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Abstract: Data center architecture plays an important role in effective server management
network systems. Load balancing is one such data architecture used to efficiently distribute
network traffic to the server. In this paper, we incorporated the load-balancing technique
used in cloud computing with power business intelligence (BI) and cloud load based on
the queueing theoretic approach. This model examines a bulk arrival and batch service
queueing system, incorporating server overloading and underloading based on the queue
length. In a batch service system, customers are served in groups following a general bulk
service rule with the server operating between the minimum value ‘a’ and the maximum
value ‘b’. But in certain situations, maintaining the same extreme values of the server is
difficult, and it needs to be changed according to the service request. In this paper, server
load balancing is introduced for a batch service queueing model, which is the capacity
of the server that can be adjusted, either increased or decreased, based upon the service
request by the customer. On service completion, if the service request is not enough to
start any of the services, the server will be assigned to perform a secondary job (vacation).
After vacation completion based upon the service request, the server will start regular
service, overload or underload. Cloud computing using power BI can be analyzed based on
server load balancing. The function that determines the probability of the queue size at any
given time is derived for the specified queueing model using the supplementary variable
technique with the remaining time as the supplementary variable. Additionally, various
system characteristics are calculated and illustrated with suitable numerical examples.

Keywords: overloading; underloading; load balancing; batch service; supplementary
variable technique

MSC: 60K30; 68M20

1. Introduction
The efficient management of servers in network systems is one of the challenging issues

for improving service quality. Many mathematical techniques are implemented to study
these issues and provide possible solutions. Server load balancing is an effective technique
for efficiently managing system traffic. The modeling and analysis of symmetric bulk
arrival queueing systems has attracted a lot of scientific attention. Takagi [1] gave a detailed
explanation of symmetric bulk queueing systems both with and without server vacations.
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Numerous writers have also examined various combinations of queueing schemes and
server vacations. Doshi [2] first carried out an extensive analysis of queueing systems with
vacations, highlighting load balancing as one of their applications. Using the supplemental
variable technique, Lee et al. [3] examined a MX/G/1 queueing system with N policy and
multiple vacations. A queueing model with batch arrivals and a threshold was covered by
Lee et al. [4]. Numerous academics have examined the steady-state analysis of a queueing
system with non-Markovian symmetric bulk arrivals, batch service, vacation periods,
and certain extensions. The paper by Krishna Reddy et al. [5] explores the operational
dynamics of a queueing system characterized by symmetric bulk arrivals, an N-policy for
managing queue length, multiple vacation periods for servers, and setup times between
tasks. Using the supplementary variable technique, the authors analyze various aspects
of system performance, including queue length distributions, server utilization rates, and
overall system efficiency. Their approach not only contributes to theoretical advances in
queueing theory but also provides practical insights into optimizing system parameters to
enhance operational efficiency and minimize delays. A cost model for a symmetric bulk
arrival and batch service queueing system without service interruption was also looked
into by Jeyakumar and Senthilnathan [6]. In order to incorporate closedown times into
their investigation, the author deduced the probability-generating function for the service
process in their model. Arumuganathan and Jeyakumar [7] extended the above work with
closedown times. The optimal cost analysis and certain performance characteristics of the
Mx/G(a,b)/1 queueing system with interrupted vacation have been derived by Haridass
and Arumuganathan [8]. Siddiqui et al. [9] present the QPSL queuing model as a notable
advancement in load balancing within cloud computing. This approach improves the
efficacy and efficiency of resource allocation in cloud environments by utilizing queuing
theory, most especially the M/M/k queue with a FIFO discipline. The study highlights the
model’s potential to optimize performance, reduce latency, and improve overall system
reliability through sophisticated load-balancing mechanisms. The analysis of queueing
systems with breakdown is essential to deal with many real-time systems. Using a recursive
technique, Praveen Kumar Agarwal et al. [10] investigated the best N-policy for a finite
queue with server failures and state-dependent service rates.

A queueing system with batch services and symmetric bulk arrivals was presented by
Niranjan et al. [11], adding queue size-dependent vacations for an unreliable server. An
analysis of a symmetric bulk arrival queueing system with extra services and numerous
vacation periods was conducted by Ayappan and Deepika [12]. Stochastic Petri nets
should be used to evaluate the queuing models’ performance, especially in distributed
and multiprocessor systems, according to Siddiqui et al. [13]. By leveraging the strengths
of SPNs, such as their visual and expressive power combined with stochastic modeling
capabilities, the authors provide a compelling case for their adoption in performance
evaluation studies.

Banerjee et al. [14] analyze rank-based routing policies in queuing systems, introduc-
ing MSBLB and MJSQ policies that reduce communication costs while ensuring effective
load balancing supported by rigorous proof. Otten [15] examines the supply chain system
with inventory-dependent routing, offering the explicit solutions and algorithms developed
to optimize the production and inventory management, advancing supply chain efficiency.
Van der Boor et al. [16] propose a hyper-scalable scheme with universal throughput bounds,
optimizing distributed systems with limited communication. Liu and Ying [17] study
load balancing in systems with constrained local queues, focusing on performance under
heavy traffic in data centers. Ahmed et al. [18] introduce QLLB, a queue-length-based
load-balancing scheme for data centers, addressing congestion and network asymmetries.
Hellemans et al. [19] examine load-balancing policies for distributed systems with variable
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job sizes, highlighting latency reduction. Van der Boor et al. [20] review scalable adaptations
of the JSQ policy, balancing delay performance with reduced communication overhead.
Delasay and Akan [21] analyze a two-phase queuing model to optimize delay costs for
tasks with different priority classes. Santos et al. [22] discuss the importance of pre-emptive
evaluation and the optimization of IoT-based monitoring systems in smart buildings. The
research offers a solid foundation for evaluating and enhancing system performance by
using a queuing network-based message exchange architecture and carrying out an exten-
sive sensitivity analysis using Design of Experiments (DoE). The findings can significantly
aid in designing efficient, reliable, and responsive smart building infrastructures, ensuring
better QoS and minimizing risks associated with system failures.

Rodrigues et al. [23] use an M/M/c/K queuing model to optimize IoP-based ambient
assisted living systems, improving aged care with reliable and cost-effective health moni-
toring solutions. Katayama and Tachibana [24] propose a task allocation strategy for MEC
and cloud servers, reducing latency and optimizing resource use in 5G and future network
environments. Zhan et al. [25] explore how service environments and omni-channel sales
affect customer behavior, helping merchants optimize service capacity and profits. Alnowi-
bet et al. [26] introduce a stochastic inventory model considering lead times and impatient
customers, improving real-world inventory management under random demand.

Existing queuing models overlook dynamically adjusting server capacity based on
queue length, motivating the development of a batch-service queuing system with load
balancing and server vacations to address real-time network congestion. Jin et al. [27]
analyzed the nonlinear dynamics of TCP/AQM networks, identifying critical delay values
for Hopf bifurcation and stability, using τ-decomposition and central manifold theory.
Numerical examples validate the framework for delay-stable intervals and bifurcation sta-
bility. Yen et al. [28] study an N-policy M/G/1 queue with working breakdowns, deriving
steady-state results and optimizing thresholds and service rates for system stability. Nu-
merical results and sensitivity analysis validate its practical application. Kothandaraman
and Kandaiyan [29] examined a Markovian queue with heterogeneous, intermittently avail-
able servers under a hybrid vacation policy, using the matrix geometric method to derive
stability conditions and performance indicators. Numerical examples highlight parameter
impacts. Kempa and Paprocka [30] present a discrete-time queue model for a bottleneck
production system with energy-saving features, analyzing performance and optimizing
throughput using the Drum–Buffer–Rope concept. Simulations show its effectiveness in
aligning arrival rates with capacity. Chydzinski and Adamczyk [31] investigated response
time in queues with active/passive management and complex arrivals, deriving distribu-
tions and key properties using integral equations. Numerical results reveal insights into
response time behavior across scenarios. Many authors have extensively researched bulk
arrivals and batch services, exploring various parameters and their implications [32–35].
Niranjan and Devi Latha presented a novel two-phase bulk service queueing model in-
corporating active Bernoulli feedback, server vacations, breakdowns, and setup time. The
model explores the queue size’s probability-generating function and analyzes performance
metrics with numerical examples [36]. Gautam et al. [37] explore optimizing power sav-
ing and QoS in LTE-A networks through a new DRX mechanism that switches between
power-active and power-saving states based on user traffic. It uses an M[X]/G/1 vacation
queue model with N-policy to analyze performance and energy metrics. Numerical results
identify optimal N values and DRX cycles to minimize power use. The study provides
practical guidelines for balancing energy efficiency and network performance.

The main contributions of this study include the following:

1. Overloading and underloading of the server are addressed to reduce customer waiting
time and minimize the system’s total average cost.
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2. An application in cloud computing using power BI is provided to demonstrate the
effectiveness of the load-balancing approach.

The paper is organized as follows: Section 1 introduces the topic and provides a
review of the relevant literature and discusses the application of the proposed model.
Section 2 outlines the model description and methodology for the queuing system under
consideration and defines the notations of the stochastic model, governing equations, and
queue size distribution. Section 3 evaluates various performance measures and examines
special cases. Section 4 develops the cost model for the system and includes numerical
illustrations. Finally, Section 5 concludes the paper with suggestions for future research.

Cloud computing is the process of using and gaining access to a variety of online
services, including apps, computer power, and data storage. Organizations and individuals
can purchase and utilize hardware and software as needed from cloud service providers,
eliminating the need to own and maintain physical assets.

Cloud computing is used predominately nowadays, as each and every process de-
pends more on power BI. The application starts with the transfer of data files from the client
to the server with a virtual prediction range of 500–900 GB scheduled as regular service.
And if the service is 100–400 GB, it starts its process as an underloading service to access
customer software in power BI, as it is used to prevent damage to the files given by the
clients. When there are various needs to implement security and DAX (Double Application
Extension) expressions that are more than 1000 GB, this is qualified as overloading, because
there is a sudden spike in traffic and it consumes more power comparatively; however,
the quality of service is not affected by this. The next process consists of cloud load where
the expected data are marked with the expected time and space consumption in the burst
of cloud load, which creates space, prevents the data from being formed as layers, and
corrects errors using the Losant principle. In addition, there is a responsibility assigned
to the class that has the necessary information to fulfill it. Thus, the process has been
completed successfully. If the data are less than 100 GB, they are classified as vacation data
and can be affected due to processes like input/output errors or file errors. To rectify the
missed data, the software finds the relevant and required data and fixes the missing data,
but there is a time sequence delay. Hence, the application for the cloud computing using
power BI and cloud load can be modeled as a bulk arrival and batch service queueing
model with load balancing and vacation.

2. Methods and Models
2.1. Model Description

Customers are demanding service in batches afforded to the Poisson process with
rate ξ. In a bulk service system, customers are served in groups based on a general bulk
service rule [38] with a lower bound of ‘a’ and upper bound ‘b’ of the server. Maintaining
the constant threshold values of the server is not always possible in real-time systems;
it has to be changed according to the number of service request. So, in this paper, the
server threshold values for batch service may be increased or decreased (overloading or
underloading) according to the number of service request. A regular batch service will
be initiated only if at least ‘a’ customers are waiting for service. Upon service completion
or vacation completion, if the queue length denoted by ε satifies a ≤ ε ≤ b, then the
service will be provided for min(ε, b) customers. Conversely, if the server finds more
than ‘N’ (N > b) customers waiting, it selects ‘N’ customers for service by increasing the
server’s maximum capacity to ‘N’. Sometimes, the queue length will be less than the
minimum server capacity ‘a’; during that time, the minimum threshold value of the server
may be reduced to ‘c’(c < a) and take all ‘c’ customers waiting for service. The primary
benefit of the offered system is that the server capacity may be increased or decreased
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dynamically based on the queue size. The server goes on vacation if the queue length
falls below ‘c’. After vacation completion, depending upon the queue length, the server
will provide a regular symmetric bulk service or batch service with overloading or batch
service with underloading. The above systematic procedure can be implemented in cloud
computing (power BI) to solve congestion problems. To estimate various performance
metrics of the server, which tends to minimize the overall cost of the cloud system, a
diagram demonstration of the offered system is depicted below.

Notations

Let Z be the random variable representing the group size of the arrival and Z(Y) be
the probability generating function (PGF) of Z (Table 1).

ξ—Poisson arrival rate.
gk—The probability that a batch arrives ‘k’ customers.
Cq(t)—At time t, the number of customers awaiting service.
Cs(t)—The number of customers currently receiving service at time t.

Table 1. Notations.

Cumulative
Distribution

Function

Probability Density
Function

Laplace–
StieltjesTransform

Remaining Service
Time

Regular batch service B(z) b(z)
∼
B(α) B0(z)

Batch service with
overloading B1(z) b1(z)

∼
B1(α) B1

0(z)

Batch service with
underloading B2(z) b2(z)

∼
B2(α) B2

0(z)

Vacation V(z) v(z)
∼
V(α) V0(z)

ψ(t) =


0, when the server is busy with regular batch service

1, when the server is busy and doing batch service with overloading
2, when the server is busy and doing service with underloading

3, when the server is on vacation

Aij(z,t)dt =P

{
Cs(t) = i, Cq(t) = j,

z ≤ B0(t) ≤ z + dt, ψ(t) = 0

}
a ≤ i ≤ b; j ≥ 1;

is the probability that at time t, the server is busy with i customers under regular batch
service and j customers in the queue, and the remaining service time of a customer under
service is between z and z + dt.

A1
Nj(z,t)dt =P

{
Cs(t) = N, Cq(t) = j, z ≤ B1

0(t) ≤ z + dt, ψ(t) = 1
}

j ≥ 1; N > b,

is the probability that at time t, the server is busy with ‘N’ customers under batch service
with overloading and j customers in the queue, and the remaining service time of a customer
under service is between z and z + dt.

A2
cj(z, t)dt =P

{
Cs(t) = c, Cq(t) = j z ≤ B2

0(t) ≤ z + dt, ψ(t) = 2
}

; j≥ 1;

is the probability that at time t, the server is busy with ‘c’ customers under batch service
with underloading and j customers in the queue, and the remaining service time of a
customer under service is between z and z + dt.
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Sn(z, t)dt = P
{

Cq(t) = n, z ≤ V0(t) ≤ z + dt, ψ(t) = 3
}

; 0 ≤ n ≤ c − 1;

is the probability that at time t, the server is on vacation, the queue length is n and the
remaining vacation time of a customer at an arbitrary time is between z and z + dt.

2.2. Steady-State Queue Size Distribution

The supplementary variable technique is used to derive the steady-state system equa-
tions [39].

− d
dz Ai0(z) = −ξ Ai0 (z) + ∑b

m=a Ami(0)b(z) + A1
Ni(0)b(z)

+A2
ci(0)b(z) + Si(0)b(z); c ≤ i ≤ b.

(1)

Equation (1) denotes the different probabilities for the server in a regular batch service
with ‘i’ customers in service and ‘0’ customer in the queue in the remaining service time
z − ∆t at time t + ∆t. In the RHS, the first term indicates that there is no arrival at that
time, and the second term indicates that when regular batch service is completed, if ‘i’
customers are in the queue, then ‘i’ customers go for regular batch service and ‘0’ customers
are waiting in the queue. The next term indicates that when overloading batch service
is completed, if ‘i’ customers are in the queue, then ‘i’ customers go for a regular batch
service, and ‘0’ customers will be waiting in the queue. The fourth term indicates that
when underloading batch service is completed, if ‘i’ customers are in the queue, then ‘i’
customers go for a regular batch service, and ‘0’ customers will be waiting in the queue.
The last term indicates after vacation completion, if ‘i’ customers are in the queue, then
‘i’ customers go for regular batch service, and ‘0’ customers will be waiting in the queue.
Similarly, Equations (2)–(7) can be expressed with the help of a schematic representation of
the queueing model shown in Figure 1.

− d
dz

Aij(z) = −ξAij(z) + ∑j
k=1 Ai j−k(z) ξgk; c ≤ i ≤ b − 1; j ≥ 1; (2)
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− d
dz Abj(z) = −ξ Abj(z) + ∑

j
k=1 Ab j−k(z) ξgk+A1

Nb+j(0) b(z) + A2
cb+j(0) b(z)

+∑b
m=c Amb+j(0)b(z) + Sb+j(0)b(z); j ≥ 1;

(3)

− d
dz A1

Nj(z) = −ξA1
Nj(z) + ∑

j
k=1 A1

Nj−k(z)ξgk + A1
NN+j(0)b1(z)

+∑b
m=a AmN+j(0)b1(z)+A2

c N+j(0)b1(z) + SN+j(0)b1(z); j ≥ 0;
(4)
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− d
dz A2

cj(z) = −ξA2
cj(z) + ∑

j
k=1 A2

cj−k(z)ξgk + A2
cc+j(0)b2(z)

+∑b
m=a Am c+j(0)b2(z) + A1

N c+j(0)b2(z) + Sc+j(0)b2(z); j ≥ 0;
(5)

− d
dz

S0(z) = −ξS0(z) + ∑b
m=c Am0(0)V(z) + A1

N0v(z) + A2
c0v(z) (6)

− d
dz Sn(z) = −ξSn(z) + ∑b

m=c Amn(0)v(z) + A1
Nn(0)v(z) + A2

cn(0)v(z)

+∑n
k=1 Sn−k(z) ξgk , 1 ≤ n ≤ c − 1.

(7)

The Laplace–Stieltjes transforms of Ain(y), Sn(y), A1
Nj(y) and A2

cj(y) are defined as

∼
Ain(α) =

∫ ∞

0
e−αzAin(z)dz;

∼
Sn(α) =

∫ ∞

0
e−αzSn(z)dz;

A1
Nj(α) =

∫ ∞

0
e−αz A1

Nj(z)dz; A2
cj(α) =

∫ ∞

0
e−αz A2

cj(z)dz.

Applying Laplace–Stieltjes transform to Equations (1)–(7),

α
∼
Ai0(α)− Ai0(0) = ξ

∼
Ai0(α) + ∑b

m=a Ami(0)
∼
B(α) + A1

Ni(0)
∼
B(α)

+A2
ci(0)

∼
B(α) + Si(0)

∼
B(α)a ≤ i ≤ b

(8)

α
∼
Aij(α)− Aij(0) = ξ

∼
Aij(α) + ∑j

k=1

∼
Ai j−k(α) ξgk;a ≤ i ≤ b − 1; (9)

α
∼
Abj(α)− Abj(0) = ξ

∼
Abj(α) + ∑

j
k=1

∼
Ab j−k(α) ξgk + A1

Nb+j(0)
∼
B(α)

+A2
cb+j(0)

∼
B(α) + ∑b

m=c Amb+j(0)
∼
B(α) + Sb+j(0)

∼
B(α); j ≥ 1;

(10)

α
∼
A

1

Nj(α)− A1
Nj(0) = ξ

∼
A

1

Nj(α) + ∑
j
k=1

∼
A

1

Nj−k(α) ξgk + A1
NN+j(0)

∼
B1(α)

+∑b
m=a AmN+j(0)

∼
B1(α) + A2

c N+j(0)
∼
B1(α)+SN+j(0)

∼
B1(α); j ≥ 0;

(11)

α
∼
A

2

cj(α)− A2
cj(0) = ξ

∼
A

2

cj(α) + ∑
j
k=1

∼
A

2

c j−k(α) ξgk + A2
c c+j(0)

∼
B3(α)

+∑b
m=a Am c+j(0)

∼
B3(α) + A1

N c+j(0)
∼
B3(α)+Sc+j(0)

∼
B3(α); j ≥ 0;

(12)

α
∼
S0(α)− S0(0) = ξ

∼
S0(α) + ∑b

m=c Am0(0)
∼
V(α) + A1

N0

∼
V(α) + A2

c0
∼
V(α); (13)

α
∼
Sn(α)− Sn(0) = ξ

∼
Sn(α)∑b

m=c Amn(0)
∼
V(α) + A1

Nn(0)
∼
V(α) + A2

cn(0)
∼
V(α)

+∑n
k=1

∼
Sn−k(α) ξgk; 1 ≤ n ≤ a − 1.

(14)

The following probability-generating functions are defined to obtain the PGF of the
queue size at any given time.

∼
A

2

c (y, α) = ∑∞
j=0

∼
A

2

cj(α)y
j; A2

c (y, 0) = ∑∞
j=0 A2

cj(0)y
j;

∼
S(y, α) = ∑a−1

n=0

∼
Sn(α)yn; S(y, 0) = ∑a−1

n=0 Sn(0)yn;

LetAI = ∑b−1
i=a ∑b

m=a Ami(0); A1
N(0) = A1

N ; A2
c (0) = A2

c ;

Si(0) = Si; βi = A2
c + Ai + Si + A1

N .

By multiplying Equations (8)–(14) by suitable powers of yn and summing over n then
by using the PGF of queue size at an arbitrary time epoch, we obtain

(α − ξ+ ξZ(y))
∼
Ai(y, α) = Ai(y, 0)−

∼
B(α)

(
A2

c + Ai + Si + A1
N

)
; (15)
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yb(α − ξ+ ξZ(y))
∼
Ab(y, α) = ybAb(y, 0)−

∼
B(α)∑N−1

j=b

(
A2

c + Ai + Si + A1
N

)
yj; (16)

(α − ξ+ ξZ(y))
∼
A

1

N(y, α)yN = A1
N(y, 0)yN −

∼
B1(α)h1, (17)

where h1 =

(
∑b

m=a Am(y, 0)− ∑N−1
j=b

(
Aiyj))+

(
S(y, 0)− ∑N−1

j=b
(
Siyj))(

A1
N(y, 0)− ∑N−1

j=b

(
A1

J yj
))(

A2
C(y, 0)− ∑N−1

j=b

(
A2

J yj
)) .

(α − ξ+ ξZ(y))
∼
A

2

c (y, α)yc = A2
c (y, 0)yc −

∼
B2(α)∑c−1

n=0

(
A2

c + Ai + A1
N + Sn

)
yn; (18)

(α − ξ+ ξZ(y))
∼
S(y, α) = S(y, 0)−

∼
S(α)∑c−1

n=0

(
A2

c + Ai + A1
N + Sn

)
yn. (19)

2.3. PGF of Queue Size at an Arbitrary Time

The function that generates the probability of queue size at an arbitrary time epoch
can be obtained by using the below given equation

P(y) = ∑b−1
m=a

∼
Am(y, 0)+

∼
Ab(y, 0) +

∼
A

1

N(y, 0) +
∼
A

2

c (y, 0) +
∼
S(y, 0). (20)

Substituting α = ξ− ξZ(y) in Equations (15)–(19), after performing some algebraic
manipulations, the PGF of queue size is defined below, and we obtain

P(y) =

(∼
B(ξ− ξZ(y))− 1

)(
∑N−1

j=0 β jyj + ∑b−1
i=a βi

)
+

(∼
S(ξ− ξZ(y))− 1

)
∑C−1

j=0 β jzj(∼
B1(ξ− ξZ(y))− 1

)
f1 +

(∼
B2(ξ− ξZ(y))− 1

)
∑c

j=0 β jyj(
yN −

∼
B1(ξ− ξZ(y))

)
(−ξ+ ξZ(y))

, (21)

where f1 =

(
∑b

m=a Am(y, 0)− ∑N−1
j=b

(
Aiyj))+

(
S(y, 0)− ∑N−1

j=b
(
Siyj))

−∑N−1
j=b

(
A1

J yj
)(

A2
C(y, 0)− ∑N−1

j=b

(
A2

J yj
)) .

3. Results: Steady-State Condition
To ensure the existence of a steady state for the model under consideration, the

condition ρ < 1 must be satisfied, where ρ is defined as ρ = N − ξE(B1)E(Z). The PGF
P(y) must satisfy P(1) = 1. By applying L’Hospital’s rule and evaluating lim

y→1
P(y) = 1,

and equating the expression to 1, the condition ξE(Z)(N − ξE(B1)E(Z)) > 0 is obtained
(Algorithm 1).

Algorithm 1. Algorithm to Find Unknown Probabilities

Step 1: Use Equation (21) to initiate the procedure.
Step 2: Consider the unknowns Si and β j exists in P(Y).
Step 3: Apply Rouche’s theorem of complex variables to find the vanishing points at
|Y| = 1.
Step 4: ‘N’ equations and ‘N’ unknowns obtained in step 3 are solved using
MATLAB 2020.
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Lemma 3.1. Let βi be the probability that ‘i’ customers arrive during the vacation. The probability

generating function of βi is given by ∑∞
i=0 βi yi =

∼
S(ξ − ξZ(y)).

Proof: Conditioning on the actual vacation length, number of arrivals and the group size,
we obtain

βi =
∫ ∞

0
(∑i

m=0
(e−ξt )(ξt)mgi

m

m!
) dv(t)

where gi
m is the m-fold convolution of gi with itself (i.e., the total of m arrivals make ‘i’

customers).
Multiplying the above equation by zi and taking the summation from i = 0 to ∞,

we obtain
∑∞

i=0 βiyi=
∫ ∞

0 e−ξt (∑∞
m=0

(ξt)m

m! ∑∞
i=m gi

m yi) dv(t)

=
∫ ∞

0 e−ξt (∑∞
m=0

(ξt)m (Z(y)) m)
m! ) dv(t)

=
∼
S(ξ− ξZ(y))

Hence, the Lemma. □

Theorem 3.1. The unknown constants si are expressed in terms of βi as, si = ∑n
i=0 βn−iωi,

n = 0, 1, 2. . . a − 1, where ωi is the probability that ‘i’ customers arrive during the underloading
or overloading service period.

Proof: Substituting α = ξ − ξ Z(y) in Equation (19), we have

S(y, 0) =
∼
S(ξ− ξZ(y))

c−1

∑
n=0

(
A2

c + Ai + A1
N + Sn

)
yn

By using the above lemma

∑a−1
n=0 snyn= (∑∞

n=0 ωnyn) ( ∑a−1
n=0 βnyn)

∑a−1
n=0 snyn= ∑a−1

n=0 (∑n
i=0 βn−iωi)yn (22)

Equating the coefficient of yn; n = 0, 1, 2, 3 . . . a − 1, on both sides of Equation (22),
we obtain si = ∑n

i=0 βn−iωi. □

4. Discussion
4.1. Efficiency Metrics of Cloud Resource Utilization

In a queueing system, it is common practice to evaluate the average number of inputs
to be processed in buffer and the average waiting time for inputs to be processed in buffer.
This section derives efficiency metrics of cloud resource utilization from the steady-state
probability distribution function, which are essential for determining the aggregate mean
cost of the system.

4.1.1. Average Number of Inputs to Be Processed in Buffer

The average number of inputs to be processed in buffer Lqueue at an arbitrary time
epoch is obtained by differentiating P(y) at y = 1 and is given by

Lqueue = lim
y→1

P′(y)
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4.1.2. Average Waiting Time for Inputs to Be Processed in Buffer

The average waiting time for inputs to be processed in buffer Wqueue can be readily
determined using Little’s formula

Wqueue=
Lqueue

ξE(Z)

4.1.3. Average Processing Period of the Cloud Server

Lbusy =
∑N−1

i=a
(

A2
i + Ai + A1

i
)
+

(
1 − ∑N−1

i=a
(

A2
i + Ai + A1

i
)
+ (1 − E(B2)

)
∑a−1

i=0

(
A2

i + Ai + A1
i
)

Lbusy=
E(S)

∑a−1
i=0

(
P1

i + Ri

) .

4.1.4. Average Sleep Time of the Cloud Server

The time interval between the start of the busy period and the vacation epoch is known
as the cloud server’s average sleep time.

Let I be the random variable for the ‘idle period’.
αj, the probability that the system state visits ‘j’ during an idle period is given by j = 0,

1, 2. . . a − 1.

Let Ij=

{
1 if the state ‘j′ during an idle period

0 otherwise

Based on the size of the queue at the service completion epoch, we have α0 = π0 :

αj = P
(

Ij = 1
)
= πj+∑c−1

k=0 πkP
(

Ij−k
1 = 1

)
; j = 1, 2, . . . c − 1.

Thus, the average sleep time of the cloud server is obtained:

Lidle =
E(S)

∑a−1
n=0 ∑n

i=0 αi

(
A2

n−i + An−i + A1
n−i

) .

4.2. Special Case: Hyper-Exponential Regular Bulk Service Time

When the regular service time follows hyper-exponential distribution with probability
density function, then b(z) = cde−dz + (1 − c) f e− f z where d and f are parameters, and

∼
B(ξ− ξZ(y)) =

dc
d + (ξ− ξZ(y))

+
f (1 − c)

f + (ξ− ξZ(y))
.

The PGF of the queue size for hyper-exponential service time is derived by substituting

the expression for
∼
B(ξ− ξZ(y)) in Equation (21).

4.3. Cost Model

Optimization techniques play a crucial role in minimizing the aggregate mean cost of
a queueing system in many real-world situations. The rate investigation typically involves
various constraints, such as switch-on cost, in-service cost, carrying cost and any potential
remuneration costs. The primary objective in managing the system is to minimize the
aggregate mean cost. The cost analysis of the proposed queueing system is presented in
this section. Considering the following assumptions:



Axioms 2025, 14, 18 11 of 17

γh : carrying cost per customer;

γ0 : For each unit of time spent on service;

γs : cost per cycle o f switching on;

γr : remuneration expense per cycle as aresult of vacation.

Given that the cycle’s duration is the product of the cloud server’s average sleep time
and processing period:

Aggregate Mean Cost =(Average sleep time of the cloud server)
+(Average processing period of the cloud server);

Aggregate Mean Cost =
E(S)

∑a−1
n=0 ∑n

i=0 αi

(
A2

n−i + An−i + A1
n−i

) +
E(S)

∑a−1
I=0(P1

i + Ri)
.

Aggregate Mean Cost = [γs − γrE(I)]
1

E(Tc)
+ γhE(Q) + γ0ρ;

where ρ = (ξE(B1)E(Z))
N .

Determining the optimal value c* that minimizes the aggregate mean cost is challeng-
ing to achieve through direct analytical methods. The definition of the optimal policy for
a threshold c∗ to minimize the aggregate mean cost using the simple value direct search
method is outlined below.

Stage 1: Determine the value of upper bound server capacity ‘N’;
Stage 2: Select the value “c” that will fulfill the subsequent relation.

AMC(c∗) ≤ AMC(c), 1 ≤ c ≤ N;

Stage 3: The value c∗ is optimal, since it minimizes the aggregate mean cost.

The best value of c∗ that minimizes the aggregate mean cost function is obtained by
following the preceding technique. In the following part, a numerical example will be
provided to verify this solution.

4.4. Numerical Illustration

The theoretical findings derived for the proposed model are supported by numerical
validation using the following assumptions and symbols (Table 2).

Table 2. Parameters and symbols.

Parameter Distribution Symbols

Arrival rate Poisson distribution ξ

Regular batch service time 4-Erlang distribution µ

Overloading batch service
time 3-Erlang distribution µ1

Underloading batch
service time 2-Erlang distribution µ2

Vacation time Exponential distribution φ

The group size distribution of the arrival is geometric with a mean of 3.
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2

4.5. Effects of Efficiency Metrics of Cloud Resource Utilization

The impacts of efficiency metrics of cloud resource utilization for fixed boundary
values are presented. From Figure 2, it is clear that if the service rate increases, Lqueue and
Lbusy decrease whereas Lidle increases. From Table 3, it is evident that when the service rate
is fixed for underloading and overloading but varies for regular batch service, as ξ increases,
Lqueue and Lbusy increase whereas Lidle decreases. In Table 4 and Figure 3, it is evident that
when the service rate is fixed for regular batch service and underloading but varies for the
overloading service, as ξ increases, Lqueue and Lbusy increase, whereas Lidle decreases. From
Table 5, it is evident that when the service rate is fixed for overloading and regular batch
service but varies for underloading, as ξ increases, Lqueue and Lbusy increase, whereas Lidle

decreases. Tables 3–5 present the impact of efficiency metrics on cloud resource utilization
under varying arrival and service rates.
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Table 3. Arrival rate vs. efficiency metrics of cloud resource utilization (µ1 = 3, µ2 = 4, φ = 5).

ξ
µ = 0.5 µ = 1.5 µ = 2.5

Lqueue Lbusy Lidle Lqueue Lbusy Lidle Lqueue Lbusy Lidle

1 5.0262 3.1932 1.9349 4.5935 2.5985 1.8412 4.1923 1.9134 1.7239

2 5.9271 3.9757 1.1352 5.0349 3.2431 1.4357 5.0921 2.5932 1.6128

3 6.8314 4.5932 0.9652 6.2145 4.9562 1.0932 6.3245 3.2398 1.3217

4 8.6783 5.3326 0.5923 7.3542 5.8235 0.7312 7.1256 4.4532 0.9234

5 9.1296 7.5561 0.1475 8.4563 6.9329 0.4956 8.3672 5.9431 0.5498
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Table 4. Arrival rate vs. efficiency metrics of cloud resource utilization (µ = 4, µ2 = 5, φ = 6).

ξ
µ1 = 1.5 µ1 = 2.5 µ1 = 3.5

Lqueue Lbusy Lidle Lqueue Lbusy Lidle Lqueue Lbusy Lidle

6 7.6212 4.3291 2.3229 5.5325 3.4574 2.7523 5.1259 2.5632 2.2423

6.2 8.7132 5.5785 1.9542 6.2382 4.5627 2.0286 5.9241 3.4574 1.3426

6.4 9.9823 7.7643 1.3326 7.4143 6.3387 1.5762 6.6229 4.9231 1.0572

6.8 10.7378 8.3265 0.9523 9.1732 7.6124 1.1421 7.2283 5.4213 0.8763

7 11.8126 9.2411 0.4875 10.3132 8.8332 0.7327 8.8621 6.1257 0.1287
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Table 5. Arrival rate vs. efficiency metrics of cloud resource utilization (µ1 = 3, µ = 4, φ = 5).

ξ
µ2 = 2.5 µ2 = 3.5 µ2 = 4.5

Lqueue Lbusy Lidle Lqueue Lbusy Lidle Lqueue Lbusy Lidle

9.1 4.6293 2.5932 2.5829 3.4328 2.3427 2.4523 5.6259 1.7752 2.1423

9.3 5.1247 3.6757 2.2542 4.5985 3.6727 1.9286 6.4241 2.4274 1.5426

9.5 6.4238 4.7932 1.8326 5.1253 4.5238 1.2762 7.1529 3.7423 1.0572

9.7 7.9378 5.2326 1.4523 6.9732 5.1763 0.8421 8.3283 4.5139 0.9763

9.9 9.8126 6.8561 0.9875 8.3547 6.8332 0.4327 9.0621 5.8237 0.0287

Consider a situation where the service times follow a hyper-exponential distribution
under the following assumptions: µ = 5 µ1 = 6, µ2 = 7, φ = 3. From Table 6, it is clear
that for regular batch service, underloading and overloading with hyper-exponentially
distributed service times, as ξ increases, both Lqueue and Lbusy grow, while Lidle decreases.
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Table 6. Hyper-exponential service time vs. efficiency metrics of cloud resource utilization. Service
time follows hyper-exponential distribution µ = 5 µ1 = 6, µ2 = 7, φ = 3.

ξ Lqueue Lbusy Lidle

2.1 5.3478 2.0749 1.4267
2.3 6.4523 2.9342 1.0542
3.5 7.9256 3.8432 0.9586
4.7 8.6431 4.5624 0.6752
5.9 9.2567 5.6572 0.4175

Table 7 and Figure 4 illustrates the impact of batch size ‘c’ on the aggregate mean cost
for b = 15. To achieve the minimal aggregate mean cost, the lower bound server capacity
should be set at c = 7. Furthermore, c should be optimized based on varying arrival, service,
and vacation rates. For the best results, c = 7 and N == 20 should be maintained. Figure 5
demonstrates that increasing the threshold value ‘a’ and Lqueue leads to a reduction in the
aggregate mean cost. These results are essential for optimizing average system costs using
power BI in cloud computing. The efficiency metrics for cloud resource utilization are
presented below.
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Figure 4. Boundary value ‘c’ vs. aggregate mean cost.

Table 7. Boundary value ‘c’ vs. aggregate mean cost, ξ = 2, b = 15, N = 20, µ1 = 7, µ2 = 6,
φ = 5, a = 11.

c Lqueue Lbusy Lidle AMC

4 4.6293 1.7752 2.5632 1.9423
5 5.1247 2.4274 3.4574 1.5426
6 6.4238 3.7423 4.9231 1.0572
7 7.9378 4.5139 5.4213 0.5763 *
8 8.7132 7.7643 6.1257 0.7172
9 9.9823 8.3265 7.5392 0.6327

10 10.7378 9.2411 8.7982 1.7287
*—Denotes the lowest value of the aggregate mean cost.
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Figure 5. Boundary value ‘a’ vs. aggregate mean cost, ξ = 2, b = 5, N = 8, µ1 = 7, µ2 = 6,
φ = 5, c = 3.

4.6. Effects of Erlang Service Time and Hyper-Exponential Service Time over the Efficiency Metrics

Consider a situation where the service times follow a hyper-exponential distribution
with µ = 5, µ1 = 6, µ2 = 7, φ = 3. Table 6 shows that for regular batch service across
underloading and overloading conditions, Lqueue and Lbusy increase as ξ grows, while Lidle

decreases. In contrast, when service times follow an Erlang distribution, the efficiency
metrics of cloud resource utilization are lower compared to those observed with the hyper-
exponential distribution.

5. Conclusions
An approach to batch and bulk arrival service queuing that includes load balancing

and vacation time is examined in this study. This queueing system differs from others
in that it adds load balancing to a MX/G(a, b)/1 queueing model that includes vacation.
Through the use of supplementary variables, the PGF of the queue size at any given time
is determined. Various efficiency metrics of cloud resource utilization are calculated, sup-
plemented by appropriate numerical examples. The results obtained are highly useful for
optimizing the total average system cost using power BI in the context of cloud computing.
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