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Abstract: In this research, an attempt was made to employ the Non-Uniform Rational B-Splines
(NURBS) method for a challenging computational fluid dynamics (CFD) problem of aerodynamics
around NACA 2412 airfoils. The comparison was carried out thoroughly by using the same boundary
conditions and geometry, comparing NURBS to standard FEM implementations. Our study was
interested in demonstrating the foreseeable functionalities of NURBS for solving complex CFD
problems and conducting a comparative effectiveness performance evaluation between them with
traditional FEM methodologies.
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1. Introduction

In the world of aerodynamics, airfoils are well worth investigating. Airfoils, which are
profiles designed to generate lift in aircraft wings, are exposed to nonlinear fluid dynamics
with direct repercussions on their functioning. The most important among these are the lift
and drag coefficients, which characterize how much lift or drag is produced by the airfoil;
hence, they determine its aerodynamic performance [1].

In the field of linear elasticity and stress distribution in structures, including the Navier-
Lamé equations [2], which govern the deformation and stress—strain relationships in elastic
materials, computational fluid dynamics (CFD) has afforded substantial contributions in
modeling and analyzing fluidic dynamics with respect to flow velocity distribution patterns,
pressure gradients, and turbulent viscosity. CFD, combined with the stress analysis from
the Navier-Lamé equations, plays a crucial role in understanding the stress distribution in
pipelines [3], where internal pressures and fluid flow cause complex stress patterns that
need to be evaluated for structural integrity. CFD also helps calculate the lift and drag
coefficients for different flow conditions, which can be used to optimize designs, including
airfoils and piping systems.

CFD analysis uses the Navier-Stokes equations, which characterize the movement
of fluid substances, as a basis for its technology. These equations are used with respect to
the characteristics of fluid [4], in particular viscosity and density, and they govern how
momentum is balanced within a given fluid. Nonetheless, calculating these equations for
complex geometries and flow conditions can be time-consuming.
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Here is where Non-Uniform Rational B-Splines (NURBS) and isogeometric analysis
(IGA) are useful. While NURBS are a general mathematical representation widely used
in computer graphics and CAD systems, they provide a rich solution for airfoil geometry
definition. The use of NURBS together with CFD analyses enables more precise mapping
airfoil representation and calculation process optimization.

Isogeometric analysis was pioneered by Cottrell and al. [5] as an effort to use the
same mathematical representations (NURBS) employed in CAD systems for analysis, thus
realizing a fully integrated simulation and design process.

With high-order CAD-consistent geometry used directly in modeling, mesh optimiza-
tion and refinement processes can be simplified.

This high regularity of NURBS functions makes this technique ideally suited to elliptic
and parabolic problems [6], such as those in structural mechanics [7]; however, applications
in CFD are currently quite rare.

This paper attempts to present the Non-Uniform Rational B-Splines methodology and
describe the governing equations used in computational fluid dynamics (CFD). Then, a
discussion is provided on aerodynamic terminologies, which primarily involve velocity
and pressure related to aerospace.

For airfoil analysis using the NURBS methodology, a complex B-spline Matlab code
was developed, and the NURBS methodology was intended to be applied for CFD analysis
on a standardized airfoil model (NACA 2412). This simulation is an important step in
understanding the complex behaviors of moving objects in a variety of airfoil environments.

For the last part of our study, these results are compared to those obtained using a
finite element method (FEM) simulation. This work is intended to compare the different
methods and the biggest public impact that it can have on concealed applications, by using
the NACA 2412 airfoil as the model of study.

Having examined the a posteriori error curve and detailed pressure/velocity vector
fields, our analysis substantiates that the use of NURBS gives superior results concerning
both accuracy and efforts.

The posteriori error results provide information on the convergence behavior of
NURBS vs. FEM simulations, as shown in [8], revealing that they converge with a moderate
rate, which is to be expected for this problem given the complex nature of airflow around
airfoil profiles like NACA 2412. This critical analysis is essential in determining the usability
of the NURBS method and procuring accurate results from it.

Our results, therefore, demonstrate an increased level of accuracy that can be achieved
when using NURBS simulations, and these simulations offer a more efficient approach for
obtaining these results with much lower computational time. This performance is essential
given the use cases in aerospace engineering where fast response time with exact simulation
results is too important to miss.

This paper is organized into multiple sections. In Section 2, basic introductions
regarding Non-Uniform Rational B-Splines (NURBS) are given. The governing equations
are introduced in Section 3. The process of discretizing the Navier-Stokes equations using
the NURBS IGA is presented in Section 4. Section 5 shows the numerical resolution process
and the comparative results, and finally, a conclusion is provided in Section 6.

2. Governing Preliminaries of Non-Uniform B-Spline Functions

Non-Uniform B-Spline (NURBS) functions have long been the industry standard for
CAD (Computer-Aided Design) systems. Recently, their prominence has significantly
increased within the Computational Mechanics community, primarily because of the con-
tributions by Hughes et al. [9]. In their research, NURBS were utilized as shape functions
within the finite element method (FEM), leading to the development of a specialized version
known as isogeometric analysis. This innovative approach has since been applied to a wide
range of problems.

Leta = (al, as, ..., an+p+1) be a set of non-decreasing numbers representing coordi-
nates in the parametric space, wherei = 1,...,n 4+ p + 1. A knot vector is termed uniform
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when all its knot values are evenly spaced; otherwise, it is considered non-uniform. Addi-
tionally, a knot vector is described as open if its first and last knots are repeated p + 1 times.
A B-spline basis function of order 0 is then defined as follows:

1, ifa;<x<ag
Q — ’ i > dj+1]
Bi (%) : { 0, otherwise ! )

B-spline basis functions of order p > 1 are defined recursively as follows (Figure 1):
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Figure 1. B-spline basis functions at knot vector = = {0,0,0,1,1,2,3,4,5,5,5}.
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NURBS basis functions are established by integrating a set of positive weights that
shape the B-spline w;,i =1,..,n
wiB} (x)
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)

NURBS basis functions CP~! preserve continuity when there are no repeated internal knots.
For a repeated knot of order k, the basis CP~* maintains continuity at that knot. A
NURBS curve is characterized by the integration of NURBS basis functions of order p and

n
n control points. Therefore, it can be expressed as C(x) = Y. R'P;(x), and the control points
=i 1,

determine the shape and configuration of the polygon:
Bivariate NURBS (2D) are defined as follows:

Bp( )B (Y)wlj
Yk 5" B ()B (y) wi

NURBS curves can be expanded into NURBS surfaces and volumes by utilizing the tensor
products of B-spline basis functions. The characteristics of NURBS surfaces are as follows:

ij’q (x,y) = 4)

S:[0,1]* — R? (5)
S(&1,&2), = (x1(&1,&2),x2(&1, &2)), (6)
S(&1, &2), ZZN (&1, &2)P 7)

These are based on two coordinates (&3, &»).

The B-spline basis functions (Figure 2) are defined for polynomial orders p and g, with
the control net consisting of n-m control points. Unlike the control points Py, the associated
weights wjj used in defining the NURBS basis do not adhere to a tensor product structure
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and can be selected freely. NURBS volumes can be formulated in a similar manner. The
derivatives of NURBS parametrizations with respect to the parameter coordinates can be
readily computed for any order of the NURBS basis functions (Figure 3).

I —————— ™y
I
<2 e
[3-3 e
]— &1 J— a1

Figure 2. Physical domain on the right and reference domain on the left.

Figure 3. A representation of a blade’s cross-section using B-spline modeling for the control point
coordinates.

~ P9
The NURBS space in the parametric domain [0,1] x [0,1]is N := span{ij’q }fl_ml
» ij= /

and for the space R on (), it represents a push-forward of the space NV:
RPA = span{Nipj’Cl os”1 li=1,...,n—-1;j=1,..., m— 1} (8)

To implement a complex geometry, such as an airfoil cross-section, using NURBS
functions, it is essential to divide the domain into multiple sections. This approach is
referred to as a multi-patch domain.

Assume that the physical airfoil domain () is formed by the union of Nt = 4 patches
(see Figure 4), in such a way that

Q=0 withNQj=Dfori #] )
Patch 1
e o 50 o 0 € 7y P 5 4 s i s 3 ey —
! i
1 2 0o 6 o8 S O O SIN D0 R 0SB 016 s |
Patch 4 : ! ! U
| 0 Q : IPatch 2
1 i : |
: N i i
! 1
! I

Figure 4. Multi-patch domain of airfoil NACA2412.

Each patch is defined as the image of the same parametric domain under various
parametrizations, that is

0; = FY(Q). (10)
Including multi-patch domains, such a methodology is similar to former methodolo-

gies enforcing Cy continuity strongly based on conforming patch alignment. The residual
error at interfaces is particularly important in this study as the robust continuity of the
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yellow interfaces between patches is desired, as shown in the figure below which contains
three control points for each one, which are associated with basis functions that align
precisely on the interfaces.

3. Governing Equations

The two-dimensional case of fluid flow around an airfoil can be described by the
Navier-Stokes equations that govern both pressure gradient and viscous effects dictating
laminar flow behavior. These can be written as follows:

—vdiv(Vu) +u.Vu+ Vp =f in Q, 1)
div(u) =0 in Q,
By the C g boundary condition,
oau+pB(Vu—pl)n=t on I := 9. (12)

It is additionally hypothesized that () has a polygonal boundary I':=0(}, so n is the
generic outward-pointing normal, where

u: Q= R%n=2o0r3, and p: Q — R represent the unknown velocity and pressure,
respectively. The symbol v denotes the kinematic viscosity.

To derive the weak form of the Navier-Stokes Equations (11) and (12), which describe
the laminar flow behavior over an airfoil by considering both the pressure gradient and
viscous effects, the equations are multiplied by the test functions and then integrated over
the domain €.

Our mathematical model is the Navier-Stokes system, accompanied by a specified
boundary condition Cy . V is the gradient, V. is the divergence, and V? is the Laplacian
operator. f, t, ¢, and (3 are polynomials such that f is defined in (), and « and (3 are nonzero
defined on d() and verify the following:

There are two strictly positive constants a; and by such that

a(x)
(¥)

Therefore, « is called the Dirichlet coefficient, and 3 is the Neumann coefficient.
Our objective is to find a weak solution to the Navier-Stokes equations in the following
spaces:

a; <

<bjforallx €T. (13)

X = [Hl(o)r, (14)

Q= {q e L2(Q) : /qux - } (15)
Xo := [H})(Q)r, (16)
M:=13(Q) =Q, (17)

V= Xo x M. (18)

An additional condition on Q is necessary to ensure the uniqueness of the pressure. To
address the issue of non-unique pressure solutions due to a constant term, the variational
formulation is derived by taking the inner product of the momentum equation with a test
function v € Xp and by taking the inner product of the continuity equation with a test
function q € Q.

The product of the momentum and mass balance equations in (11) with test functions
v € Xp and q € M, respectively, is applied.

Applying integration by parts results in the weak formulation. Utilizing Green’s
theorem and the homogeneous Dirichlet boundary condition, it can be expressed as follows:
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For all v € X,

v / div(Vu).vds + / (WVu).vds + / Vp.vds = / fvds, (19)
0O Q @) @)

/O div(u)g=0, VYqeQ, (20)

For all cases, it is obtained that v € Xj:

—V o Vu: Vvds + [ Fuvdl + [, (u.V)uvds — [ pdiv(v)ds = [, fvds + [; ¢.tvdT,
Vq€Q, (21)

Jq div(u)qds =0,

The trilinear, bilinear, linear, and semilinear forms will now be introduced, starting
with the bilinear forms:

A:XxX—=R, A(uv)=v(Vu Vv)+ / g.u.VdF, (22)
rf
B:XxQ—R, B(uq) = (div(u),q), (23)
1
L:Q—=R L) = /Q fvds + /r gt (24)

Then, the non- linear forms are as follows:
N:XxXxX—=R, N(w,uv)=((wV)uv). (25)

The following is then obtained.
Find (u,p) € X x M such that
A(u,v) +N(u,u,v) —B(v,p) = L(v) Vv e X, (26)
B(u,q) =0, Vqe Q.

A similar trajectory as that in [10] is followed by introducing the extension G € X of g
which verifies (¢G) = 0. From this, u = w + G, where w € X.
Therefore, problems (19) and (20) allow us to conclude that w is the solution to the
following problem:
{A(w,v) +N(w+Gw+G,v) —B(v,p) =1(v) —A(G,v), Vve X, 27
B(w,q) =0, Vqe Q.

4. Isogeometric Discretization

In isogeometric analysis, the computational domain is directly obtained from a CAD
model of the embedded structure [11]. Although this method reduces some of the effort
involved in volume mesh generation, it does not eliminate this step. Based on [12], the
key features of all mesh outputs are highlighted. The mesh (i.e., the tessellation T") is
isotopically graded away from aerodynamic surfaces and possesses a tensorial structure.
Mesh lines are extended normal to the wall to maintain mesh quality in the boundary layer.
This approach, as noted in [13], is one of the advantages of the isogeometric method.

The approximation spaces are derived from the resulting geometric description of
the volume. Since airfoil sections are typically represented by polynomials, B-spline
discretization is also considered here. A brief introduction to this technology is provided,
with further details available in [14] for an introduction to isogeometric analysis and [15]
for details on their implementation.

The initial form of isogeometric analysis (IGA) employs a Galerkin formulation within
a finite-dimensional subspace of Xp; this subspace is formed using the same set of B-
spline/NURBS basis functions that describe the geometry, aiming to estimate the solution
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{A(wlhﬂ,vh

> + N(wh +G, wh ,Vh) (Vh, p]hH) =L(vy) — A(G,vy) — 6N (w]h +G, G,Vh),

to Equation (27). Consequently, the functional spaces X;, = (RPTLPT1 x RPTLPTL) 01X,
and My, = RPP N M, where the spaces RPP are pre-defined in Equation (8). Withing this
framework, X}, and My, are defined using the multivariate NURBS functions discussed in
Section 2.

The IGA formulation can be expressed as follows. Find (uy,, py,) € X, X My, such that

(28)
B(W{Tl,qh) =0, VVh € Xp, th € M,

Atiterationj, the goal is to find the velocity uj : [0, 1) — R? and pressure p}: [0, l]2 —R
as linear combinations of the basis functions mentioned above. While NURBS are mainly
used for representing geometry, their effectiveness will be evaluated by employing them to
approximate state variables, specifically the velocity u and the pressure p.

. . n .
w, (&1, &2)= (Wl +G) (&1, &) = Y NPA(&, &), (29)
i
In Equation (29), (k = 1, 2) refers to the two components of the velocity field.
. m .
Ph(E1,£2) = NP (&1, £2)p),. (30)

In this case, n and m in Equations (29) and (30) denote the number of basis functions

for velocity and pressure, respectively. Correspondingly, u and ph are the unknown
control variables of the velocity and pressure at iteration j that need to be determined.

The velocity and pressure fields in Equation (28) are represented in parameter space,
whereas those governing Equation (11) are defined in physical space.

To compute the fields in physical space, the inverse of the geometric parameterizations
function defined in Equation (7) is used for the pressure: () — R on the physical domain
which is computed as pos~! and the velocity u : Q — R? on the physical domain as uos~!

The Jacobian matrix of the geometry parameterization is denoted by ] and is defined
as follows:

0x;  Oxq
J= l%i; %ﬂ (31)
081  d&

The pressure gradient in parameter space is as follows:

: (52
()
(o, _— . .
Vp = (( on) represents the pressure gradient in the physical domain.
oxp

Similarly, the velocity gradient in parameter space is defined. Since B-splines have
limited support by construction, only a few fundamental velocity functions have support
onTl.

By organizing the functions according to their support, nex is the number of basis
functions with a support intersecting the boundary I', of which n j,; = n — n_ex is the
number of basis functions having a support inside the domain. So, Formula (29) would be
in the following form:

Dint

ul (81,8) = Y NPA(g;, &)U, + 2 NPI(gy, Ex)ul, (33)

i=1 i=njn+1
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ji+1
Ap+N;

0
B,

The strong form is applied only to ney: values such that ujhk = th l?y sgtting the
velocity control variables uly;, so the total in Equation (28) is the value t = (tlhl, t]h2> in (12).

If ¢ at iteration j lies in the functional space by NI"4, the conditions are met precisely but
only satisfied in the least-squares sense. For pressure, only the pressure gradient is present
in Equation (11). Since no pressure control variables need to be fixed, m = njy;.

The approximation of the velocity and pressure fields (29) and (30) in the iterative ap-
proximate form (28) of the governing equations is implemented by following the approach
of decomposing u into components with support on the fixed boundary and components
without boundaries, as illustrated in Equation (33). This decomposition allows us to inter-
change summation and integration, facilitating the rearrangement of terms. Consequently,
unknown terms can be isolated on the left side of System (28), while known terms are
placed on the right side. By rearranging these terms, the unknown terms are obtained on
the left side of system (33) and the known terms on the right side. System (28) can then be
transformed into a matrix problem, which will be solved using appropriate MATLAB code.
At iteration ], the matrix system is as follows:

- ‘ ‘ .
0 - —B{ w]1+1 a1 A +N| 0 i
ANy SBI W SR RG] T 0 ANy || (34)
B, 0 pt! 0 0 B, B, 2
With

st = flf V(e TUNESTUN det() ) dérdey + / (NPANEdet (s )dr,  (35)
0

For all iterationsj = 1,2...

) NG
M), = (b B et o
95 aNPd
H 5 8x1; NI (S)det(J)dE dE;, (37)
= j j {NPA(S)det())dE dE;, (38)
0
(W = | %.tk.Nﬁ;gdet(Ddr. (39)

The integrals in Equations (35)—(39) are evaluated using Gaussian quadrature [15].
Following this, the performance of the method will be assessed by comparing the approx-
imate solutions for velocity and pressure with those obtained using the finite element
method (FEM).

5. Numerical Results and Discussions

Before integrating Non-Uniform Rational B-Splines (NURBS) within computational
fluid dynamics (CFD) to enhance the design and aerodynamic performance of the NACA
2412 airfoil, the primary objective of this research was to evaluate the efficacy of NURBS
in improving the precision and flexibility of airfoil geometry representation, thereby opti-
mizing aerodynamic characteristics in this section, and the meshing process used in our
analysis is detailed. The NACA 2412 airfoil domain is discretized using NURBS, which are
highly effective for creating smooth and accurate representations of complex geometries.
Regarding the NURBS meshing setup, the domain is divided into four patches, as shown in
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Figure 4, each with a polynomial degree of 2 in the u and v directions, ensuring consistent
meshing across all boundaries, as shown in Figure 5.

-1 =05 0 05 1 15 2

Figure 5. IGA mesh generation for airfoil NACA 2412 domain.

For the numerical integration within this meshed domain, a Gaussian quadrature rule
is employed. Specifically, five quadrature points are used in each direction, providing the
necessary precision for the subsequent calculations.

On the subject of FEM meshing, as previously stated, the geometry of the problem is a
NACA 2412 airfoil with a domain 0.7 X 2 m, and this configuration is commonly employed
in the study of aerodynamic phenomena surrounding airfoils (Figure 6). A commercial
software is utilized for the generation of the CFD-FEM mesh, which automatically refines
the mesh at the airfoil’s surface. A quadratic mesh (prism layer mesh) [16] is used at the
airfoil’s boundary layer (see Figure 7) where a lot of important physics happen, so it is
important to have a fine mesh here to accurately capture the velocity gradient near the wall
of the airfoil {f. For the remainder of the domain, a tetrahedral mesh is employed.

—

|

111
| W

|

11—

L4
i

[ 1 11t

o015
oor

!

SuEEN

-

ptt{

= T T T T
-0.5 0 0.5 1 1.5 2

Figure 6. Mesh generation for airfoil NACA 2412 domain and isotropic mesh for boundary layer.
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Dirichlet

Dirichlet

Dirichlet o 9 Q

Dirichlet

Figure 7. Boundary conditions applied for airfoil NACA 2412 geometry.

This adapted CFD-FEM mesh allows for the efficient and accurate definition of velocity
and pressure at as many points in the domain as possible [17].

Assume that the boundary conditions are specified as follows: the velocity vectors
(u,v) are set to (0,0) on boundaries 3, 4, and 5 and (0.5,0) on boundary 1, while boundary 2
is left unconstrained. The source term f is zero, and the dynamic viscosity p is 10~°.

The ensuing discussion will elucidate the key findings of our study, with a particular
emphasis on the velocity and pressure plots in the figures below. These plots are critical for
understanding the aerodynamic performance of the airfoil, as they provide insights into the
flow behavior and pressure distribution around the airfoil surface. The performance metrics
will be highlighted, as will the computational efficiency and aerodynamic improvements
observed through these plots (Figures 8 and 9).

o yAm‘ 0.8+ B x107*
0.6

w

0.4

N

0.2

o
T

-0.2}F

o

_0.4+

- -0.8& 1

Figure 9. (a) Pressure field evaluation using NURBS method; (b) pressure field evaluation using FEM.

Furthermore, the numerical results are collected and compared with those obtained
from traditional finite element methods.

A horizontal cut at (y = 0) in Figure 10 was conducted to enable a rigorous examination
of the pressure distribution across the left and right sides of the airfoil.
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()
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Figure 10. (a) Horizontal line left-side evaluation; (b) horizontal line right-side evaluation.

This procedure ensures a thorough analysis of the variations in pressure along this
axis and their implications for the aerodynamic performance of the airfoil (Figures 11-14).

0.006 -
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0.003 -
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0.002 -
0.0015
0.001
0.0005 -

—é— FEM
—8— IGA
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A A A 4// a
! 1 )
-0.4 -0.2 0

Figure 11. Horizontal line left-side pressure evaluation using FEM and IGA.
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Figure 12. Horizontal line left-side velocity evaluation using FEM and IGA.
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Figure 13. Horizontal line right-side pressure evaluation using FEM and IGA.
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—&— IGA
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0.015f s
0.01+ L
0.005 - g
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1 1.2 1.4 1.6 1.8 2

Figure 14. Horizontal line right-side velocity evaluation using FEM and IGA.

Studies show that NURBS-based CFD analysis offers significant improvements over
traditional methods, particularly in geometric precision and computational efficiency.
NURBS provide a more accurate representation of complex airfoil geometries, resulting
in smoother and more detailed pressure and velocity fields. This approach also simplifies
mesh generation, reducing computational time and resources [18]. The MATLAB code
implementation further demonstrates the practicality of NURBS for real-world applications,
highlighting its benefits for precise and efficient aerodynamic simulations.

The values obtained are more precise, and the convergence of both velocity and
pressure is achieved more rapidly with IGA than with the FEM. This faster convergence
translates to significant cost savings in computational industries.

The enhanced precision of NURBS/IGA is evident in the detailed pressure and velocity
plots, which show a 3.75% more accurate representation of the aerodynamic characteris-
tics of the airfoil. The rapid convergence of these values compared to the FEM ones, as
shown in Figure 15, not only improves computational efficiency but also reduces the overall
computational time/iterations and resources required. This efficiency is particularly benefi-
cial in industries where computational costs are a significant concern, such as aerospace
engineering and automotive design.

Convergence study
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Figure 15. (a) The convergence study of the FEM error curve; (b) the convergence study of the IGA
posteriori error curve.

6. Conclusions

This study introduces a major advancement by integrating NURBS with CFD for
airfoil design, specifically the NACA 2412 airfoil. By enhancing geometric representa-
tion, NURBS offer improved accuracy and computational efficiency in analyzing complex
aerodynamic surfaces. The key findings include the following: NURBS provide a more
precise and flexible modeling of airfoil shapes, crucial for aerodynamic optimization. They
reduce computational time while improving simulation accuracy, essential for aerospace
applications. Comparative analysis shows that NURBS outperform the traditional finite
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element method (FEM) in both accuracy and efficiency, capturing nuanced aerodynamic
phenomena more effectively; isogeometric analysis using NURBS integrates design and
simulation, streamlining the process and reducing mesh generation needs, and rigorous
numerical validation confirms the effectiveness of NURBS-based CFD simulations. Overall,
NURBS in CFD represents a significant advancement in computational aerodynamics,
promising higher accuracy and efficiency for aerodynamic design and optimization, with
potential for future application to other complex geometries and flow conditions [19].

Several studies have highlighted the advantages of NURBS/IGA over the traditional
FEM and emphasized the improved convergence rates and computational efficiency of
IGA in various engineering applications. Additionally, the posteriori error analysis in
these studies confirms the reliability of IGA in solving complex problems such as the
Stokes-Darcy problem and modeling incompressible viscous fluid dynamics [20].

In conclusion, the adoption of NURBS/IGA in CFD analysis for airfoil design sig-
nificantly enhances the accuracy of the results while also providing substantial economic
benefits through reducing 3.75% of computational costs. This dual advantage positions
NURBS/IGA as a promising approach for future advancements in aerodynamic design
and analysis, offering both improved precision and efficiency in tackling complex aerody-
namic challenges. Additionally, the consideration of boundary conditions, as discussed
in similar works, such as in the resolution of Stokes equations using mixed finite element
methods [21,22], underscores the importance of accurate boundary treatment in achieving
reliable CFD results.
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