponding to the general case in which
the contact forces on the left and right wheels are not equal, so there is an elastic reaction in
the anti-roll bar. Appropriate customizations can also be used to define the logical block
diagram for the (simpler) case in which the anti-roll bar does not operate, so only one
generalized coordinate (Zgg or Zgq, by case) is involved in the iterative process.

The input data in the algorithm are the contact forces on the wheels, the geometric
parameters that define the suspension system, the stiffness coefficients of the elastic ele-
ments, and the variation step of the generalized coordinates. For a current position of the
wheel guidance mechanism, defined by the values of the generalized coordinate(s) (Z¢s
and/or Zgg), the positions of the elements are first determined, according to which the
reduced speeds in the mechanism are subsequently established. Then, the magnitudes of
the forces and torques in the elastic elements of the suspension are computed, depending
on the previously calculated deformations and the corresponding stiffness characteristics.
The proposed method gives the definition of the characteristics of the elastic elements,
which in the real case are more or less nonlinear, either by stiffness coefficients or by char-
acteristics linearized in steps [23]. In this regard, Figure 7 shows the stepwise linearization
in three steps, which is usually sufficient to obtain a good accuracy, with the elastic force
corresponding to such a case being expressed as follows:
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Fu—Fr
dip —dy

Fir — Fit

F:kI-d,dE[O,dI];F:Fl+ dIII_dII

(d—dy),d € (d, dnl; F=Fy + -(d—dm), d € (dg, dm|, (42)

where F; = k;- d;, i = I I, IIL

Y

l Fos= Ftamm |
el
h J

l Foi= Fodmm |

computing the coordinates of the
characteristics points (G, G, G”)

h J
computing the coordinates of the
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'

computing the linear & angular
reduced speeds

l

i ")

computing the deformations &
| reaction forces in the elastic elements

l
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Figure 6. The logical scheme for determining the equilibrium position of the suspension system.
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Figure 7. Three-step linearization of a nonlinear elastic characteristic.

Lastly, the expression of the virtual mechanical work is evaluated, and in the case the
objective function does not meet the admissible error, the iterative process is continued by
the initialization of new values for the generalized coordinates. As mentioned in the third
section, the whole iterative process can be resumed with a lower value of the variation step
of the generalized coordinate(s) if the current value of the step does not lead to the optimal
solution being obtained (i.e., the equilibrium position).

The method and the computer program were tested on concrete wheel guidance
mechanisms for various loading situations. In the following, results are given for a wheel
guidance mechanism of type 2SR-1SS (for the codes, see the basic guidance chains in
Figure 1), whose model is similar to that shown in Figure 3. It should be mentioned that the
left and right wheel suspension systems are symmetrical relative to the longitudinal axis
(X) of the car. The global coordinates of the design points defining the wheel suspension
mechanism (in the initial position) are presented in Table 1, corresponding to the left wheel
guidance mechanism (for the right wheel/mechanism, all the Y-coordinates are negative,
considering the direction of the transverse axis). In addition to the points mentioned in
Figures 3 and 4, the following point notation was also used: Qy, the spring connection on
the car body; Ry, the anti-roll bar joint on the car body; and R, the anti-roll rod joint on the
lower guidance arm. The input data were collected from the technical documentation of an
existing mid-sized sedan vehicle in empty stationary mode.

Table 1. The design points defining the wheel suspension mechanism.

Global Coordinates [mm]

M, Mupr Mp M, My M M, M; G K Qo 0 Ro 4 R

X ~1049 921 953 —3119 85 —64 1281 86 0 0 8.6 86 —1159 —69 —69
Y 3260 3260 2965 3280 3280 600.6 53121 57095 6625 6625 489.93 48504 351.0 4550  463.0
z 340 340 30014 2475 2475 269  299.02 24308 111.0 —1480 60649 41983 1605 1605  30.5

Table 2 shows the results obtained for some representative vehicle operating regimes.
For the contact forces at the wheels (which are input data in the static analysis), the values
indicated in [24] were considered, corresponding to the type of suspension/vehicle in this
study. The values of the parameters used in the computation of these forces (as briefly
described in the second section of the work) were provided by the vehicle manufacturer
under certain research agreements. From the values presented in Table 2, we observed that
the equilibrium position obtained in the case of an empty stationary regime corresponds
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to the values in Table 1 for the vertical coordinates of the wheel centers (Zgs/4 = 111 mm),

which constitutes a validation of the proposed method.

Table 2. The equilibrium position of the wheel suspension system.

Forces on the Left Wheel [N]

Forces on the Right Wheel [N]

Equilibrium Position

Regime [mm]
Fs* FsY Fs? Fq* Fq¥ F4* Zgs ZGq
stationary empty 0 0 2620 0 0 2620 111.0 111.0
stationary loaded 0 0 3320 0 0 3320 142.8 142.8
traction 1820 0 2290 1820 0 2290 93.42 93.42
braking —3070 0 3850 —-3070 0 3850 144.3 144.3
skidding to the left 0 —3840 4800 0 —600 750 147.0 56.2

For a supplementary validation of the method and the computer program developed
based on it, the static model of the wheel suspension system was modeled and analyzed
using the MBS (Multi-Body Systems) software environment ADAMS. The comparative
analysis between the two models was performed by considering the stationary loading
regime, in which the external action was carried out by applying equal vertical forces to the
wheels in the range (0, 5000) N while the longitudinal and transversal forces are null, thus
simulating the whole (extension—compression) vertical motion range of the wheels. This is
actually a quasi-static analysis, which is defined by a series of successive static analyses
with different forces applied to the wheels in the mentioned value range. According to
the charts shown in Figure 8, the results from the proposed mathematical model have a
very good match with the results from ADAMS, which ensures the reciprocal validation of
the two models/methods. The small differences in the lower and upper buffer zones are
mainly due to the way the curves are drawn in the two programs.

150 — 150.0
.l-‘- a
|'II‘.;- 1
—_ ”
a5 | E i
g 15 = 125.
! E
£ s
= / 2
Lol ! +=
=] ¥ 7]
$4100 - / 2 100.0 -
g / E
a— ! (%]
o ! =] ]
= A @«
3 / -
£ 5 .";I ‘E:‘: 75.0 7
sot . . . 50.0 : . .
0 1250 2300 3730 5000 0.0 1250.0 2500.0 37S0.0 S000.0
vertical force [IN] vertical force [N]
(a) (b)
Figure 8. Results of the quasi-static analysis in the stationary regime: (a) Proposed method;
(b) MBS model.

The method depicted in this work is defined by a general and unitary character
because it can be used/applied for most of the non-steered wheel suspension systems,
at least those obtained by combining the basic guidance chains schematically rendered
in Figure 1 (including their equivalents for the McPherson suspension setup). The way
in which the integration of the positional analysis method into the general algorithm to
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find the static equilibrium is achieved constitutes an important original contribution of the
work, in addition to the numerical methods themselves.

As a further research direction, we intend to integrate an algorithm into the computer
program for faster searching of the optimal solution (such as the Hook-Jeeves method or
similar), so that the computer processing time is significantly reduced compared to the
double-iterative search in ascending order as in the case of the logical scheme rendered in
Figure 6.

As another research direction, we aim to integrate the proposed method into a more
complex algorithm for the optimal design of the wheel suspension system. This algorithm
(which will also include the numerical method for multi-criteria optimization depicted
in [8]) is intended to be used for minimizing the undesirable movements in the wheel
guiding mechanism, which would reduce the loading state (in terms of reaction forces and
torques) in the suspension elements, positively impacting the reliability and durability of
the suspension system.
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