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Abstract: This study focuses on numerical solution to the Brinkman equation with mixed Dirichlet–
Neumann boundary conditions utilizing isogeometric analysis (IGA) based on non-uniform rational
B-splines (NURBS) within the Galerkin method framework. The authors suggest using different
choices of compatible NURBS spaces, which may be considered a generalization of traditional finite
element spaces for velocity and pressure approximation. In order to investigate the numerical
properties of the suggested elements, two numerical experiments based on a square and a quarter of
an annulus are discussed. The preliminary results for the Stokes problem are presented in References.
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1. Introduction

Hughes et al. recently developed a computational technique known as isogeomet-
ric analysis (IGA) (see [1–4]), which combines computer-aided design (CAD) and finite
element analysis (FEA). The same functions that describe the computational domain in
a CAD system are used in IGA to represent the solution. IGA is accurate and effective,
and is a novel numerical technique used to discretize the wide range of problems of par-
tial differential equations (PDEs). Additionally, IGA provides benefits for numerically
approximating high-order PDEs using the traditional Galerkin formulation because it uses
a globally smooth foundation. In particular, we refer to NURBS-based IGA because of the
wide use of NURBS in CAD technology, and especially for the mathematical properties of
these basic functions, for CAD models suitable for analysis. Another advantage of IGA is
the use the same initial geometry throughout mesh refinement (for more details, see [4–10]).

When fissures, bulges, or channels exist in a porous matrix, the Brinkman system
controls the viscous fluid in these types of inhomogeneous mediums. This system is math-
ematically described as a superposition of the Stokes and Darcy systems. The Brinkman
problem is represented as a system of partial differential equations with a saddle point
structure (for more on this type of problem, see [11–15]). As stated in [16], it is difficult to
develop approximations using finite elements that behave consistently well across the spec-
trum of regimes (dominated by Stokes or Darcy); a collection of representative references
includes [17–28].
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In this study, we examine the ability of the IGA method to solve Brinkman flow
problems. When discretizing the Brinkman problem, the velocity and pressure spaces
must satisfy the inf-sup condition (or LBB) to ensure discretization that is free of blocking
and spurious oscillations [1,2,29–31]. B-splines or NURBS on structured meshes provide
flexibility in the construction of inf-sup stable- and pressure-velocity spaces with arbitrary
ordering and various regularities in the context of IGA. Utilizing three significant families
of isogeometric mixed elements, we examine the performance of IGA in mixed formulation
elements: Taylor–Hood [1,2,32], Nédélec [1] and Raviart–Thomas [1,3]. Previous studies
have explored the application of mixed isogeometric analysis in saddle point problems
and fluid mechanics. The stability of the Stokes problem for these three families has been
proven in [1,2,29]. Raviart–Thomas elements were used in [3] to solve the generalized Stokes
problem, where stability and error estimates were established using this type of element.
Additionally [33–37], investigated the use of Raviart–Thomas elements for the Navier–
Stokes equations in both steady and unsteady cases, where stability and approximation
estimation were established, and an a posteriori error estimate was provided.

This passage describes a research paper that presents a numerical study and com-
parison of different families of elements that are used to solve a Brinkman problem. The
analysis of the Brinkman problem uses divergence-conforming B-splines, which can be
understood as smooth generalizations of Raviart–Thomas elements, and is discussed in
reference [3]. This paper extends the Galerkin Isogeometric Analysis (GIA) approach by
applying smooth generalizations of Taylor–Hood and Nédélec elements in the context of
NURBS functions and presenting a comparison between these compatible families. Our
study provides valuable information about the capabilities of these families of elements.

This paper is organized into several sections. Section 2 provides preliminary infor-
mation about splines and Non-Uniform Rational B-Splines (NURBS). Section 3 introduces
mixed isogeometric spaces. Section 4 describes the discretization of the Brinkman equa-
tion using the NURBS-based finite element method. Finally, in Section 5, two numerical
experiments based on a square and a quarter of an annulus are discussed.

2. NURBS and Preliminaries Results

In this section, definitions and notations related to B-splines and NURBS are presented,
and more detailed descriptions can be found in [6,9,38–42] and the references therein. In
the context of B-splines/NURBS, an additional domain takes into account the domain of
parametric splines Ω̂ (see Figure 1), as opposed to finite element analysis, in which only
two domains are used; the first is reference Ω̃ and the second is physical Ω. We follow
this requirement and present an overview of the characteristics of spline-based discrete
approximation spaces in the following.
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Figure 1. Domains of Isogeometric Analysis: Ω̃ is the reference domain, Ω̂ is the parametric domain
and Ω is the physical domain defined by the parameterization F as an image of Ω̂.

B-Spline and NURBS Functions

Assuming that p and n represent two positive integers, the knots vector E is defined as:

E = {ξ1 = 0, . . . , ξi, . . . , ξn+p+1 = 1}, (1)

where (ξi)i is the ordered sequence of the real numbers, and ξi is called the ith knot.
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The univariate B-spline basis function Np
α,i(ξ) for a given knots vector E, can be built

using the Cox–de Boor formulation (see [6]) for p = 0 :

N0
α,i(ξ) =

{
1, if ξi 6 ξ < ξi+1,
0, otherwise,

, (2)

and for p > 1 :

Np
α,i(ξ) =

ξ− ξi

ξi+p − ξi
Np−1
α,i (ξ) +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Np−1
α,i+1(ξ). (3)

A spline curve C(ξ) of order p in two dimensions is a linear combination of the control
points Pi and the B-spline basis functions as follows:

C(ξ) = ∑n
i Np

α,i(ξ)Pi. (4)

Now, let us introduce the vector of knots without repetitions Ξ = {ζ1 = 0, . . . ,ζi, . . . ,ζm = 1}
and the corresponding vector of knots multiplicities {r1, . . . , ri, . . . , rm}. The knots vector Ξ
is said to be open if r1 = rm = p + 1. At each point ζi, the B-spline basis functions have
αi = p− ri continuous derivatives.

The univariate spline space in the Ω̂ = [0, 1] parametric domain, spanned by the
B-splines Np

α,i, is denoted as:

N̂ p
α := span{Np

i }
m
i=1. (5)

Let Np
i and Nq

j be two B-splines associated with the knots vector
E = {ξ1 = 0, . . . , ξi, . . . , ξn+p+1 = 1} and η = {ξ1 = 0, . . . , ξj, . . . , ξm+q+1 = 1}, respec-
tively. The multivariate spline space in the parametric domain Ω̂ = [0, 1]× [0, 1], which
will be referred to as a patch, is defined using the tensor product.

N̂ p
α := span{Np,q

i,j }
m,n

i,j=1
, (6)

where Np,q
i,j = Np

i ⊗Nq
j , for i = 1, . . . , m , j = 1, . . . , n.

The 1-dimensional NURBS basis functions are introduced as:

Rp
i (ξ) =

Np
i (ξ)wi

∑n
j=1 Np

j (ξ)wi
, (7)

where wi is the weight that was given to the ith control point, which cannot be negative.
A NURBS curve Ĉ(ξ) of order p in two dimensions is a linear combination of the control
points Pi and the NURBS basis functions, i.e.,

Ĉ(ξ) = ∑n
i=1 Rp

i (ξ)Pi, (8)

The univariate NURBS space in the parametric domain Ω̂ = [0, 1] spanned by the
NURBS basis functions Rp

i is denoted as:

N̂ p
α := span{Rp

i }
n
i=1. (9)

Remark 1. The NURBS basis functions satisfy the following proprieties:

1. Non-negativity: Rp
i (ξ) > 0.

2. Partition of unity: ∑n
i=1 Rp

i (ξ) = 1.
3. Let mi be the multiplicity of the value of ξi in the knot vector; Rp

i is αi = p − mi times
continuously differentiable over a knot ξi.

4. Rp
i (ξ) = 0, if ξ /∈

[
ξi, ξi+p+1

]
.
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Let Rp
i and Rq

J be two NURBS basis functions associated with knot vectors
E = {ξ1,1 = 0, . . . , ξ1,i, . . . , ξ1,n+p+1 = 1} and η = {ξ2,1 = 0, . . . , ξ2,j, . . . , ξ2,m+q+1 = 1},
respectively. The mesh Qh associated with the knot vectors E and η is a partition of
[0, 1]× [0, 1] into rectangles.

Qh := {Q = (ξ1,i, ξ1,i+1)⊗
(
ξ2,j, ξ2,j+1

)
, i = 1, . . . , n and j = 1, . . . , m }, (10)

We set the global mesh size as:

h := max{hQ = diam(Q), Q ∈ Qh}, (11)

The multivariate NURBS space in the parametric domain Ω̂ = [0, 1] × [0, 1] is de-
fined as:

N̂ p,q
α1,α2 := span{Rp,q

i,j }
n,m

i,j=1
, (12)

where Rp,q
i,j =

Np
α1,i(ξ)M

q
α2,i(η)wi,j

∑n
î ∑m

ĵ Np
α1,î

(ξ)Mq
α2,̂j

(η)wi,j
; note that the weight wi,j is not defined using the

tensor product.
The NURBS geometrical map F : Ω̂→ Ω is then provided as follows:

F =
n,m

∑
i,j=1

Rp,q
i,j (ξ)Pi,j, (13)

where Pi,j refers to the control points. With the piecewise smooth inverse, the family of
mesh Kh is naturally generated by F on the physical domain, for example,

Kh = {K : K = F(Q), Q ∈ Qh}, (14)

where Q is the pre-mage of K by F, the global mesh size is defined as follows:

h = max{hK, K ∈ Kh}, (15)

where hK =‖ DF ‖L∝(Q) hK.
The NURBS space R on Ω represents a push-forward of the space N̂ of NURBS on

the parametric domain (patch) Ω̂.

Rp,q
α1,α2 := span{Rp,q

i,j ◦ F−1 | i = 1, . . . , n− 1; j = 1, . . . , m− 1}. (16)

3. Isogeometric Spaces

It is essential that the discrete condition inf-sup be respected before putting the de-
scription of our problem into action. Here, we follow the main points of article [1], which
proposed three space spline configurations that are variations of known stable spaces for
traditional finite elements: Taylor–Hood likes NURBS (TH), Nédélec likes NURBS (NE) and
Raviart–Thomas likes NURBS (RT). This section provides a summary of their definitions
and properties; for more information, see [29].

3.1. Taylor–Hood Space

The Raviart–Thomas (RT) NURBS spaces are described as{
V̂TH

h := N̂ p+1,p+1
α1,α2 × N̂ p+1,p+1

α1,α2 ,
P̂TH

h := N̂ p,p
α1,α2 .

(17)

The pressure and velocity are defined with the same regularity on the same knot mesh.
The two velocity components are defined in the same space. One order lower than the
velocity space is the pressure space. As a result, the velocity space has one more knot than
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the pressure space; hence, we additionally need a constrained discrete velocity space to
handle the no-penetration boundary condition.

V̂TH
h,0 := {v̂h ∈ V̂TH

h | v̂h = 0 on ∂Ω̂}, (18)

The V̂TH
h space is spanned by:

V̂TH
h := span{εkRp+1,p+1

i,j | i = 1, . . . , n; j = 1, . . . , m; k = 1, 2}, (19)

where εk is the kth canonical basis vector of R2, and V̂TH
h,0 is then spanned by:

V̂TH
h,0 := span{εkRp+1,p+1

i,j | i = 2, . . . , n− 1; j = 2, . . . , m− 1; k = 1, 2}, (20)

We assume that in nTH
V,1 = nTH

V,2 := (n− 2)(m− 2), the space V̂TH
h,0 is rewritten in simple

notation as:
V̂TH

h,0 := span {εkRp+1,p+1
i | i = 1, . . . , nTH

V,k; k = 1, 2}. (21)

The P̂TH
h space is spanned as:

P̂TH
h := span {Rp,p

i,j | i = 1, . . . , n; j = 1, . . . , m}, (22)

In the simple notation, we rewrite the pressure space P̂TH
h as:

P̂TH
h := span {Rp,p

i | i = 1, . . . , nTH
P }, (23)

where
nTH
P := dim(P̂TH

h ) = m× n. (24)

The Taylor–Hood isogeometric spaces in the physical domain are:{
VTH

h,0 := span{φk,TH
i := εkRp+1,p+1

i ◦ F−1 | i = 1, . . . , nTH
V,k; k = 1, 2},

PTH
h := span{ρTH

i := Rp,p
i ◦ F−1 | i = 1, . . . , nTH

P }.
(25)

We will also consider the pressure space as:

PTH
h,0 := {p ∈ PTH

h |
∫

Ω
p dΩ = 0}. (26)

3.2. Raviart–Thomas

The Raviart–Thomas (RT) NURBS spaces are described as:{
V̂RT

h := N̂ p+1,p
α1+1,α2

× N̂ p,p+1
α1,α2+1,

P̂RT
h := N̂ p

α1,α2,,
(27)

The V̂RT
h space is spanned by:

V̂RT
h := span {εkRp+εk

α+εk,i,j | i = 1, . . . , n; j = 1, . . . , m; k = 1, 2}, (28)

For the constraint discrete velocity space, we will also assume that:

V̂RT
h,0 := {v̂h ∈ V̂RT

h | v̂h · n = 0 on ∂Ω̂}, (29)

where εk is the kth canonical basis vector of R2, and V̂RT
h,0 is then spanned by:

V̂RT
h,0 := span{εkRp+εk

α+εk,i,j | i = 2, . . . , n− 1; j = 2, . . . , m− 1; k = 1, 2}. (30)
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The velocity space V̂RT
h,0 is rewritten as:

V̂RT
h,0 := span{εkRp+εk

α+εk,i | i = 1, . . . , nRT
V,k; k = 1, 2}, (31)

where:
nRT

V,1 = (n− 2)m, nRT
V,2 = n(m− 2) , (32)

as P̂RT
h = P̂TH

h , the basis for P̂RT
h is (23) and its dimension is denoted by nRT

P = nTH
P = nP .

The Raviart–Thomas isogeometric spaces in the physical domain are: V
RT
h,0 := span

{
φk,RT

i :=
(
(det(JF))

−1 JGεkRp+εk
α+εk,i

)
◦ F−1 | i = 1, . . . , nRT

V,k; k = 1, 2
}

,

PRT
h := span

{
ρRT

i :=
(
(det(JF))

−1Rp,p
α,i

)
◦ F−1 | i = 1, . . . , nRT

P

}
,

(33)

we used a Piola transform, such as a push-forward for VRT
h,0, to assure inf-sup stability [1].

We also consider, in the case of our problem, the pressure space as:

PRT
h,0 := {q ∈ PRT

h |
∫

Ω
q dΩ = 0}. (34)

3.3. Nédélec Spaces

The Nédélec (NL) NURBS spaces are defined as:{
V̂N

h := N̂ p+1,p+1
α+1,α × N̂ p+1,p+1

α,α+1 ,
P̂N

h := N̂ p,p
α,α,

(35)

For the constraint discrete velocity space, we will also assume that:

V̂NL
h,0 := {v̂h ∈ V̂NL

h | v̂h = 0 on ∂Ω̂}, (36)

The V̂NL
h space is spanned by:

V̂NL
h := span{εkRp+1,p+1

α+εk,i,j | i = 1, . . . , n; j = 1, . . . , m; k = 1, 2}, (37)

where εk is the kth canonical basis vector of R2, and the space V̂RT
h,0 is then spanned by:

V̂NL
h,0 := span{εkRp+1,p+1

α+εk,i,j | i = 2, . . . , n− 1; j = 2, . . . , m− 1; k = 1, 2}, (38)

For simplicity of notation, we rewrite V̂NL
h,0 as:

V̂NL
h,0 := span{εkRp+1,p+1

α+εk,i | i = 1, . . . , nNL
V,k; k = 1, 2}, (39)

where nNL
V,1 = nNL

V,2 := (n− 2)(m− 2).
The pressure space P̂NL

h is represented as:

P̂NL
h := span{Rp,p

i,j | i = 1, . . . , n; j = 1, . . . , m; k = 1, 2}, (40)

By using a similar notation to the above, we write P̂NL
h as:

P̂NL
h := span{Rp,p

i | i = 1, . . . ,PNL
n }, (41)

where:
PNL

n := dim
(
P̂NL

h

)
= nm. (42)
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The Nédélec isogeometric spaces in the physical domain are:{
VNL

h,0 := span{φk,NL
i := εkRp+1,p+1

α+εk,i ◦ F−1 | i = 1, . . . , nNL
V,k; k = 1, 2},

PNL
h := span{ρNL

i := Rp,p
i ◦ F−1 | i = 1, . . . ,PNL

n }.
(43)

We will also consider the pressure space as:

PNL
h,0 := {q ∈ PNL

h |
∫

Ω
q dΩ = 0}. (44)

4. The Brinkman Problem
4.1. Formulation Variation of the Brinkman Problem

Let Ω ⊂ R2 be bounded open, given by the NURBS parameterization F, and
Γ = ΓD ∪ ΓN (ΓD ∩ ΓN = ∅), with Γ defined by the F-image of collection of faces of
Ω̂. The Brinkman equations explain the flow through a porous medium presented by the
system. {

−µ̃∆u +∇p + µκ−1u = f, in Ω,
∇ · u = 0, in Ω,

(45)

This is subject to the boundary conditions:{
u = h, on ΓD,

µ̃ ∂u
∂n − pn = g, on ΓN.

(46)

In these equations, p and v represent the pressure and velocity fields, respectively.

with p belonging to the space L2(Ω). We assume that f is a given source
(

f ∈
[
L2(Ω)

]2
)

.

The fluid under consideration defined by the Newtonian fluid viscosity, the functions
µ̃ ∈ L∝(Ω), and the physical dynamic viscosity µ ∈ L∝(Ω). We impose a null mean value
of the pressure field p over the entire domain Ω to assure the uniqueness of p, i.e.,∫

Ω
p dx = 0, (47)

κ−1 presents the permeability of the reservoir. To guarantee the existence of the weak
solution, we assume that there exist two constants, k1, k2 � 0, such that κ−1 is a tensor
satisfying the following inequality:

k1ψ
tψ ≤ ψtκ−1ψ ≤ k2ψ

tψ, ∀ψ ∈ R2, (48)

and we assume that (g, h) ∈
[
L2(ΓN)

]2
×
[
L2(ΓD)

]2
. Using, H1

0(Ω) we determine that the

subspace of the standard Sobolev space H1(Ω) makes all functions vanish on the boundary
∂Ω = Γ. We present

X =
[
H1(Ω) : u = h

]2
, (49)

as the velocity space and

M = {q ∈ L2(Ω),
∫

Ω
qdx = 0}, (50)

as the pressure space.
The weak formulation of the Brinkman system (45)–(47) enables us to find (u, p) ∈

X×M, such that:
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{
a(u, v) + b(v, p) = F(v), ∀v ∈ X,

b(q, u) = 0, ∀q ∈ M,
(51)

where a(·, ·) and b(·, ·) are the bilinear forms defined by:{
a(u, v) =

∫
Ω µ̃∇u∇vdx +

∫
Ω µκ

−1u.vdx,
b(v, p) = −

∫
Ω p∇.vdx,

(52)

and F : X→ R is the continuous function:

F(v) =
∫

Ω
f.vdx +

∫
ΓN

g.vdσ, (53)

We equip the spaces M, L2(Ω), X and X×M with the norms

‖ v ‖0,Ω:=‖ v ‖M=‖ v ‖L2(Ω)=

(∫
Ω
|v|2dx

) 1
2
∀v ∈ L2(Ω), (54)

‖ v ‖2
1:=‖ ∇v ‖2

0,Ω + ‖ v ‖2
0,Ω, (55)

‖ v ‖X:= a(v, v)
1
2 , (56)

and
‖ (v, q) ‖X×M:=‖ v ‖X + ‖ q ‖M, (57)

Theorem 1. Problem (51) has a unique weak solution (u, p) ∈ X×M.

4.2. Approximate Formulation of the Brinkman Problem

In its original form, IGA entails using a Galerkin formulation and a finite-dimensional
subspace of X that is spanned by the same set of B-Splines/NURBS basis functions as those
characterizing the geometry used to find an approximate solution to (45) and (46). As a
result, we present the functional spaces Xh = Vh(Ω) ∩ X and Mh = Ph(Ω) ∩M. Where Vh
and Ph are defined using multivariate NURBS functions that were introduced in Section 3.
The IGA formulation then reads: Find (uh, ph) ∈ Xh ×Mh such that:{

a(uh, vh) + b(vh, ph) = f(vh), ∀vv ∈ Xh,
b(qh, uh) = 0, ∀qh ∈ Mh,

(58)

To define the corresponding linear algebraic system, we use a set of vector-valued
basis functions {Ni}nu

i=1 and {Nj}
np
j=1 for the spaces Xh and Mh, respectively, so that:

uh =
nu

∑
i=1

Niui, ph =
np

∑
j=1

Njpj, (59)

where nu and np are the dimensions of the discrete spaces of velocity Xh and of pressure
Mh, respectively.

By using the bilinear proprieties of a(., .) and b(., .), we obtain the linear system:[
A Bt

B 0

][
u
p

]
=

[
F
0

]
, (60)

where A = [a(Ni, Nk)]
nu
i,k=1, B =

[
b
(
Ni, Nj

)]nu,np
i,j=1 , u = [ui]

nu
i=1, p =

[
pj

]n

j=1
, and

F = [f(Ni)]
n
i=1.
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5. Numerical Results

In this section, we perform numerical verification of our chosen elements using two
example tests with exact solutions, with the first one in a square domain and the second
one in an annulus domain. Then, we solve our problem for two-dimensional flow and
represent well-established benchmark problems, for which we compare the results between
the three families of elements studied in this paper.

We want to highlight that, in the NURBS-based IGA framework, the two-dimensional
lid-driven flow in a quarter of an annulus benefits from the exact geometric representation
provided by NURBS. This is in contrast to standard FE methods. For numerical simulation
in Matlab, based on the IGA library GeoPDEs [43], the regularity α is assumed equal to
p− 1.

The graphs of the error are presented on a log–log scale, and in this work, the L2 error
and H1 error are defined as:

‖ eh ‖ L2 =

(∫
Ω
|uh − u|2dΩ

) 1
2
, (61)

and ‖ eh ‖ H1 =

(∫
Ω

(
|uh − u|2 + |∇uh −∇u|2

)
dΩ
) 1

2
, (62)

where u is an exact solution and uh is an approximated solution to our problem.
We use the following formula:

r(·) = log2

(
‖ eh ‖ (·)
‖ eh/2 ‖ (·)

)
, (63)

where (·) defines the L2- or H1-norm, to demonstrate the convergence rate.

5.1. The Brinkman Problem on the Unit Square

In order to test the accuracy and reliability of the compatible spaces considered, in this
first example, we consider the parametric domain Ω̂ = Ω = (0, 1)× (0, 1), by using the
manufactured solution presented in [26]. The exact velocity u and exact pressure p of the
Brinkman system (45) and (46) are given below,

u =

(
2 cos(πy) sin(πy) sin (πx)2

−2 cos(πx) sin(πx) sin (πy)2

)
, and p = cos(πx) cos(πy), (64)

it is easy to check that ∇ · u = 0 and
∫

Ω p = 0. µ̃ = µ = 1, with the highly varying
permeability κ−1 equal to κ−1 = a(sin(πx) + 1.1), where a is a given constant. The values of
κ−1 are plotted in Figure 2 for a = 10−4. The boundary conditions considered in this test are:

u = o, on Γ = ΓD (65)
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The vector fields and pressure contours corresponding IGA solutions in three types
of element spaces are presented in Figures 3 and 4, with the domain discretized using a
16 × 32 mesh.
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In this paragraph, using the data from the example provided in Section 5.1, we
investigate the convergence of the discrete formulation for the three families of mixed
elements under discussion.

Figure 5: For p, the degree of the pressure space is equal to 2 (a), (b), and (c), showing
the velocity L2 errors, the velocity H1 errors, and the L2 error of the pressure field, respec-
tively. Similar to this, we examine the three mixed elements under discussion with degrees
of p = 3 and p = 4. Figures 6 and 7 demonstrate comparable results. The results were
obtained with different consecutive mesh dimensions: 4 × 4; 8 × 8; 16 × 16; and 32 × 32.
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5.2. The Brinkman Problem on a NURBS Surface

Now that we have tested the approach on a parametric domain Ω̂, we want to test it
on a physical domain Ω. Let the first quadrant be part of an annulus with inner radius r = 1
and outer radius R = 4 that is centered at the origin and is represented in polar coordinates
by the inequalities 1 < r < 4 and 0 < θ < π/2; the domain is described in Figure 8.
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In order to obtain a manufactured solution to systems (45) and (46), we consider a
potential function ϕ such as:

u =

[
∂ϕ
∂y

− ∂ϕ
∂x

]
, (66)

where u is our exact velocity solution. It is easy to show that u satisfies the incompressibility
condition div, u = 0. Using polar coordinates, here, we choose the potential function:

ϕ(r, θ) = (r− 1)2(4− r)2(1− cos 4θ ), (67)

which gives, in Cartesian coordinates:

ϕ(x, y) = 8x2y2

(
1− 1√

x2 + y2

)2(
4√

x2 + y2
− 1

)2

. (68)
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For the boundary condition, we assume that u| ΓD
= 0 (∂Ω = ΓD and ΓN = ∅). The

other problem data are defined as follows:

µ̃ = µ = 1, κ−1 = a(sin(πx) + 1.1), (69)

The constant a = 0.0001. Figure 9 presents the dstribution of the permeability κ−1,
with the pressure p chosen to have an average of zero on Ω. Here, we use p = (4− y)x,
and the right-hand side is calculated as −∇ · (µ̃∇u) +∇p + µκ−1u = f. The vector fields
and pressure contours, corresponding the IGA solutions to three types of element spaces,
are presented in Figures 10 and 11, with the domain discretized using a 16 × 32 mesh.
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In this paragraph, using the data from the example provided in Section 5.1, we
investigate the convergence of the discrete formulation for the three families of mixed
elements under discussion.

Figure 12: For p, the degree of the pressure space is equal to 2 (a), (b), and (c), showing
velocity L2-errors, velocity H1-errors, and the L2-errors in the pressure field, respectively.
Similar to this, we examine the three mixed elements under discussion with degrees of
p = 3 and p = 4. Figures 13 and 14 demonstrate comparable results. Our results were
obtained with different consecutive mesh dimensions: 4 × 8; 8 × 16; 16 × 32; and 32 × 64.
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6. Conclusions

In this paper, we focus on the Brinkman system and investigate the performance
of three well-established isogeometric discretizations that are known to be stable and
converge toward the Stokes problem. These discretizations include an extension of the inf-
sup stable Taylor–Hood element, as described in [1,3]; an extension of the Raviart–Thomas
element, which is stable and preserves the structure by ensuring pointwise divergence-
free discrete solutions, as described in [3]; and an extension of the inf-sup stable Nédélec
element, as described in [2]. For two generic test cases corresponding to a domain of a
square (0, 1)× (0, 1) and a quarter ring, we evaluated the convergence behavior of the
three families of elements in the case of mesh refinement for quadratic, cubic, and quartic
approximations. An extension of the study described in this article will be presented in a
future article on the multi-patch NURBS domain.
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