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Featured Application: This paper proposes a method to determine the dynamic response of a
planar mechanism with a practical application to a flap and wing control mechanism of a light
sport aircraft. For this, a topological model and its related theory are used.

Abstract: This paper presents a more general method to study the dynamic behavior of a planar
mechanism with joints. To do this, Graph Theory is used. A topological description is presented
based on which a corresponding graph is attached to any mechanism. This method can be used for
both kinematic and dynamic study in the same model, and many of the descriptors used in kinematic
analysis can also be used for dynamic analysis. As a final result, the motion equations of the studied
mechanical system can be obtained. An application is made to a flap and wing control system of a
light sport aircraft. The graph associated with the mechanism first used to determine the field of
velocities and accelerations of the mechanism elements is then used to obtain the motion equation
for the control system. In this way, Graph Theory proves useful for the parallel study of both the
kinematic and dynamic study of such problems.

Keywords: light sport aircraft; topology; graph theory; wings; flaps; associated graph

1. Introduction

Strongly developed towards the middle of the last century, Graph Theory first proved
its usefulness in the field of electrical networks, allowing for the automation of the calcula-
tion of these networks under the assumptions of Kirckhof’s laws, and then it proved its
usefulness in other branches of engineering as well [1]. The methodology made it possible
to systematize the description and algorithmize the analysis methods of electric circuits.
In this approach, each real circuit is associated with a graph. Calculation algorithms and
numerical procedures can be formulated based on theorems from Graph Theory [2,3]. The
advantages offered by this method also inspired mechanical engineers. They developed the
known methods in the study of the mechanism, within the kinematic and dynamic analyses.

For the synthesis of a mechanism required for some engineering applications, well-
known methods from the theory of mechanisms are generally applied and need the deep
involvement of the designer. However, other methods have been developed that allow for
the algorithmization of certain operations such as with the application of Graph Theory [4].
In a graph associated with the mechanism, a tree and independent kinematic chains are
identified. Based on this graph, an extended matrix is generated [5], which structurally
characterizes a complete mechanism. Thus, information about a mechanism becomes
easily accessible and allows for a topological and dimensional synthesis of the considered

Appl. Sci. 2024, 14, 8531. https://doi.org/10.3390/app14188531 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app14188531
https://doi.org/10.3390/app14188531
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-0132-1282
https://orcid.org/0000-0001-8679-2579
https://orcid.org/0000-0003-1552-3763
https://doi.org/10.3390/app14188531
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app14188531?type=check_update&version=1


Appl. Sci. 2024, 14, 8531 2 of 21

mechanism. The obtained results show that this matrix method, based on Graph Theory, is
a useful and flexible tool for the study of mechanisms and MBSs.

Another approach method based on Lie groups was developed and used for the
dynamic analysis of robots [6]. In this description, the information is entered into a
matrix. In this way, easy mathematical manipulation is possible, and simulation, analysis
or identification algorithms can be built. The advantages of the proposed method are
illustrated by an application on two robots, one with 7 degrees of freedom and the other
with 16.

The formalism proposed by Graph Theory has proven to be a powerful tool for MBS
analysis [7]. Graphs represent a way of describing a mechanism that facilitates study
and analysis. Problems arise related to the number of independent cycles, isomorphism
detection or structural decomposition. Based on this description, a structural and kinematic
analysis of the mechanisms can be made. The problems studied are illustrated by examples.
A suggested example of studying mechanisms using structural graphs is presented in [8].
A comparison is made between different types of graphs that can be associated with
a mechanism. Based on the current state of development of Graph Theory, a hybrid
mechanism with spatial motion is analyzed, from the point of view of the spatial motion
capacity [9]. The non-singularity condition of the studied mechanism is analyzed. The study
of moving capability, degree of freedom and singularity of mechanism was found to be a
very powerful tool in Graph Theory [10]. With the help of these notions, 324 mechanisms
are analyzed and the advantages of using and automating the method are noted [11]. The
use of the associated graph for the analysis of mechanisms used in engineering practice is
presented in [12–15]. For the creative, conceptual or structural analysis and synthesis of
mechanical devices, of major importance is the construction of the atlas of kinematic chains
(with mobile and fixed elements). It is obtained with different methods, among which the
associated graph method stands out for its simplicity [16,17].

Practical applications have determined the use of modern means of analysis in the
theory of mechanisms. Thus, an exhaustive and advantageous method of preliminary
analysis and design of an innovative mechanism for reflector antennas, having its origins
in Graph Theory, is described in [18]. With this method, the calculation can be automated
and an optimal solution can be obtained for the formulated problem. A robotic mechanism
is also being studied in this way [19]. A hierarchy of existing connections between elements
of the robotic mechanism is generated. Based on the hierarchy and the associated graph,
an analysis of the system can be performed. The presented method is exemplified when
calculating a manipulator with two degrees of freedom. The same methods are used in the
design of a windshield wiper mechanism [20]. To optimize the solution, the constraints are
defined and the objective functions are specified. In this way, an optimal solution can be
obtained from an engineering point of view.

Another approach that closely resembles the topological approach of a planar mecha-
nism is Assur Graphs. Tabular information about the structure of the mechanism is used in
this method. The method can be applied to all planar mechanisms. Using the well-known
Assur Groups, Ref. [21] proposes a mathematical method for analyzing and determining
the dynamic response of planar mechanisms. Nowadays, all these study methods have
come to use sophisticated optimization methods and topological analysis. In this way, an
optimal version of the project can be determined. An original method is presented in [22].
A genetic algorithm is used for topological synthesis. Some examples were given that
illustrated the proposed method.

It can be mentioned that the engineering practice failed to impose a unitary approach
for the study of complex mechanisms with several kinematic chains. To solve these types
of problems, several types of approaches are used to solve these types of problems, though
all of them need the information provided by the topological analysis of the system. An
attempt to systematize and unify the various models is attempted in [23].

The analysis of an exoskeleton using the topological description is presented in [24].
The proposed model is validated using the commercial Adams 2020 software. An applica-
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tion that values the use of structural graphs is described in [25], a paper that also makes a
theoretical development of the methods used. Knowledge Graph represents an essential
notion in Graph Theory, but its inherent incompleteness and shortfalls limit and influence
its performance in several areas. The method proposed in [26], Knowledge Graph Rea-
soning, proposes to improve these problems by extracting new knowledge from existing
knowledge. This presentation can provide powerful advantages in using Graph Theory.
Concrete applications in the real word, developed using Graph Theory, can be found
in [27–30]. The study of gear mechanisms is performed in [31,32], and recent theoretical
results in the field of theoretical development can be found in [33,34].

Introducing well-studied mathematical methods to facilitate the description and analy-
sis of multibody systems (MBSs) has been a concern of engineers for a long time. In addition
to the classical methods of mathematics, widely used in any problem related to MBS kine-
matics or dynamics, new results provided by Graph Theory or topology were used. As an
example, a design method for parallel mechanisms with reduced mobility was developed
and presented in [35]. A new category of MBSs is thus introduced, namely mechanisms
with variable topology. Based on them, a theoretical foundation is proposed for innovative
approaches in the synthesis stage of parallel mechanisms with reduced mobility. Thus,
mechanisms with variable topology have the advantage of being able to offer a multitude
of design functions using only a single mechanism. By changing its topology, different
response functions are achieved. The topology can be modified in several ways: by intrinsic
constraints, by changing the geometry and by introducing external constraints. Some basic
requirements for such mechanisms are presented in [36]. A combination of Graph Theory
with topological analysis is performed in [37]. Seventeen new parallel mechanisms are thus
studied using associated topological graphs. Parallel mechanism with variable topology
is a widely discussed topic in the field, mainly because of possible practical applications.
Genetic synthesis in topological description represents the new direction of research in the
field of mechanisms with variable topology. In [38], this direction is described in detail
and the suggested examples illustrate the authors’ approach. To facilitate the description
of a mechanism or MBS, topological methods have been developed to satisfy the need to
abstract some stages of solving the problem. Examples showing the effectiveness of this
approach are presented in [39,40]. The use of topological optimization of some mechanisms,
to make their description more efficient, is used in [41,42]. More complicated problems
involving the use of additional parameters and specific applications are studied in [43–49].
Attempts to describe the dynamic behavior based on some topological formalism of such
systems are presented in [50–52].

This paper introduces new methods of analysis of mechanisms, to determine their
response in different loading and operating situations, that have been present for a long
time and illustrated in the literature. Among these methods, Graph Theory and topological
analysis were distinguished. By applying these methods, it is possible to simplify the
description of the structure and geometry of a mechanism. The use of these tools allowed for
the development of several methods of mechanism analysis. In this paper, we will use the
results from Graph Theory, but with another method of construction of associated graphs.
In this description, a graph loop associated with the mechanism essentially represents
a closed vector contour. The nodes of the graphs are the contact points that ensure the
connection between the different elements of the mechanism. In this way, it is possible
to simplify the description of the kinematics and dynamics of such a mechanism, and the
process can be algorithmized. The advantages of such an approach become visible in the
case of mechanisms that contain several kinematic chains.

In this work, we dealt with the unitary description, using Graph Theory, of a mecha-
nism designed for the control system of a light plane. In this way, with a single description
of the mechanism realized through the associated graph, it allows for the algorithmization
of obtaining the response in time, both at the kinematic and dynamic levels. In this way,
the designer can simplify the work of analyzing such a mechanism.
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2. Graph Associated with a Planar Mechanism

In [15], a method for associating a graph with a mechanism is presented so that an
algorithm for kinematic analysis of a mechanism can be developed. In this paper, there is a
development of this method and the dynamic study of such a system.

The use of Graph Theory in the field of Electrical Circuits has proven to be a success.
Based on the experience gained in this field, the obtained results can be extended to
the kinematic analysis of a mechanism. Using Graph Theory to describe the topological
structure of the mechanism, an algorithm can be developed to determine the angular
velocities and accelerations of each element of the bar mechanism.

Below is a description of the algorithm for the kinematic and dynamic analysis of
such mechanisms.

2.1. The Kinematic Equivalent Mechanism and Associated Graph

In the first step, the real mechanism will be replaced by an equivalent kinematic
mechanism. The elements of this multibody system are bars and plates.

Our goal is to operate only with mechanisms consisting of bars, connected to each
other by joints. To achieve this goal, we will have to replace the plate elements with
bar elements, which first respects the geometry of the mechanism and then ensures the
rigidity of the considered plate element. The idea is to have a similar mechanism where the
mechanical behavior is the same, which is called a kinematically equivalent mechanism. To
achieve this, the following transformations can be made:

• A two-dimensional plane element (Figures 1 and 2) can be replaced by a structure
with bars connected by joints in a rigid connection. So, the plate can be replaced with
a rigid structure with bars.
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• A beam element with several joints along its length can be considered a polygon, made
by bars with joints at the corners (in Figure 3, triangles). For example, if on a line there
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are three collinear joints, this is equivalent to a triangle, with two angles measuring 0◦

and the third 180◦.
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Figure 3. A straight lever with multiple joints is replaced with triangles.

• To connect different points where the joints connect to the ground (a fixed element),
additional bar-type elements are introduced to obtain a polygon. Afterwards, one
of these elements is removed. These newly introduced elements have zero angular
velocities and angular accelerations.

By following these operations, a planar mechanism is obtained, consisting only of
bars connected by joints but which is equivalent, from a mechanical point of view, to the
mechanism studied. This new mechanism retains the geometry and functionality of the
original mechanism. Now, by associating branches to bars and nodes to joints, it is possible
to obtain the graph associated with the mechanism (a similar procedure as seen in circuit
theory) [19].

The application of these considerations to the mechanism presented in Figure 1 re-
sults in the mechanism shown in the same figure with the associated graph subsequently
presented in Section 2.2.

2.2. Incidence Matrix

By attaching to each bar element a vector, with the end in one joint and the top in the
other, and taking for each branch the direction of travel given by the direction of the vector
thus constructed, the oriented graph from Figure 4 is obtained.
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 Figure 4. (a) Planar four-bar mechanism; (b) vector contour; (c) associated graph; and (d) the tree of
the associated graph.
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Let r + 1 be the number of nodes and s the number of branches of the obtained graph.
The complete incidence matrix [A] =

[
εij
]

of the associated graph is defined as a matrix
having the dimensions (r + 1) × s (s > r) where

• εij = 1 if branch j is incident at node i and comes out of the node;
• εij = −1 if branch j is incident at node i and enters the node;
• εij = 0 if branch j is not incident at node i.

These operations offer us a matrix [A] that looks like the following:

nodes\branches
1 2 3 . . . s

[A] =

1
2
...

r + 1



ε11 ε12 ε13 . . . ε1s
ε21 ε22 ε23 . . . ε2s
...

...
...

...
εr+1,1 εr+1,2 εr+1,3 . . . εr+1,s


(1)

where
εij ∈ {−1, 0, 1}; i = 1, 2, . . . , r + 1; j = 1, 2, . . . , s. (2)

A few examples will clarify the associated graph and the incidence matrix problem below.

Example 1. The associated graph of the four-bar linkage (Figure 4a) is shown in Figure 4c.
Figure 4b shows the vector contour that defines the single loop of the mechanism. The extended
incidence matrix, if using the notation in Figure 4c, is as follows:

nodes\branches
1 2 3 4

[A] =

1
2
3
4


1 0 0 −1
−1 1 0 0
0 −1 1 0
0 0 −1 1



The matrix of the fundamental loops (in our case, only one loop) is

cycle\branches
1 2 3 4[

B f

]
= 1

[
1 1 1 1

]
Example 2. A slightly more complex mechanism is shown in Figure 5. Three independent loops
are presented in Figure 6. The associated graph and tree are attached to this mechanism (Figure 7).

The extended incidence matrix is as follows:

nodes\branches
1 2 3 4 5 6 7 8 9

[A] =

1
2
3
4
5
6
7



1 0 0 −1 0 0 0 0 0
−1 1 0 0 0 −1 0 0 0
0 −1 1 0 1 0 0 0 0
0 0 −1 1 0 0 0 0 −1
0 0 0 0 −1 1 1 0 0
0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 −1 1


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cycle\branches
1 2 3 4 5 6 7 8 9[

B f

]
= 1

 1 1 1 1 0 0 0 0 0
0 1 0 0 1 1 0 0 0
0 0 −1 0 1 0 1 1 1


Example 3. A planar mechanism that has a plate with multiple joints is presented in Figure 8
(showing the mechanism and the equivalent mechanism). The associated graph is shown in Figure 9.
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Example 4. The studied mechanism is shown in Figure 10a and the kinematical representation in
Figures 10b and 11.

node\branch
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

[A] =

1
2
3
4
5
6
7
8
9
10



−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 1 0 1 0 0 0 0 0 0 0 0
1 0 0 −1 0 −1 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 1 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 −1 0 0 −1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 1 1 0
0 0 0 0 0 0 0 1 0 0 0 0 −1 0 −1
0 0 0 0 0 0 0 −1 1 0 0 0 0 −1 0



(3)
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Now, by suppressing a line in the matrix defined by Equation (3) (having the rank r),
the reduced incidence matrix is obtained [A]a:

node\branch
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

[A]a =

1
2
3
4
5
6
7
8
9



−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 1 0 1 0 0 0 0 0 0 0 0
1 0 0 −1 0 −1 0 0 1 0 0 0 0 0 0
0 0 0 0 −1 1 0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 −1 0 0 −1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 1 1 0
0 0 0 0 0 0 0 1 0 0 0 0 −1 0 −1



(4)

Considering the representation in Figure 12, we can choose a tree (Figure 13) and
reorder it [A]

[A] = [[At]
...[Al ]]

so that the columns of [At] correspond to the branches of the tree, and the columns of [Al ]
correspond to the junctions that can be obtained via the matrix of fundamental loops.
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node\branch
2 3 4 5 8 10 11 12 13 1 6 7 9 14 15

[A]areord =

1
2
3
4
5
6
7
8
9



1 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1
−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 1 1 0 0 0 0 0 0 0 1 0 0 0
0 0 −1 0 0 0 0 0 0 1 −1 0 −1 0 0
0 0 0 −1 0 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 −1 1 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 −1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 1 0 0 0 0 1 0
0 0 0 0 1 0 0 0 −1 0 0 0 0 0 0



(5)

node\branch
2 3 4 5 8 10 11 12 13

[A]t =

1
2
3
4
5
6
7
8
9



1 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
0 −1 1 1 0 0 0 0 0
0 0 −1 0 0 0 0 0 0
0 0 0 −1 0 1 0 0 0
0 0 0 0 0 −1 1 0 0
0 0 0 0 0 0 −1 1 0
0 0 0 0 0 0 0 −1 1
0 0 0 0 1 0 0 0 −1



(6)

node\branch
1 6 7 9 14 15

[A]l =

1
2
3
4
5
6
7
8
9



−1 0 0 0 0 −1
0 0 0 0 0 0
0 0 1 0 0 0
1 −1 0 −1 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0



(7)
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In Graph Theory, the complete matrix of fundamental loops is defined as the matrix
Ba = [bij], where

■ bij = 1 if the branch j is part of the loop i having a positive orientation;
■ bij = −1 if side j is part of the loop i having a negative orientation;
■ bij = 0 if branch j is not part of loop i.

loops\branches
1 2 3 . . . s

[B]a =

1
2
...

nb



η11 η12 η13 . . . η1s
η21 η22 η23 . . . η2s
...

...
...

...
ηnb+1,1 ηnb+1,2 ηnb+1,3 . . . ηnb+1,s


(8)

Here, ηij ∈ {−1, 0, 1}; i = 1, 2, . . . , nb; j = 1, 2, . . . , s; and nb represents the total number of
graph loops. According to Graph Theory [1–3], the rank of the matrix [B]a is s − r. This
matrix contains redundant information (some rows, describing a loop, can be obtained
as a linear combination of other rows). The matrix [B] f , with the rank s − r, considering
s − r linear independent rows, is the complete matrix [B]a. [B] f can be obtained using
the relation

[B] f = [[−[A]−1
t [A]l ]

T ...[E]] (9)

Given our mechanism, the matrix of fundamental loops is [53]

cycle\branch 2 3 4 5 8 10 11 12 13 1 6 7 9 14 15

[
B f

]
=

1
2
3
4
5
6



1 1 1 0 0 0 0 0 0 1 0 0 0 0 0
0 0 −1 1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 −1 0 −1 0 0 0 0 0 1 0 0 0
0 0 −1 1 1 1 1 1 1 0 0 0 1 0 0
0 0 0 0 −1 0 0 0 −1 0 0 0 0 1 0
0 0 0 0 0 −1 −1 −1 −1 0 0 0 0 0 1


(10)

This matrix is not unique, depending on the chosen tree.



Appl. Sci. 2024, 14, 8531 12 of 21

3. Kinematic Analysis of the Control Mechanism

We will perform a partition of [B] f , [B] f = [[B] f u
...[B] f k] made after a rearrangement of

the columns of [B] f so that the matrix [B] f u corresponds to the elements of the first class
and [B] f k to the elements of the second class.

cycle\branch 3 4 5 6 7 8 10 11 12 13 14 15 1 2 9

[B] f reord =

1
2
3
4
5
6



1 1 0 0 0 0 0 0 0 0 0 0 1 1 0
0 −1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 1 0 −1 0 0 0 0 0 0 0 0
0 −1 1 0 0 1 1 1 1 1 0 0 0 0 1
0 0 0 0 0 −1 0 0 0 −1 1 0 0 0 0
0 0 0 0 0 0 −1 −1 −1 −1 0 1 0 0 0


(11)

where

cycle\branch 3 4 5 6 7 8 10 11 12 13 14 15

[B] f u =

1
2
3
4
5
6



1 1 0 0 0 0 0 0 0 0 0 0
0 −1 1 1 0 0 0 0 0 0 0 0
0 0 −1 0 1 0 −1 0 0 0 0 0
0 −1 1 0 0 1 1 1 1 1 0 0
0 0 0 0 0 −1 0 0 0 −1 1 0
0 0 0 0 0 0 −1 −1 −1 −1 0 1


(12)

cycle\branch 1 2 9

[B] f c =

1
2
3
4
5
6



1 1 0
0 0 0
0 0 0
0 0 1
0 0 0
0 1 0


(13)

In the following, we note that

[\D\] =
[
\ D1 D2 Dp \

]
=



D1
D2

. . . 0

0
. . .

Dp


(14)

which is a diagonal matrix, having on the diagonal the elements D1, D2, . . ., Dp.
The geometry of the structure will be defined using the following diagonal matrices of

size s, having the elements in the order in which they are in the matrix of the fundamental
loops rearranged:

•
[
\L\′

]
partitioned in [\Ln\] (matrix of the length of bar elements with an unknown

motion) and [\Lc\] (matrix of the length of bar elements with a known motion)

[\L\] =


[\Ln\]

... 0

· · ·
... · · ·

0
... [\Lc\]

 (15)
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where
[\Ln\] =

[
\ l3 l4 l5 . . . . . . l13 l14 l15 \

]
(16)

and
[\Lc\] =

[
\ l1 l2 l9 \

]
(17)

• [\C\], the matrix with the cosine of the angles made by the bars with the horizontal
axis, partitioned in [\Cn\] (unknown motion) and [\Cc\] (known motion)

[\C\] =


[\Cn\]

... 0

· · ·
... · · ·

0
... [\Cc\]

 (18)

where

[Cn] =
[
\ cos θ3 cos θ4 cos θ5 . . . . . . cos θ13 cos θ14 cos θ15 \

]
(19)

and
[Cc] =

[
\ cos θ1 cos θ2 cos θ9 \

]
(20)

• [S], the matrix with the sine of the angles made by the bars with the horizontal axis,
partitioned in [\Sn\] (unknown motion) and [\Sc\] (known motion)

[\S\] =


[\Sn\]

... 0

· · ·
... · · ·

0
... [\Sc\]

 (21)

where

[Sn] =
[
\ sin θ3 sin θ4 sin θ5 . . . . . . sin θ13 sin θ14 sin θ15 \

]
(22)

and
[Sc] =

[
\ sin θ1 sin θ2 sin θ9 \

]
(23)

We define the column vectors of size s as

{ω} =


ωn
· · ·
ωc

 =



ω3
ω4
...
...

ω15
· · ·
ω1
ω2
ω9



;
{

ω2
}
=


ω2

n
· · ·
ω2

c

 =



ω2
3

ω2
4

...

...
ω2

15
· · ·
ω2

1
ω2

2
ω2

9



; {ε} =


εn
· · ·
εc

 =



ε3
ε4
...
...

ε15
· · ·
ε1
ε2
ε9



(24)

In subsequent calculus, it must be considered that ω1 = ω9 = 0; ε1 = ε9 = 0; with the
elements 1 and 9 being fixed elements. In these formulas, we have denoted

li—the length of the numbered element with i;
θi—the angle made by the vector li with the axis Ox of the global coordinate system

xOy;
ωi—the angular velocity of the element numbered with i;
εi—the angular acceleration of the element i.
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By applying this theory, it is possible to obtain the unknown velocities and acceler-
ation vectors as a function of the known vectors of the velocities and accelerations, with
the relations

{ωn} = −[Pn]
−1[Pc]{ωc}, (25)

and
{εn} = [Pn]

−1
(
−[Pc]{εc}+ [Qn]

{
ω2

n

}
+ [Qc]

{
ω2

c

})
. (26)

where
[Psn] =

[
B f n

]
[Ln][Sn] ; [Pcn] =

[
B f n

]
[Ln][Cn] ;

[Psc] =
[

B f c

]
[Lc][Sc] ; [Pcc]

[
B0 f c

]
[Lc][Cc]

, (27)

and

[Pn] =

[
−Psn
Pcn

]
; [Pc] =

[
−Psc
Pcc

]
; [Qn] =

[
Pcn
Psn

]
; [Qc] =

[
Pcc
Psc

]
, (28)

Using the results obtained by using Graph Theory, an algorithm for obtaining the field
of the velocities and accelerations was thus established (see [15]).

The flap control mechanism must ensure the improvement of the dynamic behavior of
the light aircraft. It must also allow steering angles greater than 40◦. These are required
in the case of take-offs or landings made over short distances and, of course, faster. It
must also ensure an increased load capacity, as well as the ability to operate the airplane in
critical flight conditions with low manufacturing costs [54–60]. The light aircraft proposed
in this paper falls into the light sport aircraft category, for sport and leisure aviation. It has
a two-seat capacity and hingeless curved flaps mounted on the wings. Maximum take-off
weight is estimated to be 900 kg. It must ensure a cruising speed of 450 km per hour and a
maximum flight height of 5000 m.

The kinematic sketch of the mechanism is presented in Figure 14 where the studied
mechanism can be identified in Figure 10. The associated graph was built (Figure 12) and a
tree was identified (Figure 13). So, it is possible to construct the fundamental loop matrix
(Equation (11)) and to obtain the kinematic parameter Equations (25) and (26).
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4. Dynamic Analysis

In Section 2, a mechanism with joints and a planar motion was associated with a planar
mechanism consisting only of bars. From a mechanical point of view, the two mechanisms



Appl. Sci. 2024, 14, 8531 15 of 21

are equivalent. To perform a dynamic analysis of the mechanism, the motion equations
of each bar that compose the equivalent mechanism will be written, and then, taking into
account the liaison conditions, the motion of the entire assembly will be obtained. Figure 15
shows a bar with joints at both ends, and its motion equations will be written in the center
of mass of the bar.
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Figure 15. A free body diagram for an element k defined by the nodes i and j.

By considering the free body diagram for one element, it is possible to write the motion
equations for a single bar element, numbered k:

mkaCkx = Xki + Xkj + Xext
k ;

mkaCky = Yki + Ykj + Yext
k ;

Jkεk = Xkiak sin αk − Xkj(Lk − ak) sin αk − Ykiak cos αk + Ykj(Lk − ak) cos αk + Mext
k

, (29)

or

mk 0 0
0 mk 0
0 0 Jk


akx
aky
εk

 =


Xki + Xkj
Yki + Ykj

Xkiak sin αk − Xkj(Lk − ak) sin αk − Ykiak cos αk + Ykj(Lk − ak) cos αk

+


Xext

k
Yext

k
Mext

k

 ; (30)

or in a symbolic form
[m]k{a}k = {Q}liaison

k + {Q}ext
k , (31)

where the following is denoted:

[m]k =

mk 0 0
0 mk 0
0 0 Jk

 ; {a}k =


akx
aky
εk

 ; {Q}ext
k =


Xext

k
Yext

k
Mext

k

, (32)

{Q}liaison
k =


Xki + Xkj
Yki + Ykj

Xkiak sin αk − Xkj(Lk − ak) sin αk − Ykiak cos αk + Ykj(Lk − ak) cos αk

. (33)

The mass center accelerations are obtained by one of the following relations:

aCkx = aix − εkbky − ω2
k bkx; aCkx = ajx − εk

(
Lk − bky

)
− ω2

k

(
Lk − bky

)
;

or
aCky = aiy + εkbkx − ω2

k bky; aCky = aiy + εk

(
Lk − bky

)
− ω2

k

(
Lk − bky

)
.

(34)

For the mechanism considered in this paper, the decomposition into component bars
is presented in Figure 16.
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(35)

Or, finally,
[m]{a} = {Q}liaison + {Q}ext (36)

where the notations are obvious.
If Equations (25) and (26) are taken into account, the acceleration vector can be ex-

pressed as a function of ε2 and ω2
2. Since the system has one degree of freedom, the

acceleration vector has the form

{a} = {A1}ε2 + {A2}ω2
2. (37)

The relationships that give the matrices {A1} and {A2} are presented in Appendix A.
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When considering Equation (37) from Equation (36), we obtain

[m]
(
{A1}ε2 + {A2}ω2

2

)
= {Q}liaison + {Q}ext, (38)

In previous papers, the possibility of eliminating the internal liaison forces by a simple
matrix multiplication (based on the fact that in the absence of friction, the mechanical work
of the liaison forces is zero) was demonstrated [61–63]:

0 = {A1}T{Q}liaison. (39)

Premultiplying Equation (38) with {A1}T results in

{A1}T [m]{A1}ε2 + {A1}T [m]{A2}ω2
2 = {A1}T

({
qext}+

{
qliasons

})
. (40)

and using Equation (39), the final form of the equations is obtained:

{A1}T [m]{A1}ε2 + {A1}T [m]{A2}ω2
2 = {A1}T{qext}. (41)

Or, finally,
αε2 + βω2

2 = Qext (42)

where
α = {A1}T [m]{A1} ; β = {A1}T [m]{A2} ; Qext = {A1}T{qext}. (43)

To study the dynamic of the system, the differential equation remains to be solved:

α
d2α2

dt2 + β

(
dα2

dt

)2
= Qext. (44)

5. Conclusions

The kinematic analysis of a planar mechanism was carried out in previous papers
presented in Section 1 using a graph associated with the mechanism. The original model
used to determine the field of velocities and accelerations is extended to the dynamic
analysis of the system. What is important is that the model used for the first step of the
analysis can be used successfully in dynamic analysis. The model usually used for this
step is different from the model used in the kinematic analysis. This means building two
different graphs for the two stages of the analysis is needed. So, the topological structure of
the mechanism is described by only one graph.

A kinematic and then a dynamic analysis of an MBS or any mechanism always
requires laborious calculations to be performed, based on information that defines the
structure of the system, links, geometries and constraints (the boundary conditions). In
this sense, Graph Theory provides a well-established mathematical tool for the description
and analysis of mechanical systems where topological structure is an important factor in
their definition. The problems such a mechanism can pose are the stability of the whole
system and maneuverability [54–67]. Based on an algorithm that depends on the input of
geometric data, it is possible to perform a quick calculation. Thus, important decisions can
be made for a system already in the design phase. The method presented in the paper offers
a powerful and practical tool for the kinematic and dynamic analyses of the mechanism
(in the general case of a given MBS). The utility of the method is illustrated by performing
such a complex analysis for a light aircraft control mechanism.

The main advantage of the presented method is the possibility to organize the calcula-
tion and algorithmization of the study process both at the kinematic and dynamic levels
of some problems involving the analysis of multibody systems. Topology allows for the
definition of the structure of the mechanical system, whilst Graph Theory offers verified
methods of analysis. These two stages then offer the possibility of using standard calcula-
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tion programs to obtain the time response of such systems. All these new possibilities are
an advantage for the designer.
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Appendix A

Kinematic liaisons:

aC2x = −ε2b2y − ω2
2b2x; aBx = −ε2L2y − ω2

2 L2x; aC3x = aBx − ε3b3y − ω2
3b3x;

aC2y = ε2b2x − ω2
2b2y; aBy = ε2L2x − ω2

2 L2y; aC3y = aBy + ε3b3x − ω2
3b3y;

aC4x = −ε4b4y − ω2
4b4x; aCx = −ε4L4y − ω2

4 L4x; aC5x = aCx − ε5b5y − ω2
5b5x;

aC4y = ε4b4x − ω2
4b4y; aCy = ε4L4x − ω2

4 L4y; aC5y = aCy + ε5b5x − ω2
5b5y;

aC6x = −ε6b6y − ω2
6b6x; aC14x = −ε14(L14 − b14y)− ω2

14(L14 − b14y);
aC6y = ε6b6x − ω2

6b6y; aC14y = ε14(L14 − b14y)− ω2
14(L14 − b14y);

aC8x = −ε8(L8 − b8y)− ω2
8(L8 − b8y); aC13x = −ε13(L13 − b13y)− ω2

13(L13 − b13y);
aC8y = ε8(L8 − b8y)− ω2

8(L8 − b8y); aC13y = ε13(L13 − b13y)− ω2
13(L13 − b13y);

aC11x = aFx − ε11b11y − ω2
11b11x; aC12x = aGx − ε12b12y − ω2

12b12x;
aC11y = aFy + ε11b11x − ω2

11b11y; aC12y = aGy + ε12b12x − ω2
12b12y;

aC15x = aEx − ε15b15y − ω2
15b15x; aC14x = −ε14b14y − ω2

14b14x;
aC15y = aEy + ε15b15x − ω2

15b15y; aC14y = +ε14b14x − ω2
14b14y;

Dynamic equations:m2 0 0
0 m2 0
0 0 J2

aC2x
aC2y
ε2

 =

 X21 + X22
Y21 + Y22

X21b2 sin α2 − X22(L2 − b2) sin α2 − Y21b2 cos α2 + Y22(L2 − b2) cos α2

+

 0
0

Mm

;m3 0 0
0 m3 0
0 0 J3

aC3x
aC3y
ε3

 =

 X32 + X32
Y33 + Y33

X32b3 sin α3 − X33(L3 − b3) sin α3 − Y32b3 cos α3 + Y33(L3 − b3) cos α3

;m4 0 0
0 m4 0
0 0 J4

aC4x
aC4y
ε4

 =

 X43 + X44
Y43 + Y44

X43b4 sin α4 − X44(L4 − b4) sin α4 − Y43b4 cos α4 + Y44(L4 − b4) cos α4

;m5 0 0
0 m5 0
0 0 J5

aC5x
aC5y
ε5

 =

 X53 + X55
Y53 + Y55

X53b4 sin α5 − X55(L5 − b5) sin α5 − Y53b5 cos α5 + Y55(L5 − b5) cos α5

;m6 0 0
0 m6 0
0 0 J6

aC6x
aC6y
ε6

 =

 X64 + X65
Y64 + Y65

X64b5 sin α6 − X65(L6 − b6) sin α6 − Y64b6 cos α6 + Y65(L6 − b6) cos α5

;m7 0 0
0 m7 0
0 0 J7

aC7x
aC7y
ε7

 =

 X76 + X73
Y76 + Y73

X76(L7 − b7) sin α7 − X73b7 sin α7 − Y76(L7 − b7) cos α7 + Y73b7 cos α7

;m8 0 0
0 m8 0
0 0 J8

aC8x
aC8y
ε8

 =

 X8,10 + X8,9
Y8,10 + Y8,9

X8,10(L8 − b8) sin α8 − X8,9b8 sin α8 − Y8,10(L8 − b8) cos α8 + Y8,9b8 cos α8

;m10 0 0
0 m10 0
0 0 J10

aC10x
aC10y
ε10

 =

 X10,5 + X10,6
Y10,5 + Y10,6

X10,5(L10 − b10) sin α10 − X10,6b10 sin α10 − Y10,5(L10 − b10) cos α10 + Y10,6b10 cos α10

;
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m11 0 0
0 m11 0
0 0 J11

aC11x
aC11y
ε11

 =

 X11,7 + X11,6
Y11,7 + Y11,6

X11,7(L11 − b11) sin α11 − X11,6b11 sin α11 − Y11,7(L11 − b11) cos α11 + Y11,6b11 cos α11

+

 0
Fa
0

;m12 0 0
0 m12 0
0 0 J12

aC12x
aC12y
ε12

 =

 X12,8 + X12,7
Y12,8 + Y12,7

X12,8(L12 − b12) sin α12 − X12,7b12 sin α12 − Y12,8(L12 − b12) cos α12 + Y12,7b12 cos α12

;m13 0 0
0 m13 0
0 0 J13

aC13x
aC13y
ε13

 =

 X13,9 + X13,8
Y13,9 + Y13,8

X13,9(L13 − b13) sin α13 − X13,8b13 sin α13 − Y13,9(L13 − b13) cos α13 + Y13,8b13 cos α13

;m14 0 0
0 m14 0
0 0 J14

aC14x
aC14y
ε14

 =

 X14,10 + X14,8
Y14,10 + Y14,8

X14,10b14 sin α14 − X14,8(L14 − b14) sin α14 − Y14,10b14 cos α14 + Y14,8(L14 − b14) cos α14

;m15 0 0
0 m15 0
0 0 J15

aC15x
aC15y
ε15

 =

 X15,9 + X15,5
Y15,9 + Y15,5

X15,9(L15 − b15) sin α15 − X15,5b15 sin α15 − Y15,9(L15 − b15) cos α15 + Y15,5b15 cos α15

;
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