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Abstract: This article highlights a study focused on resolving a nonlinear problem in fluid dynamics
using the Navier–Stokes equations as a mathematical model. The study focuses on comparing
the isogeometric analysis (IGA) B-spline method with the traditional finite element method (FEM)
in a two-dimensional context. The objective is to showcase the superior performance of the IGA
method in terms of result quality and computational efficiency. The study employs GEOPDE’s
MATLAB code for implementing and computing the NURBS method and COMSOL Software’s FEM
code for comparison. The advantages of the IGA B-spline method are highlighted, including its
ability to accurately capture complex flow behavior and its reduced computation time compared to
FEM. The study aims to establish the superiority of the IGA method in solving nonlinear Navier–
Stokes equations, providing valuable insights for fluid dynamics and practical implications for
engineering simulations.

Keywords: fluid dynamics; Navier–Stokes equation; IGA; FEM NURBS; MATLAB; COMSOL
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1. Introduction

Partial differential equations (PDEs) have a very interesting role in the governance of
physical phenomena. Because of their efficiency, they can be useful for modeling many
physical phenomena, from mechanics to chemistry, particularly the flow of fluids.

Very often, most partial differential equations are not yet solved analytically; thus,
they require numerical approximation using numerical methods such as the finite volume
method (FVM) and finite element method (FEM). Since the first generation of computers
in the field of numerical calculation, enormous improvements have taken place, on the
one hand, at the level of the hardware and, on the other hand, at the level of the software
components. The concrete means revealed by such advancements in computer science and
mathematics are vast, and new fields are reshaped by them every year.

In recent decades, the world of engineering has evolved considerably, thanks to the
practical use of computers in everyday problems. This evolution has been made possible
by two main factors: the availability of faster computing devices and the development of
efficient computing methods. The finite element was one of the determining actors of this
revolution, which can be considered as one of the most usual numerical methods.
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Fluid dynamics occupies a key position in various scientific and engineering fields,
requiring accurate predictions of fluid flow behavior [1]. The Navier–Stokes equations are
fundamental in describing fluid motion, but solving them for complex scenarios remains
challenging. Traditional methods such as the finite element method (FEM) have limitations
in capturing intricate flow behavior and computational efficiency [2].

The isogeometric analysis (IGA) B-spline method offers a promising alternative, lever-
aging B-spline basis functions for improved accuracy and efficiency [3]. However, a
comprehensive comparison between IGA and FEM for solving non-linear Navier–Stokes
equations is lacking.

This article aims to bridge that gap by conducting a comparative study between
IGA and FEM for a fluid dynamic example. We benchmark their performance in 2D
porous media flow using numerical simulations. By utilizing GEOPDE’s MATLAB
code for NURBS [4] and COMSOL Software’s FEM code, we assess results and
computational efficiency.

The significance lies in demonstrating the advantages of the IGA B-spline method
for non-linear problems [3], specifically for the Navier–Stokes equations. This work con-
tributes to fluid dynamics research by providing insights into the accuracy and efficiency
of numerical methods.

Our objective is to determine the superior performance of IGA over FEM. By compar-
ing results and computational aspects for a non-linear fluid dynamic problem, we draw
conclusions regarding the efficacy of the IGA method.

In summary, this article addresses the need for a comprehensive study of the IGA
B-spline method for solving non-linear Navier–Stokes equations. By highlighting its
advantages, we offer insights to researchers and practitioners, potentially optimizing
engineering processes.

The paper is split into multiple sections. Section 2 presents introductory details
regarding the non-uniform rational B-splines (NURBS). Section 3 present mixed isoge-
ometric spaces. Section 4 explains the discretization of the Navier–Stokes equation us-
ing the NURBS-based finite element method. Lastly, Section 5 illustrates a selection of
numerical findings.

2. Governing Equations

In the context of the stationary flow scenarios discussed in this paper, the governing
equations that need to be resolved are the steady-state, incompressible Navier–Stokes
equations [5], expressed in their strong form as follows:{

−νdiv(∇u) + u·∇u +∇p = f in Ω,
−div(u) = 0 in Ω,

(1)

u : Ω→ Rn, n = 2 or 3, and p : Ω→ R express the unknown velocity and pressure,
respectively, f is the body force, and ν is the viscosity coefficient of fluid.

To complete system (1), we impose the Dirichlet boundary condition:

u|Γ = g, (2)

We introduce the following dimensionless quantities:

u∗ = u
U0

, (3)

p∗ = p
U2

0
, (4)

X∗ = x
dp

, (5)
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g∗ = g
U0

, (6)

where U0 denotes the value of some reference velocity magnitude, dp stands for the
diameter of pellets, and γ is the dynamic viscosity of the fluid.

To make notation simpler, we remove the asterisks. Then, the Navier–Stokes equation
for a domain Ω→ R→n, n = 2 or 3, with boundary Γ and associated normal n, takes the
following form: 

− 1
Re div(∇u) +∇p + u·∇u = f in Ω,

div(u) = 0 in Ω,
u = g on Γ,

(7)

The Reynolds number [6] is determined by

Re =
U0dp

γ
, (8)

First, assume that g = 0 is the homogeneous Dirichlet boundary condition for the
velocity [7]. Our objective is to find a weak solution to the Navier–Stokes equations, in the
following spaces:

X =
[
H1(Ω)

]n
, (9)

Q =

{
qεL2(Ω) :

∫
Ω

qdx = 0
}

, (10)

X0
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H1

0(Ω)
]n

, (11)

M
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0(Ω) = Q, (12)

V
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X0 ×M. (13)

The additional condition of Q is necessary to ensure the uniqueness of the pressure. To
address the issue of pressure lacking a unique solution due to a constant term, we establish
the variational formulation by executing the inner product of the momentum equation
with a test function v ∈ V and the inner product of the continuity equation with a test
function q ∈ Q.

Using the product of momentum and mass balances in (7) by test functions v ∈ X0
and q ∈ M, respectively, and using the integration by parts technique leads to the weak
formulation based on Green’s formula and the homogeneous Dirichlet boundary condition.

For all v ∈ V,

− 1
Re

∫
Ω

div(∇u)·vdδ+
∫

Ω
(u·∇u)·vdδ+

∫
Ω
∇p·vdδ =

∫
Ω

f·vdδ, (14)

∫
Ω

div(u)q = 0, ∀q ∈ Q, (15)

We obtain the following for all v ∈ V:{
− 1

Re

∫
Ω∇u : ∇vdδ+

∫
Ω (u·∇)u·vdδ−

∫
Ω pdiv(v)dδ =

∫
Ω f·vdδ,∫

Ω div(u)qdδ = 0,
∀q ∈ Q, (16)

Now, we introduce the trilinear, bilinear, linear, and semi-linear forms.
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We present the following bilinear forms:

a : X× X→ R, a(u, v) =
1

Re
(∇u,∇v), (17)

b : X×Q→ R, b(u, q) = (div(u), q), (18)

Furthermore, we define the following non-linear forms:

n : X× X× X→ R, N(w, u, v) = ((w·∇)u, v), (19)

We set:
(u, p) ∈ X0 ×M with u|Γ = g. (20)

We find (u, p) ∈ X×M such that{
A(u, v) + N(u, u, v)− b(v, p) = (f, v),

b(u, q) = 0,
∀v ∈ X0, ∀q ∈ M. (21)

3. Introduction to B-Spline NURBS Method

The objective of this section is to offer a concise introduction of B-spline/NURBS basis
functions and the associated spaces that are commonly used in isogeometric analysis. This
overview aims to enhance clarity and comprehensiveness.

In Galerkin-based isogeometric analysis, spline basis functions such as B-splines and
NURBS are used to facilitate both the analysis and the geometric representation of the
computational domain. Like finite element analysis (FEA) [8], a discrete approximation
space is constructed by spanning these basis functions. This approximation space forms the
foundation for a Galerkin procedure [9], which is employed to numerically approximate
solutions for partial differential equations (PDEs).

NURBS (non-uniform rational B-splines) have a well-established reputation as the
industry standard for computer-aided design systems [10], enabling efficient and accurate
geometric modeling. However, their significance has expanded beyond CAD and gained
considerable popularity in the computational mechanics community, largely due to the
groundbreaking work of Hughes et al. [11]. In their research, NURBS were utilized as
shape functions in the finite element method (FEM), leading to the emergence of a distinct
variant of FEM known as isogeometric analysis.

The introduction of NURBS-based shape functions in isogeometric analysis has opened
up new possibilities for bridging the gap between geometric modeling and numerical
simulation. Since its inception, isogeometric analysis has been widely applied across
various problem domains, further solidifying its impact and relevance in the field [12].

a =
(
a1, a2, ..., an+p+1

)
must be defined. The knot values ai, i ∈ [1, ..., n + p + 1]

generate a series of non-decreasing numbers to represent parametric space coordinates.
The interval

[
a1, an+p+1

]
is known as a patch, which constitutes the knot interval [ai, ai+1],

i ∈ [1, ..., n + p + 1].
A knot vector is termed uniform when all knot values are equally divided. In an

author case, it is referred to as non-uniform. An open knot vector is characterized by the
repetition of its initial and final knots p + 1 times.

A B-spline basis function of order 0 is presented as follows:

B0
i (x)
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{
1, if ai ≤ x < ai+1

0, otherwise,
(22)

Iteratively, for the order p > 1, it is introduced as

Bd
i (x)
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rate geometric modeling. However, their significance has expanded beyond CAD and 
gained considerable popularity in the computational mechanics community, largely due 
to the groundbreaking work of Hughes et al. [11]. In their research, NURBS were uti-
lized as shape functions in the finite element method (FEM), leading to the emergence of 
a distinct variant of FEM known as isogeometric analysis. 

The introduction of NURBS-based shape functions in isogeometric analysis has 
opened up new possibilities for bridging the gap between geometric modeling and nu-
merical simulation. Since its inception, isogeometric analysis has been widely applied 
across various problem domains, further solidifying its impact and relevance in the field 
[12]. a =  ൫aଵ, aଶ, . . . , a୬ା୮ାଵ൯ must be defined. The knot values a୧, i ∈  ሾ1, . . . , n +  p +  1ሿ 
generate a series of non-decreasing numbers to represent parametric space coordinates. 
The interval ൣaଵ, a୬ା୮ାଵ൧  is known as a patch, which constitutes the knot interval ሾa୧, a୧ାଵሿ , i ∈  ሾ1, . . . , n +  p +  1ሿ. 

A knot vector is termed uniform when all knot values are equally divided. In an au-
thor case, it is referred to as non-uniform. An open knot vector is characterized by the 
repetition of its initial and final knots p + 1 times. 

A B-spline basis function of order 0 is presented as follows: B୧଴(x) ≔ ൜1,   if a୧ ≤ x < a୧ାଵ0,  otherwise,  (22) 

Iteratively, for the order p > 1, it is introduced as B୧ୢ (x) ≔ x − a୧a୧ାୢ − a୧ B୧ୢ ିଵ(x) + a୧ାୢାଵ − xa୧ାୢାଵ −  a୧ାଵ B୧ାଵୢିଵ(x),   d = 1, … , p.  (23) 

In Figure 1, an example of B-spline basis functions is illustrated. 

x− ai

ai+d − ai
Bd−1

i (x) +
ai+d+1 − x

ai+d+1 − ai+1
Bd−1

i+1 (x), d = 1, . . . , p. (23)
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In Figure 1, an example of B-spline basis functions is illustrated.

Mathematics 2022, 10, x FOR PEER REVIEW 5 of 14 
 

 

 
Figure 1. B-spline basis functions with knot vector Ξ = {0,0,0,1,1,2,3,4,5,5,5}. 

The NURBS (non-uniform rational B-spline) basis functions are determined by in-
corporating an ensemble of positive weights formulating the B-spline, ω୧ , i =  1, . . . , n. R୧୮(x) ≔ ன౟ ୆౟౦(୶)∑ னౠ୆ౠౚ(୶)౤ౠసభ  , (24) 

NURBS (non-uniform rational B-spline) basis functions C୮ିଵ maintain continuity if 
there are no repeated internal knots. For a repeated knot of order k, the basis C୮ି୩ main-
tains continuity at the knot. An NURBS curve is described by the combination of NURBS 
basis functions of order p and n control points. Thus, it can be expressed as C(x) = ∑ R୧୮୬୧ P୧(x). (25) 

The bivariate NURBS (2D) are defined as N୧,୨୮,୯(x, y) = ୆౟౦(୶)୆ౠ౧(୷)ன౟ౠ∑ ∑ ୆౦ౢ(୶)୆ౡ౧(୷)னౡౢౣౢ౤ౡ . (26) 

In isogeometric analysis, the physical domain is represented on the right side, while 
the reference domain is depicted on the left side. The introduction of the reference do-
main helps simplify calculations involving matrix elements during the transition from 
the weak formulation to the matrix formulation. This simplification is achieved by utiliz-
ing numerical approximation methods, such as Gauss quadrature, to efficiently approx-
imate integrals. By leveraging these techniques, the computational burden associated 
with the integration process is significantly reduced. 

An extension of NURBS curves to NURBS surfaces and volumes is founded on ten-
sor products of B-spline basis functions. NURBS surfaces are presented as follows: S: ሾ0,1ሿଶ → ℝଶ                        S(ξଵ, ξଶ) = (xଵ(ξଵ, ξଶ), xଶ(ξଵ, ξଶ)), (27) S(ξଵ, ξଶ)  = ∑ ∑ N୧,୨୮,୯(ξଵ, ξଶ) ୫୨୬୧ P ୧୨, (28) 

Two parameter coordinates, (ξଵ, ξଶ), are varied. The B-spline basis functions are de-
fined for polynomial orders p and q, where m and n control points form the control net. 
Unlike tensor–product structures, the associated weights 𝜔௜௝ for the definition of NURBS 
basis functions are not bound by a predefined structure. They can be selected freely, sim-
ilar to the selection of control points P ୧୨. 

The derivatives of NURBS parametrizations with respect to the parameter coordi-
nates can be obtained, which are straightforwardly valid for all orders of NURBS basis 
functions. 

We follow a similar trajectory to [13], by introducing the extension G ∈ X of g, which 
verifies (εG)  = 0. From this, u =  w +  G, where w ∈  X଴. 

Thus, problem (21) allows us to deduce that w is the solution of the following prob-
lem: 

Figure 1. B-spline basis functions with knot vector Ξ = {0,0,0,1,1,2,3,4,5,5,5}.

The NURBS (non-uniform rational B-spline) basis functions are determined by incor-
porating an ensemble of positive weights formulating the B-spline,ωi, i = 1, ..., n.
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i (x)
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ωiB
p
i (x)

n
∑

j=1
ωjBd

j (x)
, (24)

NURBS (non-uniform rational B-spline) basis functions Cp−1 maintain continuity
if there are no repeated internal knots. For a repeated knot of order k, the basis Cp−k

maintains continuity at the knot. An NURBS curve is described by the combination of
NURBS basis functions of order p and n control points. Thus, it can be expressed as

C(x) =
n

∑
i

Rp
i Pi(x). (25)

The bivariate NURBS (2D) are defined as

Np,q
i,j (x, y) =

Bp
i (x)B

q
j (y)ωij

n
∑
k

m
∑
l

Bp
l (x)B

q
k(y)ωkl

. (26)

In isogeometric analysis, the physical domain is represented on the right side, while
the reference domain is depicted on the left side. The introduction of the reference domain
helps simplify calculations involving matrix elements during the transition from the weak
formulation to the matrix formulation. This simplification is achieved by utilizing numerical
approximation methods, such as Gauss quadrature, to efficiently approximate integrals.
By leveraging these techniques, the computational burden associated with the integration
process is significantly reduced.

An extension of NURBS curves to NURBS surfaces and volumes is founded on tensor
products of B-spline basis functions. NURBS surfaces are presented as follows:

S : [0, 1]2 → R2

S(ξ1, ξ2)= (x1(ξ1, ξ2), x2(ξ1, ξ2)) (27)

S(ξ1, ξ2) =
n

∑
i

m

∑
j

Np,q
i,j (ξ1, ξ2)Pij, (28)
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Two parameter coordinates, (ξ1, ξ2), are varied. The B-spline basis functions are
defined for polynomial orders p and q, where m and n control points form the control net.
Unlike tensor–product structures, the associated weights ωij for the definition of NURBS
basis functions are not bound by a predefined structure. They can be selected freely, similar
to the selection of control points Pij.

The derivatives of NURBS parametrizations with respect to the parameter coordinates
can be obtained, which are straightforwardly valid for all orders of NURBS basis functions.

We follow a similar trajectory to [13], by introducing the extension G ∈ X of g, which
verifies (εG) = 0. From this, u = w + G, where w ∈ X0.

Thus, problem (21) allows us to deduce that w is the solution of the following problem:{
A(w, v) + N(w + G, w + G, v)− b(v, p) = (f, v)−A(G, v),

b(w, q) = 0,
∀v ∈ X0, ∀q ∈ M. (29)

4. The Approximate Formulation of the Navier–Stokes Equation

The original form of isogeometric analysis (IGA) involves utilizing a formulation
of Galerkin and a finite-dimensional subspace of X0. This subspace is generated by the
same set of B-splines/NURBS basis functions that describe the geometry, aiming to es-
timate the solution to Equation (29). Consequently, we introduce the functional spaces
Xh = Vh(Ω) ∩ X0 and Mh = Ph(Ω) ∩M. In this context, Vh and Ph are defined using the
multivariate NURBS functions discussed in Section 3.

The IGA formulation can be expressed as follows:
Find (uh, ph) ∈ Xh ×Mh such that

A
(

wj+1
h , vh

)
+ N

(
wj

h + G, wj+1
h , vh

)
− b
(

vh, pj+1
h

)
= (f, vh)−A(G, vh)−N

(
wj

h + G, G, vh

)
,

b
(

wj+1
h , qh

)
= 0, ∀ vh ∈ Xh, ∀qh ∈ Mh,

(30)

At the iteration j, we want to find the approximations of the velocity uj
h[0, 1]2 → R2

and pressure pj
h : [0, 1]

2
→ R as linear combinations of the basis functions presented above.

NURBS are only employed to represent geometry. To test their performance, we use
them to approximate the state variables velocity u and pressure:

uj
hk(ξ1, ξ2) = (wj

hk + G)(ξ1, ξ2) =
n

∑
i

Np,q
i (ξ1, ξ2)u

j
ik, (31)

where k = 1, 2 in (31) refers to the two elements of the velocity field.

pj
h(ξ1, ξ2) =

m

∑
i

Nr,s
i (ξ1, ξ2)p

j
h , (32)

In the given context, n and m indeed represent the number of velocity and pressure
basis functions, respectively. In parallel, uj

ik and pj
hi are the unknown control variables of

the velocity and pressure at the iterative j that we want to determine.
The velocity and pressure fields in Equation (30) are presented in parameter space,

whose governing Equation (1) are given in physical space.
To compute the fields in physical space, the inverse of the function of the geometric

parametrizations defined in (28) is used, the pressure: Ω→R on the physical domain is
calculated as p◦s−1, and the velocity u : Ω→ R2 on the physical domain is calculated
as u◦s−1.
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The Jacobian matrix of the geometry parameterization is denoted as J and is
defined as

J =

[
∂x1
∂ξ1

∂x1
∂ξ2

∂x2
∂ξ1

∂x2
∂ξ2

]
, (33)

The gradient of pressure in the parameter space is defined as

∇̂p = J∇p =

(( ∂p
∂ξ1

)

( ∂p
∂ξ2

)

)
, (34)

where ∇p = (
( ∂p

∂x1
)

( ∂p
∂x2

)
) is the gradient of pression in physical domain.

In the same way, we define the velocity gradient in parameter space.
In terms of construction, the B-splines have limited support, which results in a few

fundamental speed functions supporting Γ.
We organize the functions according to their support. Let next be the number of basis

functions with support intersecting the boundary Γ, where nint = n− next is the number of
basis functions having a support inside the domain. We rewrite Formulas (31) and (32) in
the following form:

pj
h(ξ1, ξ2) =

m

∑
i

Nr,s
i (ξ1, ξ2)p

j
h, (35)

uj
hk(ξ1, ξ2) =

nint

∑
i=1

Np,q
i (ξ1, ξ2)u

j
ik +

n

∑
i=nint+1

Np,q
i (ξ1, ξ2)u

j
ik. (36)

The strong aspect only applies for next values such that uj
hk = gj

hk by setting the
speed control variables uj

ki, so that the total in Equation (30) approximates the value
gj = (gj

h1, gj
h2) in (2). If gj at the iteration j lies in the functional space formed by Np,q

i , the
conditions are satisfied exactly; otherwise, they are only satisfied in the least-squares sense.
For the pressure, we notice that only the pressure gradient appears in Equation (1). Since
no pressure control variables need to be fixed, we have m = nint.

To implement the approximation of the velocity and pressure fields (35) and (36) in
the iterative approximate form (30) of the governing equations, we follow the approach of
splitting the superposition of u into parts with support on the fixed boundary and parts
without boundaries, as depicted in Equation (34). By doing so, we can exchange the order
of summation and integration, facilitating the rearrangement of terms. This enables us to
express the unknown terms on the left side of system (30) and the known terms on the
right side of the same system. By rearranging the terms, we can obtain the unknown terms
on the left side of system (30) and the known terms on the right side of the same system.
Then, system (30) can be transformed by equivalence into a matrix problem which will be
solved by a suitable MATLAB code. At iteration j, we have the following matrix system:A1 + Nj+1

1 0 −BT
1

0 A2 + Nj+1
2 −BT

2
B1 B2 0


wj+1

1
wj+1

2
pj+1

 =

fj
1

fj
2
0

−
A1 + Nj

1 0
0 A2 + Nj

2
B1 B2

[wj
1

wj
2

]
, (37)

with

(Ak)st =
1x

0

1
Re

(
εJ−T∇Np,q

ks .J−T∇Np,q
kt det(J)

)
dξ1dξ1, (38)

For all iterations j = 1, 2 . . . ,

(Nj
k)st =

1x

0

(wj−1
kh + Gj−1

kh )
∂S

∂ξk

∂Np,q
ks

∂xk
Np,q

kt (S)det(J)dξ1dξ1, (39)
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(Bk)nm =
1x

0

∂S
∂ξk

∂Np,q
kn

∂xk
Nr,s

km(S)det(J)dξ1dξ1, (40)

(fk)m =
1x

0

fkNp,q
km(S)det(J)dξ1dξ1, (41)

The integrals presented in Equations (38)–(41) are evaluated using Gaussian quadra-
ture [14]. Subsequently, we test the performance of this method by presenting the approxi-
mate solution of velocity and pressure. By comparing these results with those provided by
the software COMSOL, we also establish the relative error.

5. Numerical Results

In this section, we showcase numerical examples to illustrate the precision of the
NURBS method in conjunction with the introduced finite elements from the preceding
sections. Additionally, we present the numerical results obtained from our computational
simulations, which aim to validate the accuracy and effectiveness of the chosen elements.
To accomplish this, we employ a set of benchmark problems that have well-defined exact
solutions. Furthermore, we explore the two-dimensional flow within a square domain.

It is important to emphasize that the NURBS-based isogeometric analysis (IGA) frame-
work [15] offers significant advantages for studying two-dimensional lid-driven flow in
one-quarter of an annulus. This is due to the inherent capability of NURBS to precisely
represent complex geometries, in contrast to conventional finite element (FE) methods
that only approximate the computational domain boundary. In our numerical simulations,
we utilize the IGA library GeoPDEs [16], implemented in the MATLAB environment. By
leveraging this framework, we can accurately capture the geometric features of the flow
domain, allowing for a more faithful representation of the physical phenomena under
investigation.

Throughout our computations, a global and uniform p-dependent stabilization pa-
rameter, denoted as C, is employed. The value of this parameter is determined by the
expression C = 10(p + 1), where p represents the polynomial degree of the blending
splines used in the approximation.

To assess the accuracy of the blending spline approximations, we compute the errors
in two different norms L2 and H1:

L2 − norm ‖ eh ‖L2 =

(∫
Ω |uh − u|2dΩ

) 1
2
, (42)

H1 − norm ‖ eh ‖H1 =

(∫
Ω

(
|uh − u|2 + |∇uh −∇u|2

)
dΩ
) 1

2
, (43)

These norms serve as quantitative measures of the discrepancy between the obtained
approximations and the exact solutions. The computations are performed on a tensor
product mesh, with the grid width h serving as a fundamental parameter in the error
analysis [17].

i. Numerical results on the unit square

Initially, we focus on investigating the Navier–Stokes problem within a two-dimensional
domain [0, 1] × [0, 1]. This problem involves a source term denoted as f, which induces an
analytical solution represented by the velocity components u = (u1, u2) and the pressure
field p 

u1 = cos (πy),
u2 = x(x− 1)
p = sin(πy),

, (44)
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subject to the Dirichlet boundary conditions u = g, such that g(x) takes the values of the
exact velocity solution on the boundary of the square.

The computational domain and the boundary conditions for the simulation of the flow
are shown in Figure 2.
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representation 16 × 16.

The main purpose of using Dirichlet boundary conditions is as follows:

• Prescribed values: Dirichlet boundary conditions involve prescribing the values of cer-
tain flow variables (e.g., velocity, pressure, temperature) at the boundary. This allows
the simulation to mimic real-world scenarios where specific boundary conditions are
known or can be measured [18].

• Physical relevance: Dirichlet boundary conditions align with physical phenomena
and constraints. They allow the simulation to capture the influence of real-world
boundaries, such as walls or inlets/outlets, on the flow behavior. By imposing appro-
priate Dirichlet conditions, the flow near boundaries can be accurately represented,
considering factors such as the no-slip condition on walls or prescribed inflow/outflow
conditions at inlets and outlets.

• Ease of implementation: Dirichlet boundary conditions are easily implemented in nu-
merical solvers. They do not require intricate mathematical formulations or additional
equations compared to other boundary conditions.

Subsequently, we analyze the convergence of the error or the gap between the exact
solution results and the NURBS method results, by generating error plots that illustrate
the relationship between the error magnitude and the P parameter. These plots depict the
convergence behavior and provide valuable insights into the accuracy and performance of
our numerical method.

Observing the preceding figures, it is evident that the convergence of the H1 and L2

errors is highly apparent for various degree values of p. This mathematical plot implies
the accuracy of the results obtained through the employment of the non-uniform rational
B-splines (NURBS) methodology.

Depicted in Figures 3–5, the error plots demonstrate a favorable convergence of the
key parameters related to both the L2 and the H2 norms for various Re numbers. This
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convergence becomes evident as the mesh size of the square decreases, indicating an
improvement in the accuracy of the results.
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ii. Benchmark NURBS and FEM for square example

In this section, our aim is to establish a benchmark for the non-uniform rational B-
splines (NURBS) method as used in [19]. We achieve this by employing GEPDE’s code and
incorporating the boundary conditions described in Section 4. Furthermore, we compare
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these results with those obtained through the finite element method (FEM) while utilizing
the same set of boundary conditions at Reynolds number Re = 10.

• Velocity fields

Furthermore, in order to validate the quality of these results, it is crucial to con-
duct a comparison between the velocity field and the pressure field obtained from the
NURBS/FEM and the exact solution defined in the previous section. By performing this
comparative analysis, we can assess the accuracy and reliability of the NURBS method [20]
in accurately representing the physical phenomena under consideration (see Figure 6).
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The obtained results clearly indicate a strong agreement between the NURBS method
and the exact solution. This remarkable consistency substantiates the claim that the iso-
geometric analysis (IGA) method [12] is superior for such cases. Not only does it yield
accurate outcomes, but it also exhibits a significant advantage in terms of computational
efficiency, requiring less time to generate results. These findings emphasize the efficacy
and practicality of employing the IGA method in similar scenarios.

• Pressure fields

Let us fix random points Ax = 0.0526 and Ay = 0.0526,
Let us examine the variation of the pressure field at a random point A and compare it

with both the computed solution (NURBS) and the exact solution, as depicted in Figure 7.
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The plot demonstrates the method’s exceptional efficiency in terms of both data
accuracy and time resolution, thanks to the minimal number of iterations (three) required
for the result to stabilize.

The results of the pressure fields in the figure below show a very accurate concordance
of the NURBS and exact solution (Figure 8).
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For the finite element method (FEM), we plot the convergence of the total error in our
domain with respect to the number of iterations required to achieve convergence for both
the velocity field and the pressure field (Figure 9).
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The error plot indicates that the results converge after four iterations, which means
that the finite element method (FEM) is approximately 15% less efficient than isogeometric
analysis (IGA) in terms of computation time.

6. Conclusions

In conclusion, the benchmarking of the non-uniform rational B-splines (NURBS)
method [21], in conjunction with GEPDE’s code and the prescribed boundary conditions,
produced highly promising results. The comparison of the velocity and pressure fields with
the exact solution demonstrated a strong agreement, validating the accuracy and reliability
of the NURBS method in representing the underlying physical phenomena.

Additionally, the NURBS method displayed superiority over the finite element method
(FEM) in terms of computational efficiency, providing faster results without compromising
accuracy, which is a critical factor for the computational market. These findings underscore
the practicality and effectiveness of employing isogeometric analysis (IGA), particularly in
cases where precise and efficient solutions are sought.

This study underscores the potential of the NURBS method and IGA in scientific
analysis and computational modeling. Further exploration and research can be pursued to
expand their applications across various domains and assess their performance in more
complex scenarios.

Lastly, to further validate the effectiveness of the NURBS method, our future work
will involve applying the same study to the non-linear Brinkman problem. By extending
the analysis to porous media cases, we aim to assess the applicability and reliability of the
NURBS method in capturing complex flow and transport phenomena. This investigation
will offer valuable insights into the versatility and robustness of the NURBS method,
expanding its potential applications in porous media simulations.

In our upcoming publication, we aim to improve the use of a mathematical technique
called isogeometric non-uniform rational B-splines (NURBS) for studying porous materials.
We specifically focus on solving a complex equation known as the Brinkman equation to
describe the fluid flow in porous media. To achieve this, we adapt and employ a method
called mixed web-spline finite element method [22,23] for the fluid dynamic problems, as
well as the techniques of finite element method (FEM) used in recent papers [24–27], which
may help us to find more accurate and reliable solutions to the problem at hand.
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